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Abstract It has been conjectured since the work of Lalley and Sellke (Ann. Probab.,
15, 1052-1061, 1987) that branching Brownian motion seen from its tip (e.g. from its
rightmost particle) converges to an invariant point process. Very recently, it emerged
that this can be proved in several different ways (see e.g. Brunet and Derrida, A
branching random walk seen from the tip, 2010, Poissonian statistics in the extremal
process of branching Brownian motion, 2010; Arguin et al., The extremal process of
branching Brownian motion, 2011). The structure of this extremal point process turns
out to be a Poisson point process with exponential intensity in which each atom has
been decorated by an independent copy of an auxiliary point process. The main goal
of the present work is to give a complete description of the limit object via an explicit
construction of this decoration point process. Another proof and description has been
obtained independently by Arguin et al. (The extremal process of branching Brownian
motion, 2011).
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1 Introduction

Branching Brownian motion is the subject of a large literature that one can trace back
at least to [ 18]. The connection of this probabilistic model with the well-known F-KPP
equation has in particular attracted much interest from both the probabilistic and the
analytic side starting with the seminal studies of McKean [24], Bramson [6], Lalley
and Sellke [23], Chauvin and Rouault [9] and more recently with works by Harris
[15], Kyprianou [22] and Harris, Harris and Kyprianou [16].

In the present work we consider a continuous-time branching Brownian motion
with quadratic branching mechanism: the system starts with a single particle at the
origin which follows a Brownian motion with drift o and variance o> > 0. After an
exponential time with parameter A > 0 the particle splits into two new particles which
each start a new independent copy of the same process started from its place of birth.
Each of them thus moves according to a Brownian motion with drift o and variance
o2 > 0 and splits into two after an exponential time with parameter A > 0 and so on.

We write X (1) < --- < Xy (¢) for the positions of the particles of the branching
Brownian motion alive at time ¢ enumerated from left to right (where N (¢) is the
number of particles alive at time ¢). The corresponding random point measure is
denoted by

N W)= D x
We will work under conditions on A, o, o2 which ensure that for all 7 > 0,

E Z e Xl =1, E Z X; (e X | = 0. (1.1)

where, for each i € {1,..., N(t)} we let X;;(s), s € [0, ] be the position, at time
s, of the unique ancestor of X;(#) and B is a standard Brownian motion. Thus the
Eq. (1.1) become o = A + ”72 and ¢ = o2. Hence the usual conditions amount to
supposing ¢ = o2 = 2. In this paper we always assume A = 1, 0 = 2 and 0 = /2.
The choice of a binary branching is arbitrary. Our results certainly hold true for a more
general class of branching mechanisms, e.g. when the law of the number of offsprings
is bounded or has finite second moment. For the sake of clarity we only consider the
simple case of binary branching which already contains the full phenomenology.
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Branching Brownian motion seen from its tip 407

The position X y ) (¢) of the rightmost particle of the branching Brownian motion
has been much studied (see [5,6,23,24]). In these classical works, the authors usually
assume that o = 0,. = o = 1. We recall some of their results adapted to our
normalization. In particular, instead of the rightmost particle we prefer to work with
the position X (¢) of the leftmost particle.

Bramson [6] shows that there exists a constant Cg € R and a real valued random
variable W such that

X0 —m B W, 1= o0 (1.2)
where
3
m; ::zlogt+CB (1.3)

and furthermore the distribution function P(W < x) = w(x) is a solution to the
critical F-KPP travelling wave equation

w’ 42w +ww —1) =0.

Lalley and Sellke’s paper [23] can be seen as the real starting point of the present
work. Realizing that the convergence (1.2) cannot hold in an ergodic sense, they prove
the following result. Define

Z(t) == Z X;(H)e Xi®, (1.4)

i=1,...N()

We know that E(Z(¢)) = 0 by (1.1) and it is not hard to see that (Z(¢),t > 0) is in
fact a martingale (the so-called derivative martingale). It can be shown that

Z:= lim Z(1) (1.5)

exists, is finite and strictly positive with probability 1. The main result of Lalley and
Sellke’s paper is then that 3C > 0 such that

lim lim P(X (¢t +5) — my4s > x|Fs) = exp (—CZex)
o

§—>00 —>

where .Z; is the natural filtration of the branching Brownian motion. As a consequence,
P(W<x) ~ Clxle*, x— —o0. (1.6)

Since conditionally on Z the function y > exp (—CZe”) = exp (—e’t10¢(€2)) js
the distribution function of minus a Gumbel random variable centered on — log(C Z),
this suggests the following picture which is conjectured by Lalley and Sellke for the
front of branching Brownian motion. The random variable X (¢) — m; converges in
distribution and its limit is the sum of two terms. The first one is — log(C Z), which
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depends on the limit of the derivative martingale, while the second term is simply
minus a Gumbel random variable. Brunet and Derrida [8] interpret this as a random
delay (which builds up early in the process and settles down to some value) and a
fluctuation term around this position.

In the last section of [23], the authors conjecture that more generally, the point
measure of particle positions relative to m; — log(CZ)

N (1) = Z 3%, (1) —m,+log(CZ)

converges to a stationary distribution.

In the present work we prove that N (1) converges to a stationary distribution
which we describe precisely. We show that the structure of this limit point measure is
adecorated Poisson point measure, i.e., a Poisson point measure on the real line where
each atom is replaced by an independent copy of a certain point measure shifted by the
position of the atom. Another proof and description has been obtained independently
by Arguin et al. [4] (see Sect. 3).

2 Main results

Throughout the paper, all point measures are, as in the setting of Kallenberg [21],
considered as elements of the space M of Radon measures on R equipped with the
vague topology, that is, we say that u, converges in distribution to u if and only if
J fdu, — [ fdp for any real continuous function f with compact support. By
Theorem 4.2 (iii) p. 32 of [21], it is equivalent to say that (u,(Aj), 1 < j < k)
converges in distribution to (1(A;), 1 < j < k) for any intervals (A;, 1 < j <
k). The space C(R, R) (or sometimes, C([0, ¢], R)) is endowed with topology of
uniform convergence on compact sets. If F is a function on C(R;, R), tEen for any
contirluous function (Zg, s € [0, t]), we define F(Z, s € [0, t]) as F(Z;, s > 0),
with Z; := Zin(s, 1)-

We now introduce two point measures which are the main focus of this work. First,
consider the point measure of the particles seen from m; — log(C Z) and enumerated
from the leftmost:

N(t) = N () —my +10g(CZ) = Z 8X; (1) —m;+log(CZ)-

Theorem 2.1 As t — o0 the pair (AN (1), Z1)} converges jointly in distribution to
(L, Z} where Z isasin (1.5), £ and Z are independent and £ is obtained as follows.
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Branching Brownian motion seen from its tip 409

(1) Define & a Poisson point measure on R, with intensity measure e* dx.
(ii) For each atom x of 2, we attach a point measure 2% where 2 are indepen-
dent copies of a certain point measure 2.
(ili) Z is then the point measure corresponding to the sum of all x + 2%, i.e.,

L = Z Z Sxty

xe? yGQ(x)

where x € & means “x is an atom of 2.

Since the leftmost atom of & has the Gumbel distribution, this implies that the
Gumbel distribution is the weak limit of X () —m, +log(C Z). The following corol-
lary, concerning the point measure seen from the leftmost position, contains strictly
less information than the theorem.

Corollary 2.2 As t — oo the point measure N (t) converges in distribution to the
point measure ' obtained by replacing the Poisson point measure 2 in step (i)
above by &' described in step (i) below:

(i) Let € be a standard exponential random variable. Conditionally on e, define
' to be a Poisson point measure on R, with intensity measure ee*1g (x) dx to
which we add an atom in 0.

The decoration point measure 2(x) remains the same.

The variable Z is not .%;-measurable, and in this sense Theorem 2.1 is a conditional
statement. However, it is clear that if one replaces ./ (f) by

N (1) == N (1) —m; +1og(CZ(1)) = Z 3X; (t)—my+log(CZ (1))

which is .%;-measurable, then the same result still holds.

Theorem 2.1 above should not be considered a new result when the decoration
point measure 2 is not specified. Indeed, the convergence to a limiting point process
was already implicit in the results of Brunet and Derrida [7] and is also proved inde-
pendently in [4] by Arguin et al. See Sect. 3 for a detailed discussion.

We next give a precise description of the decoration point measure 2 which is the
main result of the present work. For each s < ¢, recall that X ,(s) is the position at
time s of the ancestor of X (), i.e., s = X ;(s) is the path followed by the leftmost
particle at time 7. We define

Yi(s) := X1:(t —5) — X1(0), s € [0, ]

the time reversed path back from the final position X (¢). Let us write ¢ > 71(¢) >
7 (t) > ... for the (finite number of) successive splitting times of branching along
the trajectory X ,(s), s <t (enumerated backward). We define .4 (¢) to be the point
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Fig.1 (Y, 2)is the limit of the path s = X ;(# —s) — X (t) and of the points that have branched recently
off from X ;

measure corresponding to the set of all particles at time ¢ which have branched off
from X, at time 7;(¢) relative to the final position X (¢) (see Fig. 1). We will also
need the notation t; ;(¢) which is the time at which X;(¢) and X ;(¢) share their most
recent common ancestor. Observe that

Ni(t) = Z 8x;()-x1(1)-
JEN @)ty j (=7 (1)

We then define

21.0) =8+ D, M0

it (1)>t—¢

i.e., the point measure of particles at time # which have branched off X ;(s) after time
t — ¢, including the particle at X (¢) itself.

We will first show that ((Y;(s), s € [0, t]), 2(¢, ¢)) converges jointly in distribution
(by firstletting r — oo and then { — o0) towards a limit ((Y (s), s > 0), 2) where the
second coordinate is our point measure 2 which is described by growing conditioned
branching Brownian motions born at a certain rate on the path Y. We first describe the
limit ((Y (s), s > 0), 2) and then we state the precise convergence result.

The following family of processes indexed by a real parameter b > 0 plays a key
role in this description. Let B := (B;, t > 0) be a standard Brownian motion and let
R := (R;, t > 0) be a three-dimensional Bessel process started from Ry := 0 and
independent from B (see Fig. 2). Let us define T}, := inf{t > 0 : B; = b}. For each
b > 0, we define the process '® as follows:

2.1)

F(b) — Bs, ifs € [0, Tb],
: b—Rs_1,, ifs>Tp.
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Fig. 2 The process r®

Let us define
Gi(x) :==Po(X1(t) =x) =P_(X1(1) =0)
the probability of presence to the left of x at time ¢, where we write P, for the law of
the branching Brownian motion started from one particle at x. Hence, by (1.2) we see
that G;(x + m;) — P(W < x).

We can now describe the law of the backward path Y: for any measurable set A of
CR4, R)yandb > 0,

1 o (b)
P(Y € A, —inf Y(s) € db) = aE [e’zfo Gulely >d”1,(,r<b>€A] ,

where
o0
c :=/E[e_2f0Oo G”(”Fg’b))d”] db
0

(observe that by Eq. (6.7) this constant is finite).
Observe that —infg>o Y (s) is a random variable with values in (0, co) whose
density is given by

1 00 h
P (— inf Y(s) e db) - —E[e—zlo Gv(‘frf)””"] db.
5>0 C1l
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Now, conditionally on the path Y, we let = be a Poisson point process on [0, c0)
with intensity 2(1 — G,(—Y(t))) dt = 2(1 - Py (X1(1) < 0)) dt¢. For each point
t € 7 start an independent branching Brownian motion (‘/VY*(t) (u), u = 0) at position
Y (¢) conditioned to have min %"(I)(t) > 0.! Then define 2 := §y + Dien Ji/l,"(l) ().

