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Abstract. DNA loop formation plays a central role in many cellular processes. The aim of this paper is to
present the state of the art and open problems regarding the experimental and theoretical approaches to
DNA looping. A particular attention is devoted to the effects of the protein bridge size and of protein in-
duced sharp DNA bending on DNA loop formation enhancement.

PACS. 87.14.Gg DNA, RNA – 87.15.La Mechanical properties – 87.15.He Dynamics and conformational
changes

1 Importance of loop formation in biological

processes

DNA processing is not always the result of a single protein
going to a single target sequence. It can also be the result
of a single or multimeric proteins connecting two distant
sites on DNA thus forming a loop (see Fig. 1). Indeed
protein-mediated DNA loops play a central role in many
biological processes of DNA life [1, 2].

Looping is widely used in gene regulation, in partic-
ular various genetic events of transcriptional regulation
(RNA synthesis), including activation but also repression,
can involve formation of such DNA structure. One of the
most known example of transcription regulation which is
accomplished through DNA looping is the regulation of
the gal operon (see Fig. 1) [3]. In this genetic system
transcription can be blocked by loop formation between
two distinct sites of defined sequences distant of 113 base
pairs (bp) that encompass promoter region. When a sugar,
the galactose, is present in the surounding medium, loop-
ing is inhibited, and transcription can occur. Other typi-
cal examples of gene regulation by looping are the ara, lac
and deo operon in E. Coli, the lysogenic-to-lytic switch
in phage λ, the protein/DNA complex between c-Myb
and C/EBP in the mim-1 promoter, and the protein p53,
to name just a few [4–9].

Nucleoprotein interaction resulting in a loop forma-
tion can also transiently occur between proteins and
the RNA polymerase. In this case, looping regulates the
quantity of RNA produced by RNA polymerase. Ex-
ample are the NtrC system (nitrogen regulatory pro-
tein C) in E. Coli, the Jun activator with the pre-initiation
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Fig. 1. Upper panel: looping between two distant sites can lead
to different forms. Two major types of conformations are the
parallel and antiparallel ones. Energy cost is different for every
conformation. Angles may vary, local bends might be present
inside the loop, phasing of the two helical pitches may also be
an important parameter. Lower panel: In E. Coli a tetramer
of galR, in the presence of the structural protein HU, forms a
loop between two sites 113-bp distant. This loop inhibits the
transcription of the gene whose origin of replication lies inside
the loop. Type-I restriction enzymes bind to a specific site and,
using ATP as an energy source, extrude loops. Loop size be-
fore cutting depends on conditions. Initiation of the loop, that
at first glance seems energy consumable, is still an unknown
phenomenon.
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Fig. 2. Cre recombinase is one of the most well known of the
site-specific recombinases. This family of enzymes binds to two
specific sites, the loxP sites (34-bp long) in the case of Cre, and
excise the DNA in between after the formation of a transient
loop, called synapse. Loop formation may enhance the activity
of the well-known type-II restriction enzymes, the ones used in
gene cloning to cut DNA at specific positions.

complex and the eukaryotic silencers and enhancers, like
the human β-globin locus [10–13].

DNA looping in these processes may involve loop sizes
from about fifty to several thousands of base pairs. The
proteins that activate transcriptional factors are located
50–200 bp upstream the promoter, while enhancers and
silencers sequences are several thousands base pairs up-
stream or downstream of theirs promoters; the lambda
repressor switch can act looping a sequence of roughly
2300 bp; the lactose repressing act by looping a 305-bp
sequence between the two DNA binding sites called O1

and O2 or a sequence of 76 bp between O1 and a third
site O3; the two binding site of the Gal repressor are at a
distance of 113 bp.