Theorem 2.3 The following convergence holds jointly in distribution:

{'hm tgngo((Yl(s)vs € [Oa t])s Q(ts ;)7 Xl(t) _ml) = ((Y(S),S Z 0)! Q’ W)a

where the random variable W is independent of the pair (Y (s),s > 0), 2), and 2
is the point measure which appears in Theorem 2.1.

Observe that the parameter ¢ only matters for the decoration point measure in the
second coordinate.

The following Theorem 2.4 characterizes the joint distribution of the path s +—
X1,(s) that the particle which is the leftmost at time ¢ has followed, of the point
measures of the particles to its right, and of the times at which these particles have
split in the past, all in terms of a Brownian motion functional. The proof borrows
some ideas from [1] but is more intuitive in the present setting of branching Brownian
motion. Moreover, it also serves as a first step in the (much) more involved proof of
Theorem 2.3 in Sect. 6

For any positive measurable functional F : C([0, t], R) — R, and any positive
measurable function f : [0, t] > Ry, forn € N, (aq, ..., a,) € R’i and A, ..., A,
a collection of Borel subsets of R define

10 = B[FC6 s e 0. ew (= X 0 -no) Yo [ ano))
i j=1

Aj

where for a point measure .#” and a set A we write | 4 d47in place of A7 (A).
For each r > 0 and every x € R recall that G,(x) = P{X;(r) < x}, and further
define

=N
,

G o O, 410

(x) := E[ ]1{x1<r>zx}]~

Hence, when f = 0 we have Eff) x)=1-G,(x).

Theorem 2.4 We have
1) = E[e"B’ F(oB,, s €0, z])e‘zfo'“—EfQWBf—”Bs”df], (2.2

where B in the expectation above is a standard Brownian motion. In particular, the
path (s — X1,(s), 0 <s <t) is a standard Brownian motion in a potential:

1 By convention, for a point measure .4, min .4 is the infimum of the support of .4".

@ Springer



Branching Brownian motion seen from its tip 413

Fig.3 Theevents Eq(x, n), E2(x, n) and E3(x, n) together are the event that the paths of particles ending
within distance n of m; avoid all the dashed regions

t/2
t

my—x  Xi(t) my

E[F(xl,t(s), s € [0, t])] - E[e“B’ F(0By, s € [0, t])e~2h Gr—s“Bf—"B-r)dS].
2.3)

This result, which can be seen as a Feynman—Kac representation formula is hardly
surprising and is reminiscent of the approach in Bramson’s work.

In addition to this “Brownian motion in a potential” description we also present
some properties of a typical path (X ,(s), s € [0, ¢]). Let us fix a constant n > 0
(that we will take large enough in a moment). For + > 1 and x > 0, we define the

good event A;(x, n) by
Ai(x,m) == E1(x,n) N Ex(x, ) N E3(x, n) (2.4)
where the events E; (see Fig. 3) are defined by
Ey(x,n) == {Vist.|X;(t) —m/| <n, min X;,(s) > —x,
s€[0,1]
min X; ,(s) > m, —X} )
selt/2,1]

t
Er(x,n) = {Vis.t.|X,~(l‘) —my| <n,Vs € |:x, §i|  Xii(s) > Sl/S} ’

t
E3(x,n) == Vis.t.|X;(t) —my| <n,Vs € |:x, §i| ’
Xt~ X0 V578

We will show that the event A;(x, n) happens with high probability, the reason being
that s — X1 ,(s) looks very much like a Brownian excursion over the curve s — m.
We observe that the events E; depend on ¢ but we omit to write the dependency for

sake of brevity.

Proposition 2.5 (Arguin, Bovier and Kistler [2]) Let n > 0. For any ¢ > 0, there
exists x > 0 large enough such that P(A;(x,n)) > 1 — ¢ for t large enough.
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Observe in particular, that since P(| X ,(f) — m;| > n) — 0 when n — oo we
know that for n and x large enough, the path s — X ;(s) has the properties described
in the event E1, E>, E3 with arbitrary high probability. Here the exponents 1/3 and
2/3 have been chosen arbitrarily in the sense that one could replace them with 1/2 £ ¢
forany 0 < ¢ < 1/2 (Fig. 3).

The rest of this paper is organized as follows. Section 3 is devoted to discussions
on related results. The main goal of the paper is to prove Theorem 2.3, which is
also the hardest. We start by proving Theorem 2.4 in Sect. 4 which is much easier,
thus introducing some tools and ideas we will use throughout the paper. Next, in
Sect. 5, we prove Proposition 2.5 which gives us estimates on the localization of the
path followed by the rightmost particle. Section 6 contains the main arguments for the
proof of Theorem 2.3, and Sects. 7, 8 and 9 are devoted to technical intermediary steps.

The proof of Theorem 2.1 is given last in Sect. 10. We show that by stopping
particles when they first hit a certain position k£ and then considering only their leftmost
descendants one recovers a Poisson point measure of intensity e* dx as k — oo. Then,
we show that two particles near m, have separated in a branching event that was either
very recent or near the very beginning of the process and we finally combine those
two steps to complete the proof of Theorem 2.1.

3 Related results and discussion

The goal of this section is to discuss the relevant literature and to give a brief account
of the main differences and similarities between the present work and some related
papers.

The description of the extremal point process of the branching Brownian motion is
also the subject of [7,8] by Brunet and Derrida. There, using the McKean representation
and Bramson’s convergence result for the solutions of the F-KPP equation [6], the
authors show that the limit point process exists and has the superposability property.
From there, using classical arguments (see for instance [26]) it can then be shown
that the only point processes having this property are those of the type “decorated
exponential Poisson point processes”, proving in essence our Theorem 2.1. Recently,
pursuing and adding to those ideas Arguin et al. have also shown the convergence of
N (1) to a limiting point process with the superposability property (see [4, Proposition
2.2 and Corollary 2.4]). Therefore, it is really Theorem 2.3—the description of the
decoration measure 2—which is the main contribution of the present work. Finally
we mention that Madaule [25] has proved the analogue of our Theorem 2.1 for non-
lattice branching random walks by using the recent result in [1] on the maximum of
branching random walks.

Most of the results presented here are identical or very closely related to those
obtained independently by Arguin, Bovier and Kistler in a series of papers [2—4]. For
reference we include here a brief description of their results, stated in the context of
our normalization to ease comparison.

The main results of [2] concern the paths followed by the extremal particles and their
genealogy. Our Proposition 10.2 is the same result as Theorem 2.1 of [2] which says
that particles near m, have either branched near time 0 or near time 7. Theorems 2.2, 2.3
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Branching Brownian motion seen from its tip 415

and 2.5 in [2] concern the localization of paths of particles which end up near m; at time
t. Arguin et al. show that at intermediary times s, with arbitrarily large probability, they
lie between 3m; — (s A (t —s))* and Fm; — (s A (¢ —s)Pfor0<a<1/2<p<1.
This, of course, corresponds exactly to our Proposition 2.5. Since their arguments rely
essentially on many-to-one calculations and Bessel bridge estimates, the methods of
proof are also very similar. We include the proofs of Propositions 2.5 and 10.2 for the
sake of self-containedness.

In [3], Arguin, Bovier and Kistler using the path localization argument obtained in
[2] are able to show that if one only considers particles that have branched off from
one another far enough into the past (the point process of maxima of the clusters), then
it converges to a Poisson point process with exponential intensity ([3], Theorem 2).
This of course very closely resembles our Proposition 10.1. Their proof relies on the
convergence of Laplace functionals (for which a first Lalley—Sellke type representation
is given) whereas we simply deduce this from the classical results about records of iid
variables.

In [4] a complete description of the extremal point process of the branching Brown-
ian motion is given. There, they show that N () (actually in [4] the point process .4
is centered by m; instead of m; —log(C Z)) converges in distribution to a limiting point
process which is necessarily an exponential Poisson point process whose atoms are
“decorated” with iid point measures. They give a complete description of this decora-
tion point measure as follows. Let Z(1) = 372, 8x,(:)—x, () Which is a random point
measure on R . Conditionally on the event X{(¢) < 0 it converges in distribution to
a limit 2. Theorem 2.1 in [4] thus coincides with our Theorem 2.1 via 2 = 9.

One of the key argument in [4] is to identify the limit extremal point process of the
branching Brownian motion with the limit of an auxiliary point process. This auxiliary
point process is constructed as follows. Let (5;, i € N) be the atoms of a Poisson point
process on R with intensity

a(xe?) dx

for some constants a and b. For each i, they start form n; an independent branching
Brownian motion (with the same X, o, o parameters as the original one) and call I1(#)
the point process of the position of all the particles of all the branching Brownian
motions at time ¢. Theorem 2.5 in [4] shows that lim;_, o [1(¢) = lim;_ o /(t).
This solves what Lalley and Sellke [23] call the conjecture on the standing wave of
particles. The proof is based on the analysis of Bramson [6] for the solution of the
F-KPP equation with various initial conditions and the subsequent work of Lalley and
Sellke [23] and Chauvin and Rouault [10] which allows them to show convergences
of Laplace type functionals of the extremal point process.

In the present work we also prove the convergence of the extremal point process to
a decorated exponential Poisson point process. Our main result, Theorem 2.3, gives
a description of the decoration measure 2 which is very different from [4]. The
methods we use are also different since we essentially rely on path localization and
decomposition. It is our hope to exploit the description of .2 given in Theorem 2.3 to
prove a conjecture of Brunet and Derrida [7] concerning the asymptotic distribution
of the extremal point measure .Z.
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4 Proof of Theorem 2.4

We will use repeatedly the following approach which is known as the spinal decom-
position. The process

M, = z e Xih 1>,
i<N(t)

is a so-called additive martingale, which is critical, not uniformly integrable and con-
verges almost surely to 0. Let Q be the probability measure on %, such that, for each
t >0,

Ql?t :Mt.Plyt.

Following Chauvin and Rouault ([10], Theorem 5), Q is the law of a branching dif-
fusion with a particle behaving differently. More precisely, for each time s > 0
we let By € {1,..., N(s)} be the label of the distinguished particle (the process
(Es, s € [0, t]) is called the spine). The particle with label E; at time s branches at
(accelerated) rate 2 and gives birth to normal branching Brownian motions (with-
out spine) with distribution P, whereas the process of the position of the spine
(Xg,(s), s € [0, t]) is a driftless Brownian motion of variance o2 = 2. Further-
more, for each r > 0 and eachi < N(¢),

e—Xi(®)

Q{Ez :i|yt}= M,

We use this principle repeatedly in the present work in the following manner. For each
i < N(t) consider ¥; a random variable which is measurable in the filtration of the
branching Brownian motion up to time ¢ (i.e., it is determined by the history of the
process up to time ) and suppose that we wish to compute Ep[ziS ~) Vil Then,
thanks to the above, we have

1
Be| > Wi|=FEo|.- > W =EQ[exsr<f>\yE,]. .1
<N () LisN@

We will refer to (4.1) as the many-to-one principle.