Such a loop between two sequence-specific sites is a
common event in site-specific recombination [14,15], a pro-
cess by which the DNA fragment between the two sites
can be excised (or inserted in an inverse process used to
transpose DNA fragments, see Fig. 2). The most popu-
lar example is the Cre protein that recognizes two 24-bp
sites, named loxP, makes loop between them and deletes
the DNA fragments between those sites. When the sur-
rounding DNA is correctly designed this reaction allows
switching on a gene. This is rutinely used for artificially
switch a gene on or off in vivo [16, 17].

Even the proteins used in DNA cloning, the type-II
restriction enzymes, that recognize a sequence and cut
the DNA at a specific position in the same region, can
be involved in DNA looping (see Fig. 2). Some of them,
like SfiI or NgoMIV [18, 19], have an enhanced cutting

Fig. 3. DNA isolated from living organisms always present
some torsional strain, i.e. torque. This is required for DNA pro-
cessing and this strain is highly regulated by various enzymes
in the cell. This torsional stress leads to the formation of
structures called plectonemes. In the figure two turns have
been added to the relaxed, i.e. without torsional stress, cir-
cular DNA drawn on top giving the lower form. These plec-
tonemes will strongly affect the probability and kinetics of loop
formation between two or more specific sites (bold ellipsoids).
In this case superposition of the two sites, necessary for loop
formation, requires slithering.

activity when bound to two target sites (in the same or
in two different DNA molecules) instead of just one. In
these cases looping is likely to happen because of random
collisioning.

DNA looping is then a very common phenomenon,
that generally is generated passively. Nevertheless, loop
can also be formed by more active processes.

In fact some motors use ATP to form loop (see Fig. 1).
Type-I restriction enzymes are a good example [20, 21].
Those enzymes bind to a single specific sequence and then
start extruding one or two loops from this sequence until,
for still an unknown reason, it cuts the DNA at some
blocking point. As a consequence the loop size before the
cutting event displays a large distribution.

At a higher level of organization chromosomes are
also organised in topologicaly isolated loops (see Fig. 3).
In E. Coli the average size of these loops has been
measured at about 10 kb (that is 1000 bp) [22]. In eu-
karyotes some structural proteins interact with chro-
matin (DNA compacted by histone proteins) organizing
it in very large loop (between 30 and 140 kb) [23].

2 Experimental approaches

Experimentally various approaches has been developed to
study DNA looping. Since loops will affect DNA shape,
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Fig. 4. Illustration of the experiment of Lia et al. A magnetic bead submitted to a magnetic-field gradient is submitted to
a force (left panel). The force will disfavor the closed loop form. If F is the force and δl the change in extension due to loop
formation: when F × δl is equal to the energy of the loop formation, then the proportion of the time spend in the closed or open
loop is equal. This two-level system then alternates between the two conformations as illustrated on the time trace on the right.
Without the force the loop would remain in the closed state almost all the time. As described in [34] supercoiling (torsion) is
important in this process. The experimental measured value gives δl = 55nm. This distance is bigger than the distance between
the sites incating an antiparallel conformation. The force where the loop is formed during 50% of the time is 0.9 pN thus leading
to an energy of −12 kBT (where kBT is the thermal energy) for the loop formation in the experimental conditions. Measuring
the average duration of each state leads to the kinetic constants kloop and kunloop. These depends on the force with an Arhenius
factor exp(−F×δl

kBT
). Using this factor one may extrapolate the looped time to 21 s and the unlooped time 0.1ms at zero force.

it is possible to detect loop formation in gel electrophore-
sis (see for instance [24]). As it brings two sites in close dis-
tance to each other, loop formation can also be detected by
fluorescence energy transfer (FRET) [25–27] between two
fluorophores located close to the two sites involved in loop-
ing. Other bulk methods imply the use of additional pro-
teins [28–30]. The most known method uses the ligase [28],
an enzyme that is able to ligate two DNA extremities. To
perform this operation it requires that the two extremities
are placed at the same position, i.e. a loop is formed. In
fact it also requires an angular phasing between the two
extremities because of the requirement of having a number
of helical pitches in agreement with the ∼ 10.5 bp turn for
the circular DNA. Recombination efficiency [29], detected
by the efficiency of the excision of the DNA fragment be-
tween the two sites, can also be used for that purpose.
These techniques, can be very sensitive but are subjected
to protein concentration and activity [31]. Of course high-
resolution microscopy techniques, like electron microscopy
or AFM [32], are useful tools to image loops.