For any positive measurable function F : C(Ry, R) — R, any positive mea-
surable function f : [0, f] — Ry,n € N, (ay,...,a,) € R} and Ay, ..., A, a
collection of Borel subsets of R define

1) :=E{ F(X1,(5), s € [0, 1]) exp —Zf(r—n(t))Zaj/M(r) :
i j=1

Aj
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as in Sect. 2. Letting X; ;(s) be the position of the ancestor at time s of the particle at
X;(t) at time ¢, we have

I(t) =E z Li=1y F(Xi(s), s € [0, tD) Ai (@) |,

i<N(t)

with A; (1) == exp{— > f(t — ‘Ck(i)(t)) Z”. 1 [fA d/l/(i)]} where the sequence
of times ‘L’k o) (t) are the successive branching times along X; ; (s) enumerated backward
from ¢, and the point measures ,/ch( " are the particles which have branched off from
X, (s) at time 7" (¢)

@ .
M= D S
/Z:r,-l(t)zrk(i)(t)

Using the many-to-one principle and the change of probability presented in Eq. (4.1)
we see that

1(1) = EQ[e = 15,21y F(Xg,(5), 5 € [0, t])AS,(t)]
= Eq[e*= " F(X5,(5), 5 €10, 1]) Az, (1) H 1{mmw<u,>>0}]
where we recall that by convention, for a point measure .4", min ./4” is the infimum of
the support of 4.

Conditioning on the o-algebra generated by the spine (including the successive
branching times) we obtain

I(r)—EQ[e =0 F(Xg,(s). s €0, 1) HG (XE,(l)—XE,,z(Ti(E’)(f)))},

(ut)()

where, for any r > 0 and any x € R,

= ) ailfy oy A ()]
G;f)(x) = E[e i=t= fA/+ 1{minJV(r)2x}]~ (42)

Since (ri(“’)(t), i > 0) is a rate 2 Poisson process under Q, we arrive at:?

1) = EQ[exs,m F(Xz,(s), s € [0, t])e—2f(§[1—6£fl(xs,(l)—XsS(S))]dS]

= E[e"P F@B,, s € [0, e 2hI-Ghen—onNs] (4.3)

2 We recall the Laplace functional of a point Poisson process &2: E[exp(— f fdP)] = expl— f (1 -
) dpu], where p is the intensity measure.

@ Springer



418 E. Aidékon et al.

where, in the last identity, we used the fact that (Xg, (s), s € [0, ¢]) under Q is a
centered Brownian motion (with variance o2 = 2). This yields Theorem 2.4. O

Remark Although we do not need it in the present paper, we mention that (4.3) gives
the existence and the form of the density of X (¢) by taking f = 0 and F to be the
projection on the coordinate s = ¢:

P{X (1) e dy} =&’ E[e—2f5 Gr-s(0 Bi—0 By} ds 3

{B,e%}]
e E(()t)y [efz Iy G,_X(UB,faBS)ds:I P{B, c d_y]
i o

5 Properties of the path followed by the leftmost particle:
proof of Proposition 2.5

When applying the many-to-one principle as in (4.1), if the functional Wz only depends
on the path of Xz, (s) then the last expectation is simply the expectation of a certain
event for the standard Brownian motion. For instance, suppose that we want to check
if there exists a path (X;;(s),s € [0, t]) with some property in the tree. Let A be a
measurable subset of continuous functions [0, 1] — R. Then

PEi < N(t): (Xi(s), s €[0,1]) € A) <P’ (6B, s €[0,1]) € A) (5.1)

where (B, s > 0) is a standard Brownian motion under P. This is the main tool we
use in proving Proposition 2.5.

Let (Bs,s > 0) denote a standard Brownian motion. Before proceeding to the
proof of Proposition 2.5, let us recall (see, for example, Revuz and Yor [30], Exercise
II1.3.14) the joint distribution of minyg ;) By and B;: forany x > 0,y > Oand ¢ > 0,

_ x2+,\'2

. 1/2 X Xy
P(mm By > —x, Bi+x € dy) = (—) e 2 sinh (—) dy
[0.7] t t

2
< (%)l/zxy dy, 5.2)

A

the last inequality following from the facts that sinhz < ze® for z > 0, and that
2.2
e <1,
We now turn to the proof of Proposition 2.5. Let J,(¢) := {i < N(@) : |X;(t) —
m;| < n} where m, = 3 logt + Cp by (1.3). We recall that for > 1 and x > 0, we
define the good event A, (x, 1) by

At(x7 7']) = El(-x7 T]) N Ez(xa T]) N E3()C, 77)
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where the events E; are defined by
ErCen) ={Vi € Jy(0). minX;, () 2 —x. min X (5) 2 mg —x}.
.t [5.1]

t
Ex(x.m) ={¥i € Jy(0).¥s € [x. 3] Xuu(0) = s3],

Es(x. n) :{Vi € 1 (1). Vs € [% t—x], Xi /()= Xi (1) € [(t—5)'7, (t—s)2/3]}.

We now prove the claim of Proposition 2.5: For any ¢ > 0 and > 0, there exists
x > 0 large enough such that P(A,(x, n)) > 1 — ¢ for ¢ large enough.

Proof The notation ¢ denotes a constant (that may depend on 1) which can change
from line to line. We deal separately with the events E;(x, n). We want to show that
for any i € {1, 2, 3}, there exists x large enough such that P((E; (x, n))C) < e fort
large enough.

Bound of P(Ey (x, n)©).
First, observe that min{X;(z),i < N(t), t > 0} is an a.s. finite random variable and
therefore

P( min_ Xi(s) < —x) < P(min{Xi(t),i < N@).1>0} < —x) <
iel,(1).5€[0.1]

for x large enough. It remains to bound the probability to touch level m; — x between
% and ¢. By the previous remarks, we can assume that mino ;) X; ;(s) > —z for all
i € Jy(t). We claim that, for any z, n > 0, there exists ¢ > 0 and a function &, — 0
such that forany x > Oand 7 > 1,

P{Ei € Jy(), H[l(%n]Xi,t(s) > —z, min X;,(s) =m —x =+ 1} <ce “+g
sel0, 1

s€l5.1]

(5.3)

where y = u £ v stands for y € [u — v, u + v]. This will imply the bound on
E1(x, n)n. Let us prove the claim. We see that the probability on the left-hand side is O
if x > m;+z4+1 (indeed, if x > mt—i-z—l—landminse[%,t] Xii(s) <m—x+1< —z,
then it is impossible to have ming¢[o, ;] X; ;(s) > —z). We then take x < %logt (any
constant lying in (%, 2) would do the job in place of 47'1)'

Leta € (0, %) (atthe end, a = e*/%). We discuss whether {minge[s/2,1—a) Xi1(s) =

m; —x £ 1} or {minge[—q.1 Xi ;(s) = m; —x == 1}. We denote by pgéﬁ;f_a](x) (resp.

pl=@1(x)) the probability in (5.3) on the event {mine(;/2,1—q) Xi((s) = m, —x + 1}

(resp. {minge[;—q,1 Xis(s) = m; — x £ 1}). Equation (5.1) provides us with the
following bound

[1/2,t—a]
claim

(x) < e CB32p(B) (5.4)
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where
P(B) := P{ag[o”] >z, 0BB A — —x 41,
GQWZ”] =my—x+t1l,0B, =m; = 17}
and Q[b"bﬂ = miNg¢[p,,p,] Bs. By reversing time, we see that

P(B) < P{oB T = —my — (0, 0 B0 =y —x — 1,

0By = —m £, 0B = —x £ (74 1)}.
By the Markov property at time #/2, we obtain

P(B) = B[ 1y pesmi__ s Lo 0=y
XPB,/Z {02[0’1/2] > —m; — (z+n), 0Bipp=—my + 7’)}],

where, forany y € R, Py, is the probability under which B starts at y: Py, (Bg = y) = 1.
(So Py = P). By (5.4) and (5.2), it follows that

[t/2,t—a] 2
pclz{im “ (x) < C(Z + 277) E[1{JQ[‘”/ZJZ—Xi(TI-H),Uﬁ[O’aJZ—ﬂ—X—l}

(0B +mp + (z+ n))]
< c(z+2n*(E1 + Eo)

where

E; = E[I{GQ["*’/Z]:—xi(n+1),a§[0=“]z—n—x—l}(an/z +n+x+ 1)],

Bz = Om+2—x = DP{oB" = —x & (n 4+ 1), 0 B0 = =y —x — 1].

To bound E; is easy. We have |[E;| < Of(logt?) PoB"/2 > —p_x —1) =
O((log N ~1/2 uniformly in x < % log ¢. Now consider E;. We note that (o B2 +
n+x+ 1)1{0§[0,1/212_n_x_1} is the h-transform of the three-dimensional Bessel
process, and we denote by (R, s > 0) a three-dimensional Bessel process. Then,

Ei=0+x+DPi (@R <20+ D <(p4+x+1)
X Pn+x+1(rsn>iBURs <2(n+1)

with natural notation. The infimum of a three-dimensional Bessel process starting from
x is uniformly distributed in [0, x] (see Revuz and Yor [30], Exercise V.2.14). Applying
the Markov property at time a, we get E; < @ M+ x4+ DE)1[1/Ry] <
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c(n+ x 4+ 1)a='/2. We take a = */2. The preceding inequality implies that for any
x>0andt > 1,

[t/2,t—a
claim

@) < cn+x + D% 4 cllog > 172, (5.5)

We deal now with the probability pgaig{t] (x). In this case, the minimum on [t — a, ]

belongs to [m; — x — 1, m; — x 4 1]. Since we know that pgéizr;f_a](x) is small, we
can restrict to the case where the minimum on [¢/2, t — a] is greater than m; — x + 1,

ie.,

[21logz]
[t—a,t] [t/2,t—a]
Dclaim (x)f Z Pclaim (y)
y=x

+P[3i ey X =2, XTI s 1, XU <y — w1,

2logt] [t/2,1—a

}L,zx Delaim ](y) < o(t) + ce ™/ with as usual

From (5.5), we know that

.
Xi%" = mingera p) X (5).

Suppose that we kill particles as soon as they hit the position —z during the time
interval [0, /2] and as soon as they are left of or at position m; — x + 1 during the
time interval [¢/2, t]. Call SV~%'] the number of particles that are killed during the
time interval [t — a, t]. Hence,

P00 (x) < o(r) + ce/® 4 B[#SI 1), (5.6)

We observe that by stopping particles either at time ¢ or when they first hit —z
during [0, /2] or m; — x + 1 during the time interval [¢/2, ], we are defining a so-
called dissecting stopping line. Stopping lines were introduced and studied—among
others—by [11,20] essentially for branching random walks. More recently, they have
been used with great efficacy by e.g. Kyprianou in the context of branching Brownian
motion to study traveling wave solutions to the F-KPP equation [22]. More precisely,
for a continuous path X : Ry — Rlet us call 7 (X) the stopping time

T(X):=inf{s <t/2: X(s) < —z}Ainf{s € [t/2,t] : X(s) <m; —x + 1} At

and fori < N(¢) define T; := T (X;,(-)). We also need a notation for the label of the
progenitor at time 7; of the particle at X;(¢) at time ¢: let J; < N(7;) be the almost
surely unique integer such that

X (T) = Xi1(Th).
We now formally define the stopping line £ by
£ :=enum((J;, T})i<n(r))
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where enum means that £ is an enumeration without repetition. In general, stopping
lines can be far more sophisticated objects, and £ is a particularly simple example of
this class, which is bounded by ¢ (and thus dissecting).

We now need a generalization of the many-to-one principle (4.1) to stopping lines.
Although this can now be considered common knowledge, surprisingly only [27,
Lemmas 3.1 and 3.2] gives the result in sufficient generality for our purposes.