Single-molecule techniques [25, 33–35] have also been
applied to this problem. The use of these techniques made
the real-time observation of the looping possible, allowing
information about the kinetics of the looping. Moreover,
with the micromanipulation techniques, a new control pa-
rameter is introduced: the force (see Fig. 4). Applying a
force will disfavor the formation of the loop. So the higher
the force the smaller the time spent in the closed-loop con-
formation and the longer the time spent in the open-loop
form. In fact the mechanical constrains allow the modifica-
tion of the kinetics barriers of the looping reaction without
modifying the physico-chemistry parameters. Simple ther-
modynamics allows then to have access to some kinetics,
thermodynamics and structural parameters [34].

3 DNA looping: the problematics

The study of DNA loops has been an active field of re-
search since the eighties. It was always characterized by a
very strong interaction between experiments and theory.

The experimental and theoretical main goal is to
calculate the probability that two sites of the same
DNAmolecule will meet by looping. For experimental con-
venience the looping probability is commonly expressed in
terms of the local molar concentration of one site with re-
spect to the other one (j, or jM in M = mol · L−1). jM is
also related to the free energy of loop formation. The loop
stability depends on the comparison of jM with the dis-
sociation constant of the protein-protein or protein-DNA
interaction that stabilize the loop formation.

The difficulty for the DNA to make a loop are twofold,
and depend on the loop length. The formation of a small
loop gives rise to an elastic problem because of the bending
energy, while the formation of a large loop leads to an
entropic problem because far apart sites have to come into
collision.

A central point in the past studies of DNA looping
has been to derive the probability distribution of loop for-
mation as a function of the loop length. The most prob-
able loop size for a given DNA molecule is encountered
when the elastic energy starts to decrease (as the length
increases) and the entropic loss is not too large yet; this
corresponds to about 500 bp for a bare DNA. However,
as we have underlined in the introduction, observed loop
lengths in vivo spread over a large range of sizes. A central
question is therefore to determine what kinds of protein
action can modify the most probable loop length to make
a given DNA processing possible.
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4 On the cyclisation factor

4.1 Some historical background

Loop formation was first studied by Shore et al. through
cyclisation or ring closure experiments [36]. These exper-
iments are the simplest ones to analyse for two reasons.
First, a linear DNA is entirely cyclized in the loop; sec-
ondly, the ligase proteins are not involved in the loop for-
mation itself but only stabilize the loop once it is formed.
In these experiments the loop length is varied from 130
to 4300 bp from the preparation of different linear DNA.
These experiments have been first used to determined the
elastic properties of DNA, e.g., the persistence length, the
twist modulus, and the pitch of the double helix.

From a theoretical point of view the theory of elasticity
of a stiff chain was developed after the 1950s. The Worm-
like Chain (WLC) of Kratky and Porod [37] turned out to
be a very good model in this context, and was widely stud-
ied. The absence of exact analytical solution for the end-
to-end distribution of the WLC model pushed workers in
the field to develop various expansion approaches [38–51].

Shimada and Yamakawa applied in 1984 [42] the cal-
culation of the end-to-end distribution of the WLC model
to DNA cyclisation and compare with Shore et al. experi-
ments. They derived a simple formula for jM with numer-
ical coefficients, which can be directly used by experimen-
talists. In the same period Shore et al.’s experimental re-
sults and Shimada and Yamakawa theoretical results have
also been compared to Monte Carlo simulations by Hager-
mann et al. [52], Levene and Crothers et al. [28, 53, 54]
and Frank-Kamenetskii et al. [55].