Fact5.1 Let g : (x,1) — g(x,1),R x Ry — R be measurable. Then, if X(t) =
o By + ot where B is a standard Brownian motion

Ep | D g(Xi(t),0) | =Bl P g(Xrx), T(X)].
(i,r)et

To see this, one can for instance adapt the proofs for the fixed-time many-to-one
lemma in [14,17] to the case of dissecting stopping lines.
Once one factors in the Girsanov term to get rid of the drift, one sees that

Ep | D g(Xi(0),1) | =E[e”PTP g(0 Br(op), T(oB)]
(i,t)el

= Eqle"*r@ " " g(xg, . (T(X2)), T(X2)].

By applying this with g(x, s) = 15¢(—a,r) We see that

E[#Sl—a1] = eCBIS/Ze—x—HP{UE[O,tﬂ] > g T!/2

> L (my—x+1)/o € [t —a, t]»

UB,/zzm,—x—i-l}.

where Tyt/ 2= min{s > #/2 : By = y}. As usual, we apply the Markov property at
time #/2 so that

P[aB[OJ/Z] > —z, T/

(mi—x+1)/o €t —a,r], 0Bt/2 >my — X+ ]}

=E I:I{JQ[OJ/ZJZ_Z}PB,/Z {T(m,—x+1)/a €[t/2 —a, l/Z]}]

where Ty := min{s > 0 : By = y} is the hitting time at level y. We know that

V2
P(Ty € du) = J’Z'fnu_yze_’fu du < cyu=3/?du for u > 0. It follows that for some
constant ¢ > O and any a € [1,1/3]

[0,£/2] 1/2
P{Gﬁ Pz = To e

elt—a1l 0By zm —x+1]

32

< Cat_3/2E[Bt/2l{ggmz/zjZ_Z}] =cat "'°z.
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Thus, E[#S!~%1] < caze™ = cze */? for a = */2. Claim (5.3) now follows from
equations (5.5) and (5.6).

Bound of P((E2(x, n))®).

We can restrict to the event E1(z, n) for z large enough. By the many-to-one prin-
ciple, we get

P(E>(x. n)C. Er(z.m) < e Co13/2P(B)
where P(B) is defined by
P(B): = P{Els €lx,1/2]: 0B, <s'/3, o B0V > 7
oBY2 > m, —z 0B <m; + 77}-
We will actually bound the probability
P(B, dr) = P{Els €lx,1/2] : 0By <s'/3, B0/ > _7
oBY2 > m, — 7 6B, €my + dr}. (5.7)

Applying the Markov property at time /2 yields that

P(B, dr)
=E [1{3se[x,t/2]:aBsgsl/3}l{ggm,//ZJZ,Z}PB,/Z {Uﬁ[o’t/z] >my—z,0Bpem+ dr}]
< c'(r+z)t—3/2E I:l{asg[x’t/z]:UBsfsl/B}l{gﬁlo,t/ZJziz}(O' By — m;+Z)+:| dr

<cr+tE [I{Else[x,t/Z]:anSSl/3}I{UE[O’I/Z]Z—Z}(GB’/z + Z)] dr

where the second inequality comes from Eq. (5.2), and we set y; := max(y, 0). We
recognize the h-transform of the Bessel process. Therefore

P(B, dr) < cz(r + 20t >?P,3s € [x,1/2] : 0 Ry < z + s'3)dr (5.8)

where as before (R, s > 0) is a three-dimensional Bessel process. In particular,
P(B) = [" P(B. dr) < cz(z + n)*3/*P.(3s € [x,1/2] : o Ry < z+ s'/3). This
yields that

P(Ey(x, ) E1(2) < e CBez(z+ ) P.(3s € [x. /2] : o Ry < z+5'/3)
<e"CBez(z+n)?P,(3s > x 1 0R, < z+ ')

and we deduce that P(E> (x, n)c, E1(2)) < e for x large enough.
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Bound of P((E3(x, n)©).
The bound on P((E3(x, n)C)) works similarly. We have by the many-to-one prin-
ciple
P(E3(x, )8, E1(z. ). Ex(z. ) < e C232P(B) (5.9)
with P(B) defined by
P{Els €lt/2.t —x]:0(By— By) ¢ [(t —s)'/3, (1 — 5)*,
oBO12 > _7 oBU2 > i, — 72 6B, =m, £ r;}.
Let
P(B, dr) = P{as €lt/2,t —x]:0(Bs— B)) ¢ [(t — )/, (t — 5)*/3),
Uﬁ[o”/zl > —z, Uﬁ[t/z”] >m; —z,0B; e m; + dr}. (5.10)
Reversing time, we get
P(B, dr) < P{Els €lx,1/2]: 0B, ¢ [s'3, s3], 6 B2 > _m, — 7 — 1,

oBO12 > s 6B +my € dr}. (5.11)

By Eq. (5.2), we have for any y > —% logt —z—mn,andt > 1

v

Py{GQ[O”m —m; —z—1,0B;0+m; € dr}

IA

c(y +me+z 4+ +z -+ 2dr

Applying the Markov property at time /2 in (5.11), we get for t > 1

P(B, dr) <c(r+z+ n)t_3/2E|:1{Els€[x,t/2]:oBs¢[Sl/3,s2/3],6§[0‘t/2]2—z—7}}
(O0Bijp+my+z+ n)] dr
< =32 M gy
sclr+z+me NG + Bl e /210 B,¢051/3.5231.6 BO/2 > o)
(0B +272+ 77)]) dr.

On the other hand,

E[l{Elxe[x,t/2]:aBs¢[s1/3,s2/3],a§[0*’/2]z—z—n}(U Bip+z+ 77)]
=@@+nP ;@ >x:0R;—z—1n¢ [SI/S’ 52/3])

@ Springer



Branching Brownian motion seen from its tip 425

where, as before, (R, s > 0) is a three-dimensional Bessel process. This implies that

P(B, dr)<c(r+z+'7)f_3/2( +@+ Py @s>x o R, z—n¢[s1/3,s2/31>)d"

7
(5.12)

We get that
P(B) <c(z+2n)%t 732 (\/_—i-(z 4Py (@s>x:oRy —z—n ¢ [s'/3, s2/3]))

which is less than ¢(z + 21)%t ~3/?¢ for x large enough (as t — o0) and we conclude
by (5.9). O

For future reference we now prove the following lemma which shows that the
probability for a Brownian path conditioned to end up near m, of satisfying event E
but not E> or E3 decreases like 1/¢. Let P( ) ;» denote the probability under which B is a
Brownian bridge from a to b of length ¢. The notation o, (1) designates an expression
depending on x (and also on r and z, but independent of ¢) which converges to 0 as
x — 00. We recall that Bl*?] .= MiNge[q,p] Bs-

Lemma 5.2 Fixr € Rand z > 0. We have

po ( glo/2l > . GBlt/21 sy o

me+r
0,mtr

1
ds e [x,t —x] : 0By < min(sl/3, my + (t — s)1/3)) = ?ox(l)
in the sense that lim sup,_, ., z‘Pg)M (...) = 0x(1). Furthermore, there exists a con-

stant ¢ > 0 such that foranyt > 1,z > 0 and r € R such that |r| < /1,

c
P, (aB[O 2 > —z, o B2 = my —z) = ~alr+zl.

o

Proof We have

O (aB 0.0/21 > 7 G BI/21 >y, — 7,

o

ds e[x,t —x] : 0By < min(s1/3,m, + (¢ —s)1/3))

< P(()t)mlﬂ (oBOt/2 —z, 0B [t/2.1] >m; —z,Is € [x,t/2] : 0Bs < s]/3)

o

Js € [t/2,t—XJ oBs <my+ (¢ —S)1/3)-
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We treat the two terms on the right-hand side successively. Using the definition of the
Brownian bridge, we observe that, as t — oo

P")m,+,( B = 2 oBUA =y — 2, 35 € [x,1/2] : 0By <517

(my+r)?

1 —~
=o+2mte 2% lim —P(B, dr)
dr—0 dr

with P(B, dr) defined in (5.7). By Eq. (5.8), P(B, dr) < ct=3/2(r + )P, (3s €
[x,2/2] : oRs < s1/3) dr, where (Ry, s > 0) is a three dimensional Bessel process.
Hence

1
B (0B 2 2 0B zmy =z, 35 € v, 1/2] : 0 Bo<s') ~ Jou(1).

Similarly, notice that

po

mt+r( E[O’I/Z] Z —Z, O—E[t/2’t] Z my — 2,

35 € [1/2,1 —x] : 0By < my + (¢ —s)‘/3)

(my+1)?

1 ~
<o+2mte 2% lim —P(B, dr)
dr—0 dr

with P(E , dr) defined in (5.10). Then, Eq. (5.12) implies that

. ( B2 > o GBl20 Sy .
0, mtr \¥ = = U= = >

o

35 € [1/2,1 —x] : 0By < my + (¢ —s)‘/3)

is %ox (1), which proves the first assertion. Let us prove the second one. We can suppose
that » 4+ z > 0, since the statement is trivial otherwise. We have that

P(t)mm (Uﬁ[o,z/z] > _z, ag[’/l’] >m; — z)
(mg+1)? [0,£/2] [t/2.1]
=o2mrte 2% lim —P(GB >—, 0B = my—z, 0 Byem;+dr).

dr—0 dr

By the Markov property at time #/2 and equation (5.2), we see that

P(oB/H > 7 ¢ B/ > m, — 7, 0B, € m; + dr)

<t + 2E [l{agm,z/zjz_z}(UBz/z +z-— mt)+] dr
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where y; stands for max(y, 0). We notice as before that E [1 (o B[o,t/z]zfz}(a B+

z— m,)+] <E [l{aﬁ[o,t/Z]Z_z}(O'B[/z + z)] = z, which completes the proof.

6 The decoration point measure 2: Proof of Theorem 2.3

This section is devoted to the study of the decoration point measure 2.

Proof of Theorem 2.3 Recall that X;,(s) is the position at time s € [0, ¢] of the
ancestor of X;(¢) and that we have defined

Yi(s) i= X1.4() — X1 (0).

Let ¢ > 0,and let f := 1o, 7). Letz > ¢. Let

L, ¢):= / a2, ¢)
Aj

= > [amo. 1=j=n

l'il—Ti(f)SfAj

Let Fi : C(Ry4, R) — R be a bounded continuous function and F; := 1y, ,,] for
some 12 > n1. Fix x > 0 and let

. [—x ifs €[0,1/2], 61

my —x ifs € (¢/2,1t].
We define for any function X : [0, ] — R, the event

AX) ={X()>a; Vs e[0,t —CIN{X()—X(@) > —x,Vse[t—2¢,t]}N

(Xt —0)—X(1) e V3,2 n{infls : X(t —s) = min X (t =) < x).
ue|,1

We easily check that Proposition 2.5 implies that { X1 (r) —m; € [n1, n2]}N (A(Xl,,))c
is of probability arbitrary close to 0 when x and ¢ are large enough. Therefore, we fix
x large and we work on the event A(X ;) and we will let # — oo then { — oo then
x — 00. By (4.3), fort > ¢:

E{tacx, ) AL, s €10, ehe” Zim1 9800 By @) = my))
=)
= E[IA(GB) Fi(@ B — 0 Bi_y, 5 € [0, ¢1)e”Br e 2 Joll=Gimu (0 B0 Bl du

Fy(oBr — mt)]
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tr ~)
=E[1,,5 Fi@B;. s € [0, (e e 2 lI=C @B g, o, — ) |
d , T 0)
=/P{Bze;y}e> Fa(y=m) B, [14 o) Fi(o By, s€[0, e 2 ill=0r whuidv],

2
R

where By := B, — Bi_s, s € [0,1] (so B, = B;), and Eg)l denotes expectation with
0) °

respect to the probability P0 Vs

under which (B,, v € [0, ¢]) is a Brownian bridge of

length 7, starting at 0 and ending at <. Since f = 1jo,¢}, the function Eif) in (4.2)

becomes

=2y fiia, () .
[G = Jf+AI 1{mint/V(r)Zx}:|» ifr e [07 {]9

—(f)
G ) =
1—G,(x), ifr >¢.
So, if we write
30 foya AN )
Gy(x) =1~ E[e iz b, ’ 1{min./V(v)2x}]s (6.2)

then for 1 > ¢, we have [j[1 — Gy (6 B,)]dv = [{ Gi(oB,) dv+ [} G, (0 By)dv,

so that by writing?

_ C ~x _ 1
le3)(t. ©) = 1By [Liom Fi@ By, s €10, che > Gilet @2 GuioBadr]
(6.3)

we have

E{Lacx,) ALY, s €10, ehem X @hi® pyx o) — mo))

1 d )
;/P{Bt € ;y}e) F(y —my) L63)(t, ¢)

R

),2

1 e’ 2%
= W/WFZ()) —my) l63)(t, £)dy.
R

2
_?
Let y := z + m,. Since F» := 1y, ;,], we have when 1 — o00,e’ 2% ~ ¢’ =

13/2¢€Be% where the numerical constant Cg is in (1.3). Therefore, for 1 — oo,

3 Attention: I(6.3)(t, ¢) depends also on y.
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E{tacx,) FiYi), 5 €10, ¢he” Zi=H100 Byx 1) — my) |
up .
el [ st £)dz (6.4)
o 2m)l/2 (eI : '

m

We need to treat I(¢.3)(¢, {) when z € [n1, n2]. As we will let { — oo before making
X — 00, we can suppose ¢ > x. Let us write 0 = 60p(¢) := inf{s € [0,¢] : By =
maxye(o,¢] Bu}. Applying the Markov property at time v = ¢ (for the Brownian bridge
which is an inhomogeneous Markov process, see Fact 7.4), gives

3

_9 (S a*
l3)(t, §) =t / El:l{maxm_;]thxgx,ng}Fl (0Bs, s €0, ¢]e 2Jy Gi(oBy)dv l{o'Bzedw}}
—gs

(yfw)2

12 a5
4 € 2D (1-0) 2 [178 Gype (w0 By) dv
x (t _ éh) 5 Eoy%I:l(agszax,se[o,tf{]}e Jo™ Guss ]

c 2021

where now B, := B,_ ¢ — Bi—¢—s. We recall that we look at the case z =y —m; €

[n1, n2]. It yields that (yt “g) and y— are o;(1), so that, for t — 00,

e

_ (¢ a*
[(6.3)(ty &) ~t / E[l[maxm,;]aBsgx,GSx}Fl (0Bs, s €0, ¢De 2y Gi(oBy)dv l[ggggdw}]
2

o[y _
¥ Ej vu [lwsza:,selo,z—;]}e

jo GLJr{(uH»nBl)dL:I (65)

At this stage, we need a couple of lemmas, stated as follows. We postpone the proof of
these lemmas, and finish the proof of Theorem 2.3. Recalling the family of processes
'® from (2.1), we write

x/o
00 b
0:(2) =0 / E[e’zfo Fi(zoT W] db, zeR, (6.6)
0

where Fyy is the distribution function of the random variable W introduced in (1.2).

Lemma 6.1 Letz € R,y :=z+m;, x > 0and (as, s € [0, t]) defined in (6.1). There
exists a function f : R x Ry — R such that forany w < x +zand ¢ > 0

t—o0 0‘ L

1
lim ¢E" I:I{U(B,7B,_S)Zax,se[0,t]}e_2-[0 G:+v<w+oBv)d”] =¢x(2) f(w, §).

Moreover f(w, ) ~ |w| as w — —o0 and uniformly in { > 0.
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Lemma 6.2 Let I'®) be the family of processes defined in (2.1), and let Ty, = inf{r >
0: B; = b}. We have

. Py
é'li?goEl:l{maXlO,tJUB,;SX,aB:E(—{'Z/S,—CI/S),GSx}Fl (0B, 5 € [0, (he o GuloBodw |B§|]

x/o
00 ik (b)
- /E[Fl(al“§b), sz 0 2 Gy T db.
0

Remark 6.3 1t is possible, with some extra work, to obtain the following identity. Let
©(z) = limy_, o0 @y (z) be the limit of (6.6). Then for any z € R,

9(2) = ?e—wﬂ) fw (@),

where Cp is the constant in (1.3), W the random variable in (1.2), fi the density
function of W, and

o0
c1 ::/Eliefzf()oon(”rl(jb))dU] db,
0

with I'® as defined in (2.1). The appearance of fy here is due to the fact that standard
arguments in the study of parabolic p.d.e.’s show that the density of X (z) — m;
converges to that of W. More precisely, using the classical interior parabolic a priori
estimate [13], it is possible to show that v(z, -) = u(t, m; + -) converges to w(-) in
locally C%(R) topology.

We now continue with the proof of Theorem 2.3. Let us go back to (6.5). To apply
Lemma 6.1, we want to use dominated convergence. First, fix { > 0. Notice that

g%

—2 [17% Gyie (w+oBy) dv
0, 2=w [l{crﬁvzax,SE[O,t*U}e Jo = G ’
o

<P5) (0B 2 a5 € 10,1 - £1)

y—w
g

=P (0B = avs € 10,1 1),

the last identity being a consequence of the fact that (By,s € [0,¢ — ¢]) and
(Bs,s € [0,t — ¢]) have the same distribution under Pg;f,)u. Using Lemma 5.2

the last probability is smaller than ﬁxlz — w + x| for some constant ¢ > 0. Hence,
we have for t > 2¢

672 foti( Gv+g(w+ﬂBu)dv:| <

(t=¢) c
tEo,u I:l{GEsZa:,SG[O,tf“} =53 x|z —w+x|.
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We check that

_ZI/S

_ X9 *
/ Elil{maxm,“aBsfx}Fl (0 By, s €0, é‘])e 210 GyloBy) dv l{UB;edw}]|Z - w +x|
_;-2/3
< IFilec Ellz — 0 B; + x|]

which is finite. Hence, we can apply the dominated convergence, to see that

tl—l>ngo le3)(, §) = (pX(Z)EI:l{maxlo_“UBSSX,UB(E(—{2/3,—§1/3),05)5}

XFi(@ By, s €0, ¢))e I CloBI o ¢)].
Since f(w, ¢) ~ |w| when w — —oo and uniformly in ¢ > 0, we have as { — 00,

tl—l>nc}o 1(6_3)(t7 ;) ~ (px(Z)E[l{maX[o_{]UBA-Sx,UB(E(—§2/3v_§l/3)’05x}

X9 *
XFi(0 By, s €0, ¢))e 2l GloBd g ]

which, in view of Lemma 6.2, gives that

x/o

00~k (b)
lim lim g3, {)=gx(2)o /E[Fl @I, s = 02 Gy, Tap,
{—00t—>00
0

Going back to (6.4), this tells that

lim lim E{1yox,,) FI (), s €10, (e Db pyxy o) —my)

{—o0t—>00

«Cs m
= W /‘»"x(z)eZ dz
i
x/o
00 i (b)
x /E[Fl(ar‘s(b), s 2 0)e 2 e d g ] ap
0

Letting x — oo yields that {(Y;(s € [0, ]); 2(¢, ¢)} converges in distribution to
{(Y(s),s > 0); 2}, that X;(t) — m, converges in distribution, necessarily to W (by
(1.2)), and that {(Y; (s € [0, t]); 2(¢, ¢)} and X (t) — m, are asymptotically indepen-
dent. Theorem 2.3 is proved. ]
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We observe that by letting x — oo the last identity proves that

o0 oo o0
/E[eﬁfoOo Gﬁ(“r'()b))d”] db < o0, / /E[efzfoOo FW(Z*”r'gb))d”]ez dbdz < o0.
0 -0 0

6.7)

It remains to check Lemmas 6.1 and 6.2. Their proof relies on some well known
path decomposition results recalled in Sect. 7. Lemmas 6.1 and 6.2 are proved in
Sects. 9 and 8§, respectively.

Before proceeding with this program, observe that the arguments used above
also yield the following Laplace transform characterization of 2. For any n €
N, (o, ...,a,) € R'jr and Ay, ..., A, acollection of Borel subsets of Ry and ¢ > 0
define

n
I (t) ;= E jexp _Zl{t—ti(t)ff} ZO[J' / dA; (1) ,
' =t
(i.e., only the particles whose common ancestor with X (#) is more recent than ¢ are
taken into account). Clearly, the functional 7 (¢) characterizes the law of 2(z, ¢).
Then, for all n and all bounded Borel sets Ay, ..., A, of R, the Laplace transform

of the distribution of the random vector (2(Ay), ..., Z2(A,)) is given by: Ya; > 0
(for1 < j <n,

E{e—ZS’-=|%9<Aﬂ} = lim lim I,(1)
{—>001—>00

00~ (b)
_ fooo E(672f0 Gy(oTy )dv) db

= ; (6.8)
e E(e 2k Gu(o Ty dvy qp,

where

> ;[ d”
Gy(x) :=1- E[e Zimt @1 bera; 47 ®) Limin /(u)zx}]'
Observe that the first equality in (6.8) is a consequence of the convergence in distrib-
ution of 2(¢, t) given in Theorem 2.3.

7 Meander, bridge and their sample paths

We collect in this section a few known results of Brownian motion and related
processes. Recall that if g := sup{r < 1 : B, = 1}, then (m, = (1 — g)~'/?
|Bg+(1—gyul, u € [0, 1]) is called a Brownian meander. In particular, m; has the
—x2/2

Rayleigh distribution: P(m; > x) =e ,x > 0.
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Let B be Brownian motion, R a three-dimensional Bessel process, and m a Brownian
meander. The processes B and R are assumed to start from a under P, (for a > 0) if
stated explicitly; otherwise we work under P := Py so that they start from O.

Fact 7.1 (Denisov [12]) Ler ¢ := inf{s > 0 : Bs = sup,c(o, 1 Bu} be the loca-

tion of the maximum of B on [0, 1]. The random variable 6 has the Arcsine law:

PO < x) = —arcsm x,x € [0, 1]. The processes (W, u € [0, 1]) and

(Be By tu-6)
(1-6)172
also independent of the random variable 6.

, u € [0, 1]) are independent copies of the Brownian meander, and are

Fact 7.2 (Imhof [19]) For any continuous function F : C([0, 1], R) — R, we have

E[F(mx, s €0, 1])] = (%)I/ZE[RL1 F(R,, s < [0, 1])].

In particular, for any x > 0, the law of (my, s € [0, 1]) given m| = x is the law of
(Rs, s €10, 1]) given Ry = x.

Corollary 7.3 Letr > Oand g > 0. Let T, :== inf{s > 0: By = a} foranya € R.

(1) The law of (my — m—s, s € [0, 1]) under P(o|my = r) is the law of
(qil/quS, s € [0, équ/zr]) under P( e | qu/zr =q).