Very recently cyclisation experiments and theory
have known a renewal of interest, stemming from
Cloutier and Widom’s results on an unexpectedly high
cyclisation probability for small DNA molecules (94–
116 bp) [56]. Though these experimental findings were
merely an artifact due to an erroneous concentration of
ligases [30], they have triggered a lively debate on the is-
sue. Several theoretical works have been developed based
on the idea that for short DNA the formation of a few base
pairs of single-stranded DNA can facilitate loop formation;
single-stranded (ss) DNA is indeed very flexible and there-
fore can provide a “flexible hinge”. The WLC model has
therefore been modified to include the possibility for for-
mation of such thermally fluctuating bubbles [57–61]. In
this context the sequence should play a crucial role [61].
The debate came to a conclusion with the work of the
group of Vologodski [30, 62] who experimentally reinves-
tigated the cyclization of 100–130 bp DNA, and showed
that the jM factor is in full agreement with theoretical
prediction and Monte Carlo simulations [30, 63] based on
the WLC model.

4.2 Theoretical approaches to cyclisation probability

The Wormlike Chain model [37] has been successfully used
to describe the elasticity of a single DNA molecule under
a force. The correctness of the theoretical prediction has

been verified by the experimental force extension curve
obtained by stretching of single DNA molecules [64–66].

Numerical calculations of the WLC partition function,
combined with expansions at small and high forces have
provided simple formulas, widely used by experimental-
ists [67]. The WLC model is therefore a good model to
calculate the loop formation probability too. This calcu-
lation is very difficult to perform because it amounts to
the evaluation of a path integral, the action of which is
the bending energy of the polymer with closed end. The
latter condition introduces a global constraint which can
be expressed through the introduction in the action of
an imaginary force field (Lagrange multiplier vector). The
calculation of the path integral with this imaginary force
field is in fact identical to the one of the WLC model with
a real force, with the additional step that the path integral
is then integrated over the Lagrange multiplier values. A
second difficulty comes from the fact that loop lengths of
the order of 100 bp are too short for the thermodynamic
limit to hold in the calculation of the constrained parti-
tion function. As we have already discussed two effects
contribute to the difficulty that DNA has to make a loop,
and their relative importances depend on the length of the
molecule.

For long molecules, of at least about 10 persistence
lengths, the contact of the two ends of the molecules is
difficult due to the entropy loss expressing the decrease in
the number of configurations accessible when the loop is
formed. The looping probability can be simply calculated
with the Gaussian polymer model and reads

jM(L) = 1.66

(

3

4πLA

)3/2

, (1)

where A = 50nm is the DNA persistence length. Note
that 1 nm−3 = 1.66M = 1.66mol · L−1.

Short molecules (up to some persistence lengths),
are much more rigid. The energetic cost to bend these
molecules and put in contact the two ends is very large.
Optimally closed configuration, with a ring shape, have a
bending energy given by

∆Ec(L) = AL/R2 = 4π2A

L
, (2)

where R = L/(2π) is the ring radius. The real configu-
ration is indeed not a circle if, as is generally the case,
the tangent vector of the first and the last bases are not
aligned along the same direction. The optimal configu-
ration and its energy can be calculated in the continuous
limit because they are related to the solution of the Math-
ieu equation for the motion of the pendulus [41]. The re-
sulting bending energy is somewhat smaller than the ring
one (2), and reads

∆E(L) = 14.055
A

L
. (3)

The optimal configuration for a 100-bp molecule is shown
in Figure 5 (inset).
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Fig. 5. Cyclization factor as a function of the length
of DNA with the Gaussian model (gray line), WLC model
and the Shimada-Yamakawa formula (dotted black line) [42],
WLC model and a numerical calculation (full black line) [69],
Rippe-Ringrose approximation (thin gray dashed line) [29,73].
The most probable length is 500 bp. Inset: the low-bending-
energy configuration of a closed loop.