(i1) For any t > 0, the law of (R — R1 _s, $ €0, 1]) under P(e| Ry =r) is the
law of (¢~ '/*(By — Bys), s € [0, ]) under P12, (o] Ty = q).

Proof By Imhof’s theorem (Fact 7.2), (ms, s € [0, 1]) given m; = r, as well as
(Rg, s € [0, 1]) given R; = r, are three-dimensional Bessel bridges of length 1,
starting from O and ending at ». By Williams [31], this is equivalent to saying that both
(my —my_g, s €[0, 1]) givenm; =r,and (R; — Rj—;, s € [0, 1]) given R =1,
have the distribution of (By, s € [0, T;]) given T} = 1.

By scaling, this gives (i).

To get (ii), we use moreover the fact that, by symmetry, (Bs, s € [0, 7,]) under
P(e|T, = 1) has the law of (—By, s € [0, T_,]) under P(e | T_, = 1), and thus has
the law of (By — By, s € [0, Tp]) under P, (e | Ty = 1). This yields (ii) by scaling.

O

Finally, we will use several times the Markov property for the Brownian bridge
which is an inhomogeneous Markov process. Recall that Eg?) is expectation with

respect to P(ZH)( ) :=Po(-| Biyy = x).

Fact 7.4 Fixt,s > 0and x € R. For any measurable functions F : C([0, t], R) —
Ry and G : C([0, s], R) - R4, we have

B [FBs € 10,006 (B, r € 11,1 45D
t+s x2  «—B-1? n? (Y)
=Ey |,/ ——eXm 5 F(Bys€l0,tDEY (G(B..r €lt,t +s])}
S
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8 Proof of Lemma 6.2

Letx > Oandlet F; : C(R4, R) — R be abounded continuous function. We need
to check

. _n [§ o
lim El:l{maxm“JB.‘§x,aB;e(—{2/3,—{1/3),9§x}F1 (0By, s €0, ¢]e 2 [ Gi(oBy) dv |B;|:|

{—>o0

x/o
- / E[R(I?, s = 02k Giera] g,
0

where T® is the process defined in (2.1), 0 = 0p(¢) := inf{s € [0,¢] : By =
maxye(o,¢] By}, and G () is the function defined in (6.2) (we do not use any particular

property of G, except its measurability and positivity).
6

The random variable z has the Arcsine law. According to Denisov’s theo-
rem (Fact 7.1), the two processes4 Y, = W, u € [0, 1)) and (Z, :=
BH_B(?-HI({—G)

—or o U € [0, 1]) are independent Brownian meanders, and are also inde-
pendent of the random variable 6.
By definition,

1

¢
/G’;(an)dv = Q/G;Q(oe(yl — Y1) du
0 0

1
+(¢ — 9)/G;+u({,g)(oel/2m —o(t—0)'?Z,)du. (8.1)
0
Also, By =012y, — (¢ — 0)"/2Z;, and

(8.2)

012 (Y1 = Yi_s), if s € [0, 6],
ST 0%y — (¢ —9)1/22372, ifs e [0, ¢].
5

Lemma 8.1 Let (my, s € [0, 1]) be a Brownian meander. Let ! - Ry — R;
and £? : Ry — Ry be two measurable functions such that lim;_, &' = 0 and
lim;— o0 8[2 =o0. Forx e R, € R,a > 0,b > 0 and bounded continuous function
F: C([0, 1], R) - R4, we have

- 1/2 —at y G*4y (t—01"*m,)d
lim El:l{mle(s,‘,e,z)}ml F(t / m?, se[0,1De at [y G¥,, ,(—ot'?m,) u]

—00

172 % (o
= (%) E[F(Rbs, sel0, 1)eh Gx+v<‘f*<va>dv],

where R is a three-dimensional Bessel process.

4 The processes Y and Z depend, of course, on ¢.
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Proof of Lemma 8.1 By Imhof’s theorem (Fact 7.2), we have, fort > b,

1~ 1/2
E[l{mle(s} 2y F(@'Pmu, s €10, 1) et o G (ot m")du]
? t

T\1/2 12 —at [T G* —ot/2R ) d
=(3) E[Lrieetan PRy 5 € 10 e b Citorir ]

TN\1/2 a1 G (-
= (5) E[l{R,z—l/ze(g},g%)}F(Rbs, s €0, 1ne™h Gl JR”)d”],

the second identity being a consequence of the scaling property. Let ¢+ — oo. Since
P(th‘_l/2 ¢ (8}, stz)) — 0, Lemma 8.1 follows by dominated convergence. O

Proof of Lemma 6.2 Recall (8.1) and (8.2). Let F|,(Y,Z) = Fi(a'?o(¥; —
Yo ls=a) +0@'?Y1 = (¢ = @' 2Z-0)152a), 5 € [0, £]). Then

_n (S a*
E[ll <x.0Bre(—c23 13y, 0<x) F1(0 By, s € [0, £])e 2Jo GoloBudv |B€|]

max{o,z] o By

X
1 *
N / @< d“)E[l{aauzy. o Fra(Y, Z)e 2o Ganoa P =Yio) dv
0

20— I 12y, _(r_\1/2
o2 @) fo Giyeeay@a'?Yi—(—a) oZv)dv|a1/2Y1 — (¢ *a)l/zzl|1{—aB(e[;1/3,;2/3]}]
X
b~ 1/2
- /CI/ZP(Q € da)E{l{oa'/zYlsx}e_zajo GouloalAHi=Yi) dv
0

[(@a' 2V~ ~a) o Z,) dv la'?yy — (¢ —a)' /27y
{172

‘.
E|:F1,a(Y, 2)6—2(5_“) Jo Clivia

Lgerepen | Yoo s < 1]}

where ¢! = (Z:Tl + a1/2Y1)(§ —a)"Y2 and 8? = (il + a1/2Y1)(§ —a)~ 2,
By Lemma 8.1, we get that for each a € [0, x] when { — oo, the conditional
expectation E[ ... | Yy, s < 1] on the right-hand side converges to

aN\/2 - 00
(3) E[Frar. e 2l GhraloaBrmokodoy g < 4]
where
Fia(Y,R) := Fi(oa'?(Y1 = Y_s) 1<y + 0(@'?Y1 = Ri—)1s2a), s € 10, 00)),

with R and Y being independent. Since we only allow a to vary between 0 and x we
may conclude that
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. o (¢ o
lim E[l{max[(),{]ansx.ane(fcz/@f;1/3),6§x}Fl (0Bs, s €0, ¢]e 2 5 Gy(oBy)dv |B§|]

—>00

X
da _
:/WE[l{(,al/zmlsﬂFl,a(m, R)
0
e 2 Jy Gryoa' 2 (my—my_y)) du—2 [° Gzﬂ(aa'/zm]fuRv)dv]
=:1@8.3) (8.3)

where the Brownian meander m and the three-dimensional Bessel process R are
assumed to be independent. Let Vs(a) = al/z(ml — ml_%) if s € [0, a] and

V@ = q!2m; — R,_, ifs > a. We observe that a fol G: (oa'?(my —my_,)) du+
o2 Gx Ly (@aPmy — o Ry) dv s, in fact, [;° G*(o Vi) ds. So

X
da 2 [P G eV Oy d
133 =/WE[1{MI/2W§X}F1 V@, s> 0)e 2 GOV s]
0

X

X o
d
:/—(2 a)1/2 /dr re" /2
ma
0

00~k (a)
X E[Fl (V@ s> 0)e 2 GiEVids

S

(=}

my =r],

where, in the last identity, we used the fact that m; has the Rayleigh distribution.

Applying Corollary 7.3 (i) to ¢ := a, and recalling the process r@”n from 2.1,
this yields

X

X o
da _ 2 2
133 :/—(27ra)1/2 /dr re "/
0 0

"00 ~x @'/2r)
X E[Fl (UF§“1/2r), 5> 0) 6_2-[0 Gi(oTy )dv

B

T, = a].
By a change of variables r := a~!/?b and Fubini’s theorem, the expression on the
right-hand is

x/o X

pe—b*/Qa) 00 s (b
- /db/da (ZewE[Fl @T®, 5 > 0)e 2 Gierav
wa

Ty = a]
0 0
x/o

00~ (b)
— /dbE[Fl(aF§b), s> 0)e 2o GieTy >d”1{Tb§X}],
0

completing the proof of Lemma 6.2. O
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9 Proof of Lemma 6.1

We first recall the following fact concerning the F-KPP equation. As already pointed
out, u(t, x) := G,(x) is the solution of a version of the F-KPP equation with heavyside
initial data. Define m;(¢) := inf{x : G;(x) = ¢} for ¢ € (0, 1). Bramson [6] shows
that, for any ¢ € (0, 1), there exists a constant C(¢) € R such that m;(¢) = 3 logt +
C(e)+o(l),t — oc.

Fact 9.1 (McKean [24, pp. 326-327]) For any ¢ € (0, 1), let ¢, = w™'(e), i.e.,
P(W < c.) = &. Then, for ¢ € (0, 1), the following convergences are monotone as
r— oQr

Gi(x +my(e)) S P(W <x+c) =wkx+ce) forx <0,
Gix+mEe) \\P(WW<x+c)=wkx+c:) forx=>D0.

Recall that G,;(m; + x) — w(x),Vx € R, and that m; := %logt + Cp. Since
P(W < y) ~ ClyleY,y — —oo (see (1.6)), a consequence of Fact 9.1 (in the case
x < 0) is that for some constant ¢ > 0, and any v > O and r € R,

Gy(my +r) <c(r|+ De’. 0.

Let us turn to the proof of Lemma 6.1. Let B be Brownian motion (under P = Py).
Recall that E(t) y is expectation with respect to P(’) = P(e|B; = %). We further

subdivise the proof of Lemma 6.1 into two lemmas

Lemma 9.2 Let k : Ry — R be a bounded Borel function with compact support.
Take x > 0 and recall the definition of (a5, s € [0, t]) in (6.1). Then, for any b > ‘fr—(’,

. ob — ag
tl_l)r&ﬁ/zEb [1(0B,2a, 5c10.1) K (0 B — ay)] = W /VK(") dr.

Lemma 9.3 Let Fyy be the distribution function of W, where W is the random variable
in (1.2). For any z € R,

Jim E[l{oBs >—x, 5€[0,M]}€ 2y Fw e "B)d"(erUBM)]

— xEx [e—z Jo© Fw(z+x—oRy) dv]
o

= (pX (Z)a
with the notation of (6.6), and where (Ry)y>0 is a three-dimensional Bessel process.

Before proving Lemmas 9.2 and 9.3, let us see how we use them to prove Lemma 6.1.
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Proof of Lemma 6.2 Recall that y = z + m; and (ag, s € [0, t]) is defined in (6.1).
Take ¢ > 0 and w < x + z where x = —ayg. Let

hy(r) == Geqp(w + 1), v>0, reR.

So if we write

_ t
I = tE" [l{a(B,—B,_S)ZaS,se[o,z]}e 2Jo GHv(w*"B”)d”]

y—w
0,~—

1
= 1By [ Lo 58 za,, seto. e 20 e B8], 9.2)

y—w
[op=

then we need to check that lim;—, o I(9.2) = ¢, (2) f(w, ¢) for some f(w, ¢) such
that f(w, ¢) ~ |w| as w — —oo and uniformly in ¢ > 0.

Since (B; — B;_g, s € [0, t]) and (By, s € [0, ¢]) have the same distribution under
P(()’)ﬂ, we have

t
los) =tE [l{aBszas,se[o,t]} e 2h h"”(yfw*m)dv]'

0.5
Recall from (9.1) that
Gy(my+r) <c(r|+ e,

for some constant ¢ > 0, and any v > 0 and r € R. Therefore, there exists a
constant ¢y ;, depending on (x, z), such that i, (my, +r) < cx (Jr| + 1)e". Thus,
on the event {o By > min(s!'3, m, + ¢ — $)1/3), Vs € [M,t — M1}, we have
](,[_M hi—y(y — By)dv < &(M) for any t > 1, where (M) is deterministic and
statisfies limys_, oo £(M) = 0.
On the other hand recall from Lemma 5.2 that

P, (UBS > ag, s €[0,11,3s € [M,t1—M] : 0By <min(s'/3, m, + (t — s)1/3))

> o

1 ey
= —0 .
P M

in the sense that lim sup,_, o, tPg’)ﬂ (...) = om (1), where, as before, 0y (1) desig-

o
nates an expression which converges to 0 as M — oo. Therefore, we see that

Jm  lim ¢ Eg);u [l{anzax, sel0.00) Yo B, yy—a (M3, M213))

we~ 2 Jonui—mn h,,v(y—w—an)dv]'

Jim 103 =
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Define

_(X+z—w—r)2
KM(V) = 1{}”6 M3, M2/3]) € 202M X

M
XEWL;M [l{mlﬂ[OM]B>0} —2 thu(x-‘rz—w—an)dv]. ©93)

o

By the Markov property (applied at time + — M, and then at time M for the second
identity), we get, for t — o0,

t -2 hi—y(y—w—0o By) dv
E(())v Y I:l{ijzas,sE[O, 0 l{aB,,M—a,e[M1/3,M2/3]} e j[O,M]u[t—M,t] t—v(y v) ]

3/2
1 My e
YE EOI:I{UB;>aS,A€[Ot e 2o o omwme B dvey (5 B,y —az)]
3/2
t My e
T M2 EO[I{aBsm selo, pyy e o e Omwmo B du o
xEpg,, (1{03@1\4% sel0, r—2m1ykm (0 Br—oy — at))]' 9.4

By Lemma 9.2, almost surely,

tl_l>ngo *?Eg,, (l{aBSzaMﬂ, sel0,r—2mMkm (0 Br—op — at))
_ X+ O'BM

27

ricy (r)dr.

R4

On the other hand, hs(ms; +r) = Geys(mg +w +r) — Fy(w +7r)ass — o0
[see (1.2)]. Hence, almost surely,

lim e=2Jo i G—w=0By)dv _ =2 [ Fi(z—0 B,)dv_
—>00

In view of the Brownian motion sample path probability bound given in (9.6),
below, we are entitled to use dominated convergence to take the limit # — oo in (9.4):

f[O.MJU[r—M.tJ fy—y (y—w—0 By) d"]

Jlim tED, [l(asxm sel0.00) Lo B,y —aretm 3, w27 €

" 1
- E[l{asxz—x,se[o,m] R "BM)]W / () dr
K.

By Lemma 9.3,
M
lim B[ Lo gz, seto,uy e 20 WETEID 6By | = g (2),
M—o00
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with the notation of (6.6). So it remains to check that

/rKM(r)dr = f(w, ), 9.5)

Ry

li _
Mb 2(Mm)1/?

for some f(w, ¢) such that f(w, ¢) ~ |w| as w — —oo and uniformly in ¢ > 0.
Recalling the definition of kj; in (9.3), we have

23
_ (c—wtx—r)? (M)
rch(r) dr = re 202M Er x+< [l{mlno M) B>0}
R4 M1/3

) I hM_U(x+z—w—an)du] ar

M2/3
_ (—wtx—r)?

= re 202M E(M)

x+< [l{mln o.m] B>0}

r
‘o

M1/3
Xe—Z jOM hy(x4+z—w—0By) dv] dr

= 0QuM)' P Erc [UBM Lo 5y, cpartss. 11257) Lmingo w50}

xe=2Jo" hv(x+szfoBv)dv:|’
which, by the k-transform of the Bessel process, is
M
= O’(27TM)1/2 x4+z—w) Ex+é—w [e_2f0 h"(x+z_w_UR")dvl{aRMe[Mlﬁ’ M2/3]}]'
Dominated convergence implies that

/ P () dr =0/ @) 2 (1 4 2 = w) By [ 2 oo R 0]
R,

M M1
=02m)"? (x+7— w) Exteu [e—z ' G;+u(x+z—aR,,)du]'
This yields (9.5) with
fw, )=+ z—w)Extzn [efzfooo G(+u(X+Z*6Rv)dv:|,

and thus the first part of Lemma 6.1. It remains to check that f(w,¢) ~ |w| as
w — —o0, uniformly in { > 0. We only have to show that, uniformly in { > 0,

lim Em [ *2fo°° G§+v(x+Zfon)du:| —1

w—>—00
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Using again (9.1), Gy(m, +r) < c(|r| + 1)e" forany v > 0 and r € R, we have that

o0 oo
/G;+U(x 4+z—Rydv < ex“/e_R” dv,
0 0
and we conclude by lim, _, oo E, [e=¢Jo e dv) = | for any fixed ¢ > 0. ]

The rest of the section is devoted to the proof of Lemmas 9.2 and 9.3.

Proof of Lemma 9.2 For any a, n > 0, we have by (5.2)

. 2 N\l/2 _oPd? na
Pa(mmaBs >0, 0B, € dn) = ( 5 ) e 202 sinh (_) dn.
[0,7] To“t ot

In particular, if “t—” — 0 ast — oo, we have (recalling that ol = 2)

1 an _ote?

S (72[
N

Pu(minaBS >0, 0B; € dn) ~
[0,7]

Fix n > 0. By the Markov property at time %, and using the fact that B% is of order

Y2, we have, for t — o0,

Pb({aBs >a,, s €[0,]yN{oB, €a +dn})

_ Eb[l{(,sz,x, el0, 11 PB%_%,([%nIn] By >0.0B, ¢ dn)]
* 2

2 g _Bp
~ ﬁmEb[l{a&z—x,se[o, 5 B% e ]dn.

Going from the killed Brownian motion to the three-dimensional Bessel process,
we see that, as t — 00,

2 2
) R

Ep| Loz seto gy Byew 7 |~ b+ =) Eolem v | =2 ( + ;) :
Hence,

ob+x n

Py((0 B, = as, s € 10,11} N {0 B € a +dn)) ~ S

To complete the proof, we have to use dominated convergence. It is enough to show
that (recalling that the function « is bounded with compact support) for any K > 0,
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sup 13/ Pb({Bs > a5 €[0, ()N {B —a; < K}) < 0. (9.6)

t>1
This can easily be deduced from (5.2). O

Proof of Lemma 9.3 We have

M
E[l{“ﬂvi*x,se[o,MJ}e_”O FemoBodv (e 4 O'BM)]

M
=B Logz0,scpame 20 PrGraBodig g, |

— vEx [efszM Fw(z+xfchU)dv:|
g

giving the first identity by dominated convergence. To prove the second identity, we
recall the following well known path decomposition for the three-dimensional Bessel
process R: under Pg, infs>0 Ry is uniformly distributed in (0, g). Furthermore, if
we write v := inf{s > 0 : R, = infs>0 R}, the location of the minimum, then
conditionally on infs>9 Ry = r € (0, %), the pre-minimum path (5 — Ry, s €
[0, v]) and the post-minimum path (Rs4, — 7, s > 0) are independent, the first being
Brownian motion starting at 0 and killed when hitting § — r for the first time, and the
second a three-dimensional Bessel process starting at 0. Accordingly,

xE=x [e_2 foM Fw (z+x—0 Ry) dv]

X
o Ti_r
:x/zdrE[e_zfoa Fy (240 By) ds—2 [5° Fw(z+x—ar—aRx)ds]
X

0

where, as before, the three-dimensional Bessel process R and the Brownian motion
B are assumed to be independent, and 7 := inf{s > 0 : By = b} for b € R. By a
change of variables b := - — r, we see that the expression on the right-hand is

— G/E[e_zﬁ)Tb FW(Z+UBS)dx—2f0°° FW(Z-Q—Uh—UR;)ds:I db.
0

which is ¢, () in (6.6). O

10 Proof of Theorem 2.1

In this section, we prove Theorem 2.1. The key result is Theorem 2.3. The ingredients
needed in addition are Proposition 10.1 which explains the appearance of the point
measure &2, and Proposition 10.2 which shows that particles sampled near X (¢) either
have a very recent common ancestor or have branched at the very beginning of the
process. This last result has been first proved by Arguin et al. in [2].
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We employ a very classical approach: we stop the particles when they reach an
increasing family of affine stopping lines and then consider their descendants inde-
pendently. The same kind of argument with the same stopping lines appear in [22] and
in [1].

Fix k > 1 and consider .7 the set of all particles which are the first in their line
of descent to hit the spatial position k (for the formalism of particle labelling, see
Neveu [28]). Under the conditions we work with, we know that almost surely .77 is a
finite set. The set .7 is again a dissecting stopping line at which we can apply the the
strong Markov property (see e.g. [11]). We see that conditionally on .7, —the sigma-
algebra generated by the branching Brownian motion when the particles are stopped
upon hitting the position k—the subtrees rooted at the points of .77 are independent
copies of the branching Brownian motion started at position k and at the random time
at which the particle considered has hit k. Define Hy := #.5¢; and

Zy = ke * Hy.
Neveu ([28], equation (5.4)) shows that the limit Z of the derivative martingale in
(1.4) can also be obtained as a limit of Zj (it is the same martingale on a different

stopping line)

Z = lim Z = lim ke *H; (10.1)
k—00

k— 00
almost surely. Let us further define /7 ; as the set of all particles which are the first
in their line of descent to hit the spatial position k, and which do so before time ¢.
For each u € J# ;, let us write X{ (¢) for the minimal position at time ¢ of the

particles which are descendants of u. If u € J#\J% ; we define X{(r) = 0. This
allows us to define the point measure

Py = Z S XU (t)— my+Hog(CZy) -
ue A,

We further define

Pl oo = Z Sk-+W (u)+log(C Zy)
ue A,

where, conditionally on .% 4 , the W (u) are independent copies of the random variable
W in (1.2).

Proposition 10.1 The following convergences hold in distribution
tl_l)rgo ‘@;t = ‘@Ijoo
and
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lim (5”,?00, Zy) = (2, 2)
k— 00 ’

where & is as in Theorem 2.1, Z is as in (1.5), and & and Z are independent.

Proof Fix k > 1. Recall that 77 is the set of particles absorbed at level k, and
H), = #.74. Observe that for each u € 77, X{(¢) has the same distribution as k +
X1 (t — &k.y), where &, is the random time at which u reaches k. By (1.2) and the
fact that m; . — m;, — 0O for any ¢, we have, for all k > 1 and all u € 7,

XUty —m; Y k+ W, 1 oo

Hence, the finite point measure % ; = >, . 4 OXU (1)—m, converges in distribution
ast — 00,10 Py.o0 1= Zue/ﬁ 8k+w () Where conditionally on .7, the W (u) are
independent copies of W. This proves the first part of Proposition 10.1.

The proof of the second part relies on some classical extreme value theory. We refer
the reader to [29] for a thorough treatment of this subject. Let us state the result we
will use. Suppose we are given a sequence (X;, i € N) of i.i.d. random variables such
that

P(X; > x) ~ Cxe™, asx — oo.