The contribution of quadratic fluctuations around the
optimal configuration to the cyclisation factor has been
calculated by Shimada and Yamakawa with the outcome

CSY(L) =
1.66× 112.04

A3

(

L

A

)

−5

e0.246
L

A , (4)

leading to the final expression for the cyclisation factor:

jM(L) = CSY(L) e
−∆E(L). (5)

Expression (4) for CSY (L) has been obtained through a
very involved calculation, in part analytical and in part
numerical. While the saddle point configuration and its
related elastic energy are easy to re-derivate [68, 69], the
calculation of the fluctuations is tricky, mainly because
the fluctuations are calculated in the discrete space while
the saddle point configuration is calculated in the contin-
uous space limit. It would be very interesting to have an
alternative derivation for this entropic cost factor. A sim-
ilar calculation for the quadratic fluctuations was recently
done by Kulić et al. around the optimal configuration of a
looped DNA stretched at high force [70]. The looping free
energy can be separated into a bending and an entropic
contributions:

∆G(L) = ∆E(L)−∆S(L). (6)

The entropic part ∆S(L) (in units of kBT ) in the looping
formation is given by ∆S(L) = − ln [CSY(L)× dv/1.66]
with dv = 4

3πr
3 (in nm−3) the interaction volume in which

the ring closes. As a numerical illustration, for a 100-bp
loop, the elastic cost is of ∆E(100 bp) = 21 kBT ; the en-
tropic loss is of ∆S(100 bp) = −3 kBT for an interaction
radius of r = 1nm (typical dimension of a binding site).
Note that the entropic loss strongly depends on the in-
teraction volume. For example if one considers the typical
protein linear dimension of r = 10nm a contribution 3 ×

ln 10 = 7 kBT has to be added to the entropy ∆S(L). In
Figure 5 we show the Gaussian polymer formula (1) valid
for long loops (full gray line) and the short-loop Shimada-
Yamakawa formula (5) (full black line).

Figure 5 also shows the curve obtained with two
alternative approaches: the Brownian dynamics simula-
tions [71, 72] (dotted line) and the numerical calculation
of the path integral under the global constraint of zero
end-to-end distance [57, 61, 69]. The cyclisation probabil-
ity goes to zero for small and long molecules and exhibits a
maximum in between. This maximum is located at about
3.3 persistence lengths (500 bp), see Figure 5.

As DNA is made of two strands, it not only has a bend-
ing modulus but also a torsional modulus. This was in-
cluded in the Shimada-Yamakawa framework [42]. In fact
cyclisation also requires an angular phasing between the
two extremities for the number of helical pitches to agree
with the ∼ 10.5 bp turn of circular DNA. The linking-
number-dependent jM factor increases and oscillates up to
about 3 persistence lengths, then decreases monotonically.

As shown in Figure 5 the Shimada-Yamakawa saddle
point calculation works very well for lengths up to 1500 bp,
while the Gaussian approximation is valid for DNA hav-
ing more than 3000 bp. An approximate formula includ-
ing both short- and large-length-scale behavior has been
obtained by combining the Gaussian behavior at large
length scales with an exponential decay at short length
scales [29,73,74]. This formula is shown for comparison in
Figure 5 (gray dashed line). The Shimada-Yamakawa ap-
proach is so far the best expansion in the short-stiff
chain limit; Wilhelm and Frey have also developed an
expansion in this limit [48], but the validity domain of
their approach is limited to lengths of the molecule up
to about 300 bp (two persistence lengths). Highest-order
corrections have been calculated by perturbation theory
but do not substantially improve Wilhelm and Frey’s re-
sult [49–51]. On the other hand, expansions around the
long-flexible limit have also been developed by Daniels
in 1952 [39]. The first-order correction to the Gaus-
sian chain works well for molecule lengths larger than
about 1000 bp (10 persistence lengths). Other approaches
consist in relaxing the inextensibility constraint of the
chain [44–47] but so far, did not succed in catching the
rigid rod-like regime in a systematic way (Ha et al. works
give an accurate estimate for the most probable end-to-
end, but not for the whole distribution for instance).

5 Protein-mediated loops

5.1 Some historical background

A step forward in complexity and biological interest was
the study of the protein-protein interactions mediated by
DNA loops [1]. The aforementioned lac, gal [33, 34, 75]
and recombinase [29] in vitro experiments were carried out
in the last decade, through the preparation of DNA frag-
ments with a distance between the lac operators of
about 300 and 100 bp in the first two cases, and a distance
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between the recombinase binding sites variyng from 74
to 1500 bp in the third case.

Protein-mediated loop experiments can be more com-
plex than cyclisation experiments because of the presence
of both protein-protein and DNA-proteins interactions.
Each interaction has its own affinity constant, and com-
petitions between these interactions with different possi-
ble populations of complexes are possible [1, 33, 75]. An
exemple is the GalR-DNA complex shown in Figure 1,
and made of two dimers bound to each other to form a
tetramer and to DNA. If, for exemple, the two DNA oper-
ators carry, respectively, a dimer and a tetramer, the loop
cannot be formed.

Proteins may in addition impose geometrical con-
straints to DNA (see for instance the parallel or antiparal-
lel configurations in Fig. 1) [1]. These constraints have to
be taken into account at different stages of simplification
in theoretical approaches.

Theoretical investigations have mainly focused on how
proteins can enhance the looping probability [72]. Three
important factors have been studied with Brownian dy-
namic and Monte Carlo simulations by the Langowski
and Vologodskii groups since 1992 [31,71,76].

First a purely geometrical factor is relevant for small,
i.e. up to about 300 bp, DNA loops: the protein has a
linear size r, typically of the order of 10 nm. This is a non-
negligible distance with respect to the DNA persistence
length (A = 50nm). As firstly pointed out in the work
of Brenowitz et al. the protein can act as a bridge in the
loop formation. The loop gets clamped when the end-to-
end distance of the molecule is about r, and not zero. The
bending energy in the presence of this protein bridge is
therefore reduced with respect to a closed loop.

Secondly, the presence of additional proteins that
sharply bend the DNA fragment can also facilitate the
loop formation (see the HU protein in Fig. 1). Proteins
can also produce a kink on the DNA in an indirect way by
twisting it. This twist can give rise to a denaturation bub-
ble and therefore a zone of high flexibility on the DNA seg-
ment. This action has been modeled in Brownian dynam-
ical simulations [71, 72, 76] by introducing a kink, of 120◦

or 80◦, in the middle of the chain. The presence of a kink
has been shown to greatly enhance the looping probability
for molecular lengths of less than roughly 500 bp.

Thirdly when a torque is applied, DNA may also
buckle in much the same way as an elastic tube, and cre-
ate plectonemes. These structures, which also exist in vivo
may strongly affect the end-to-end collision probability, as
first pointed out by Vologodskii et al. [31]. The presence
of superhelical conformation can enhance the loop proba-
bility for loop lengths up to about 1000 bp [72].

The geometrical and topological constraints due to the
proteins, in general, make analytical treatements more
difficult. A first, numerical method, has been proposed
by Balaeff et al. to calculate the bending energy given
precise boundary conditions obtained from the knowledge
of the LacR protein structure [77–79]. In these calcula-
tions the twist and electrostatic energies are included but
the entropic contribution to the free energy is neglected.

A second method recently developed by Yan et al. [57]
and Douarche et al. [69], consist in the numerical calcu-
lation of the WLC path integral with the r end-to-end
distance constraint. It allowed the authors to calculate
the loop probability with a protein bridge, and to impose
particular boundary conditions (for example, the paral-
lel or anti-parallel confguration in Fig. 1) [57], or a kink
in the middle of the sequence. A third approach that we
detail in the next section is the extension of the Shimada-
Yamakawa calculation to the case of an open and kinked
loop.