Call M, = max;=,._, X; the record of the X;. Then it is not hard to see that if we let
b, = logn + loglogn we have as n — oo
P(M, —b, < y) =PX; < y+ bn))n
= (1= (14 0(1)C(y + by)e” V)"

1
~exp(—nC(y+bn) e*y)
nlogn

~ exp(—Ce™)
and therefore
P (M, — b, —logC < y) ~exp(—e™Y).

By applying Corollary 4.19 in [29] we immediately see that the point measure

n
Sn 1= Z SX,- —by—log C
i=1

converges in distribution to a Poisson point measure on R with intensity e ™ dx.
This result applies immediately to the random variables —W () (recalling from
(1.6) that P(—W > x) ~ Cxe™, x — 00) and thus the point measure

Z 8W(u)+(log Hy+loglog Hi+log C)
ue s,
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converges (as k — 00) in distribution towards a Poisson point measure on R with
intensity e* dx (it is e* instead of e ™" because we are looking at the leftmost particles)
independently of Z [this identity comes from (10.1)]. By definition H; = k~'e¥Z,
thus

log H, = k +log Z; — logk
loglog Hy = logk + log(1 + o (1))

where the term o (1) tends to O almost surely when k — oo. Hence,
log Hy + loglog Hy, = log Zy + k + ox(1).
We conclude that for u € 7
k+ W) +log(CZ) = W(u) + (log Hy + loglog Hy + log C) + ok (1).

Hence we conclude that

Pl oo = Z Skt W (u)+log(CZ)
ue A,

also converges (as k — 00) towards a Poisson point measure on R with intensity e* dx
independently of Z = limy Zj. This concludes the proof of Proposition 10.1.

Recall that J,)(f) := {i < N@) : |X;(t) — m| < n} is the set of indices which
correspond to particles near m;, at time ¢ and that t; j(7) is the time at which the
particles X;(¢) and X ; () have branched from one another.

Proposition 10.2 (Arguin, Bovier and Kistler [2]) Fix n > 0 and any function
¢ : [0, 00) — [0, 00) which increases to infinity. Define the event

By :={3i,j € Jy@) : 7 j(1) € [Ek), 1 — L (K)]}.
One has

lim lim P [B,,]=0. (10.2)

k— 00 t—>00
The following proof is included for the sake of self-containedness.

Proof Fix n > 0 and k — ¢ (k) an increasing sequence going to infinity. We want to
control the probability of

By =1{3i,j € Jy) : 5 j (1) € [¢(k), t — £ ()]}

the “bad” event that particles have branched at an intermediate time when t — oo and
then k£ — oo.

@ Springer



446 E. Aidékon et al.

By choosing x large enough, we have for all ¢ > 0 and ¢ large enough

P@Ei, je Jy(0): 7@ els,t =&
<P(A . nY) +PEI.j € Jy(@) 7 j(0) € [§.1 = C1 Ar(x, 1)

<e+E|laun D, lgjenom wei—cn
i€, ()

Using the many-to-one principle [see (4.1)], we have

E|1aenm D, l@jesmm el
i€y, (t)

= EQ[C = OLg, e L1z, -mil<n.3jed @z jOeli- c]}]

where tg_ ;(¢) is the time at which the particle X ;(¢) has branched off the spine &
In particular, using the description of the process under Q, we know that Xg, (¢)
is o times a standard Brownian motion, and that independent branching Brownian
motions are born at rate 2 (at times (rl.(E’)(t), i > 1)) from the spine E. The event
{3j € J;®) : 7z, j(t) € [¢,t — ¢]}} means that there is an instant r(E’)(t) between
¢ and t — ¢, such that the branching Brownian motion that separated from E at that
time has a descendant at time ¢ in [m; — 1, m; + n]. In particular, the minimum of this
branching Brownian motion at time ¢ is lower than m; + 7. Thus

Xz
EQ[C “t(t)lAz(x,ﬂ)l{\XE,(l)*mt|S'7y5|j€Jn(f)ifa,j(Z)EIZJ*(l}]

<Eq | D1y, lixs,o-mi<n D Lxt,<m4m)
vel.1—¢]

where X7 , is the leftmost particle at time ¢ descended from the particle which branched
off E at time 7, and the sum goes over all times t = ri(E’)(t) € [¢,t — ¢] at which

a new particle is created. Recall that G, (x) = P(X(v) < x) so that by conditioning
we obtain

EQ[@ = DL, e Mixz, 0-mil<n3je sy ey, <z)e[mf;]}]

<Eq|e “t()lA o Xz, ()—m|<n} Z Gi—e(my+n— Xg, (7))
T€lg,1-¢]
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For all continuous function X : [0,¢#] — R recall that we define X la.b] .—
Mminge[q,5) X (s), and define the event At(X) (x, n) by

AEX)(X, n) :={o X% > ey (X210 > m,—xy N (Vs € [x,1/2] : X(s) > s'/3)
N{Vs €[t/2,t —x]: X(s) — X (1) € [(r — )3, ¢t —5)*3]).

Xz (
Then, A,(x.n) N {|Xg, (1) — my| < n} € A" D )0 {1Xg, () — mi| < n).

hence

Xz
Eq|e Ht(t)lAt(x,U)IHXE/(t)_mtlfrl} Z 1{X1’_,§mf+n}
T€elg, 18]

<Eq eXe (t)1A<X5,,,(4))(x n)l{‘XEz () —m;|<n) Z Gi—c(m; +n—Xg, (1))
' ’ Telg,i—¢]

B
=E|e° (t)1A;UB(4))(x’n)l{‘o-B([)_’nt|§n} [Z ]G,_,(m, +n — o B(71))
TE[L, 1—C

where in the last expectation B is a standard Brownian motion and the T over which
the sums run are the atoms of a rate 2 Poisson process independent of B. Since we

are on the good event AEGB)(x, n), we know that for x < s < ¢/2,0B; > s1/3 and
0 Bi_g > m; + s'/3. Therefore
Eq eoBtlAfaB)(x’n)l{\aB,—mt\57]} Z Gi_:(m; +n—o0B(1))
Telg,1—¢]
t/2
< 2P (AP (), lo By = myl < 1) / 2G;—s(m; — s + ) ds
¢
t/2
+/2G3(—s1/3 +n)ds
¢
/2 /2
<c /2Gl_s(mt — s34 n)ds —I—/ZGS(—SI/3 +n)ds
¢ ¢

where the constant ¢ only depends on n and where we have used (5.2) for the last
inequality.

Now, observe that G,_s(m; — s'/3 4+ ) = G,«_X(mt_s(%) + A(n, t, s)) where, as
before, mt,x(%) is such that G,,S(m,,s(%)) = %, and A(n,t,s) :=n— sV34m, —
mt_s(%). Since m; = 3 log t + Cp by definition, and m,_s(%) = %log(t —s5)+C+
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o(l),t —s — oo, for some constant C € R, we see that there exists a sufficiently
large ¢ such that A(n, t,s) < —%s1/3, Vt > ¢ > o, Vs € [¢, %]. This implies, for
1>¢>¢gands €[, 5],

Grsmy—s'P 4y =G NYia <p(wen- L
1—s(my — 5777+ 1) 1—s My 5 + A, t,5)) < =n 25 )

the last inequality being a consequence of Fact 9.1.
Since P(W < —y) ~ cye™, y — 00, we conclude that ft/z 2G;_s(my — s34+

n)ds — 0as ¢ — oo. A similar argument also shows that ft/z 2G,(—s'P3+ n)ds —
0as ¢ — oo.
The conclusion here is that by choosing ¢ large enough (depending only on 1), we

have P(3i, j € J,(t) : 7; j(t) € [{,t — ¢]) < € uniformly in ¢.

Recall that Yu € J#, X! (t) is the position at time ¢ of the leftmost descendent of
u(or0ifu & 7 ,), and let b & 1:(s),s <tbe the position at time s of the ancestor of
this leftmost descendent (or O 1f u & 74.,). Foreacht, ¢ and u € 7€ define

o@(u) =80+ Z JVM

it >1—¢

where the 7/ are the branching times along the path s — X', (s) enumerated backward
from ¢ and the /4" are the point measures of particles whose ancestor was born at 7/

(this measure has no mass if u & .7 ;). Thus, e@f”{) is the point measure of particles
which have branched off the path s > X ﬁ‘ ,(s) at a time which is posterior to t — ¢,
including the particle at X{ ().

In the same manner we define 2, as the point measure obtained from 2 (in The-
orem 2.3) by only keeping the particles that have branched off s — Y(s) before
¢. More precisely, conditionally on the path Y, we let  be a Poisson point process
on [0, co) with intensity 2(1 — G,(—Y(t))) dr = 2(1 —Py(X1(1) < 0))) dt. For
each point r € 7 such that t < ¢, start an independent branching Brownian motion
(,/VY(I)(u), u > 0) at position Y (¢) conditioned to have min .45 . (¢) > 0. Then define

2 =380+ Zten,t<§ ﬁ/VY*(t) ().

Y(t)

Lemma 10.3 For each fixed k and ¢, the following limit holds in distribution

Uim (P, (2 Duer) = (P oo (2 e

where (Qé“))ue;ﬁ( is a collection of independent copies of 2., independent of &}

Proof Conditionally on %, the random variables (le,t(') o@( ))ue ; are inde-
pendent by the branching property. By Theorem 2.3, for every u € ., the pair

@ Springer



Branching Brownian motion seen from its tip 449

XY@ty —my, e@t(ug) converges in law to (k + W (), Qé")) where Qé”) is a copy of
2, independent of W (u).

To conclude, observe that Zue,%”k Skrww) = ‘@;ck,oo — log(CZy) by Proposi-
tion 10.1. Since for each u € 4 the point measure ,@éu) is independent of W (i)

and of all W (v) for v € %, and v # u, it follows that e@éu) is independent of 3”,2" o
We conclude that

Bim (P (2 uern) = (P o (2 Vue )

in distribution where the two components of the limit are independent. O
Armed with these tools let us proceed to give the

Proof of Theorem 2.1 Let A ) (1) be the extremal point measure seen from the posi-
tion m; — log(C Zx)

N O () = N (1) — m; +10g(CZy).

Let ¢ : [0, 00) — [0, c0) be any function increasing to infinity. Observe that on

Bg r.; (an event of probability tending to one when ¢ — oo and then k — oo by
Proposmon 10.2) we have

N OOy = Z (c-@(u)(k) + Xy, —m +10g(CZk)) l=n.m1-
ue A,

Now by Lemma 10.3 we know that in distribution

: (u) _ ()
Tim > (2 + XL, —m+10g(CZY) = D (x+ 200
ue S, xXeg ,f,oo

where the Q(x,)c are independent copies of Z; (), and independent of Hy. Moreover,
we know that lim;_, o, Z(¢) = Z almost surely.

By the second limit in Proposition 10.1, we have that (er P x + o@gl){)), Zr)
converges as k — oo to (£, Z) in distribution, .# being independent of Z. In particu-
lar, (., Z) is also the limit in distribution of (3 s _(x+2{(})), Z). We conclude
that in distribution ’

lim lim (JV( )(t)l[ ol Z@) = (Lli—p.m1 2).

k—o0t—

Hence, limg_ o0 lim;— 00 (A ® (1), Z(1)) = (&, Z) in distribution. Since .4 (7) is
obtained from .4 ®)(¢) by the shift log(CZ) — log(C Zx), which goes to 0 by (10.1),
we have in distribution limtﬁoo(/ (1), Z(t)) = (£, Z) which yields the content of
Theorem 2.1.
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