5.2 Theoretical approaches for the effects of protein
bridge and kink at half-length

A protein bridge can easily be accounted for Shimada
and Yamakawa saddle point calculation [69]. The optimal
configuration for a 100-bp (34 nm) DNA with an end-to-
end separation r = 10nm is shown in Figure 6. For the en-
tropic contribution C due to quadratic fluctuations around
the optimal configuration a simple and surprisingly accu-
rate estimate is obtained by adapting Shimada-Yamakawa
formula (4), and approximating

C(L, r) = CSY(L+ 2r). (7)

This approximation can be understood if one com-
pares (see Fig. 6) the open configuration with the closed
configuration with a length increased by twice the end-to-
end separation. The closing part has no elastic cost be-
cause it is essentially not curved, and contributes to fluc-
tuations only. The choice of the factor 2 can be explained
in geometrical terms [69].

As shown in Figure 6 the cyclisation factor for a 100-bp
DNA is enhanced by a factor 102 in the presence of a pro-
tein bridge of 10 nm between the DNA extremities. For a
DNA length more than about 10 times the end-to-end sep-
aration the curve goes to the Shimada-Yamakawa closed
loop formula (5). Figure 6 also shows a good agreement
between the saddle point extension of Shimada and Ya-
makawa formula (top panel) numerical calculation (bot-
tom panel), and the Brownian dynamics (open squares)
and Monte Carlo simulation (filled circles) points. Note
that the Brownian dynamics points are obtained from a
model which includes twist rigidity and electrostatic ef-
fects. The free energy of loop formation is shown in Fig-
ure 6 (left). A kink in the middle of the molecule can be
treated in an analogous manner. The saddle point kinked
configuration is shown in Figure 7 (top). A kink of 90◦

increases the loop probability by a factor 105. The most
probable loop length decreases also from 500 bp to the
minimal length of 35 bp for a kink of 90◦. The free en-
ergy of loop formation is shown on the left of Fig. 7. A
loop of 100 bp with a kink of 150◦ in the middle of the
sequence and an end-to-end distance r = 10nm has a free
energy cost ∆G = 9 kBT to be compared with the value
of ∆G = 12 kBT found from the loop formation mediated
by the GalR and HU proteins [34] (see Fig. 4).

An even simpler approach is to directly calculate the
cyclization factor with the Shimada-Yamakawa formula on
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Fig. 6. Looping probability density (left panel) and free energy (right panel) within an interaction radius r = 1nm (dashed
line), 5 nm (dotted line), 10 nm (full line). Top: extension of the Shimada-Yamakawa calculation to finite r. Bottom: numerical
calculation of the constrained path integral. The error bars are shown when they are larger than the symbol sizes. The r = 1nm
curve coincides with the r = 0 cyclization factor. Theoretical results are in good agreement with Monte Carlo simulations
obtained by Vologodskii and Podtelezhnikov (full circle) [63] and Brownian dynamics simulation obtained by Langowski and
collaborators (open square) [71]. Inset of the top left panel: lowest-bending-energy configurations for 100 bp and the r =
0nm (bottom), and r = 10nm (top), the closure of the r = 10nm configuration being shown by a thin line.

the equivalent loop of length (L+ 2r). These approach is
similar to what was suggested in 1991 by Brenowitz et al.
to interpret their experimental data, i.e. to directly con-
sider the protein as part of the length of the loop, directly
in the Shimada-Yamakawa formula. The proposed formula
for the cyclisation factor as a function of the protein size r,
the length L of the DNA, and the kink angle κ reads

jM(L, r, κ) = CSY(L+ 2r) e−∆E(L+2r,κ). (8)

A linear fit of the bending energy for the optimal config-
uration in the presence of a kink is

∆E(L, κ) =
(

−7.1 + 20.8
κ

π

) A

L
. (9)

Formula (8) allows us to obtain a simple prediction for
the loop probability in the presence of a kink in the mid-
dle of the sequence and a finite separation between the
extremities.

As shown in Figure 6 this formula (gray lines) is in
good agreement with the loop probability obtained with

the exact calculation of the saddle point energy of the
open configuration (full line). Moreover the results are in
good agreement with numerical calculations (graphics in
the bottom). Rippe has also written down a simple for-
mula that includes a kink angle κ and a finite end-to-end
distance r in an effective way, but his formula contains
a parameter that is fitted, for each values of r and κ,
from the curve obtained by Brownian dynamic simulations
[73,74]. The Brownian dynamic data points, obtained from
a model which includes twist rigidity and elecrtostatic ef-
fects, and the Rippe interpolation formula are shown in
the inset of Figure 6.

It is important to notice that protein-mediated site-
to-site interaction differs from the end-to-end interactions
because the DNA fragment is longer than the fragment in-
volved in the loop. The extra DNA should reduce the con-
tact probability between the two sites because it excludes
certain conformations. The factor jM calculated above
through the end-to-end distribution is therefore an up-
per limit to the concentration of site-to-site interactions.
These entropic effects have been included in theoretical
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Fig. 7. Probability density (left) and free energy for a loop with r = 10nm and a kink κ in the midle of the chain. κ = 180◦ (full
lines), κ = 150◦ (dotted lines), κ = 120◦ (dashed line), κ = 90◦ (long-dashed lines). Top: extension of Shimada-Yamakawa
calculation (black lines), approximate formula (gray line) given in the text. Bottom: numerical calculation of the constrained
path integral. Inset on the bottom left panel: Brownian dynamics simulation points obtained by Langowski and collaborators
(open square) [71], fitted by Rippe formula [73].

approaches for long loops [80]. Moreover this extra DNA
has been, for example, taken into account in the calcu-
lation of the formation of loop under an applied ten-
sion [68, 70, 81] described in the next section. Another ef-
fect that has been underlined in theoretical works is that
the DNA stiffness depends on the sequence [82] and can
be modified by proteins attached to DNA [83].

6 Concluding remarks: recent and further

works

6.1 Loop probability and dynamics under a stretching
force

The single-molecule experiments, started with Lia et al.
work in 1995 [33,34], of loop formation under a stretching
force have recently stimulated several theoretical works, in
particular by the Marko group [68,81,84]. In their analy-
sis the loops give rise to a length loss in the stretching
work done by the force. The loop geometry has to be
taken into account; for example in the antiparallel con-
figuration of Figure 1 the extra DNA cannot be fully

stretched. The extension of Shimada-Yamakawa calcu-
lation of the quadratic fluctuations around the saddle
point configuration has been performed in presence of a
large external force by Kulić et al. [70]. The dynamics of
loop formation, which can been directly studied by single
strand experiments has been investigated by Monte Carlo
simulations [63, 71]. From a theoretical point of view a
Langevin dynamics on the end-to-end distance has been
studied in [85], and calculation of the mean first passage
of cyclisation has been performed in [86]. Clearly the ap-
plication of polymer dynamics to the problem of loops
formation deserves more investigations.

6.2 Towards in vivo modeling

Of course the in vivo problem is more complicated
because DNA is not free but attached to chromatin
structural proteins and the uncontrolled presence of
proteins may affect DNA elasticity. The experiments
of Ringrose [29] show that the most probable loop length
is smaller in chromatin than in bare DNA. Considering its
importance this problem clearly deserves some work even
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at a simplified level. A very recent work of Sankarara-
man and Marko has studied the interaction between mul-
tiple loops on the same DNA. A simple effect for non–
site-specific loops is that the most probable loop length
can decrease due to the rearrangement entropy between
multiple loops on the same DNA [87].
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