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Metropolis et al (1953) (1/3)



Metropolis et al (1953) (2/3)

i = 1 (rej.) i = 2 i = 3 i = 4 (rej.) i = 5 i = 6

i = 7 i = 8 (rej.) i = 9 (rej.) i = 10 i = 11 i = 12 (rej.)



Metropolis et al (1953) (3/3)



Alder–Wainwright (1962) (1/2)



Alder–Wainwright (1962) (2/2)

Generic 2D systems cannot crystallize (Peierls, Landau 1930s)
but they can turn solid (Alder & Wainwright, 1962).
Nature of transition disputed for decades.



Kosterlitz–Thouless (1973)



Possible phases in two dimensions

density η = 0.48 η = 0.72

Phase positional order orientational order
solid algebraic long-range
hexatic short-range algebraic
liquid short-range short-range



Metropolis algorithm and the SSEP

1 Metropolis (1953) algorithm:

a a (+ move) b

a a (+ move) b

The Metropolis algorithm is reversible.
2 SSEP:

• • •︸ ︷︷ ︸
xt∈ΩSSEP

→ →←• • •︸ ︷︷ ︸
choice of displacement

→
{
• • • p = 1

2

• • • p = 1
2︸ ︷︷ ︸

xt+1∈ΩSSEP

.



Shuffling of cards 1/5

Ωshuffle
n = {Permutations of {1, . . . , n}}

For n = 3:
Ωshuffle

3 = {1 ≡ {1, 2, 3}, 2 ≡ {1, 3, 2}, 3 ≡ {2, 1, 3}, 4 ≡
{2, 3, 1}, 5 ≡ {3, 1, 2}, 6 ≡ {3, 2, 1}}.
πt=0 = δ((1, , . . . , n))



Shuffling of cards 2/5

Insert upper card (c1) after card i and before card i + 1
NB: if i = 1, put it back on top.



Shuffling of cards 3/5

Ωshuffle
3 = {1 ≡ {1, 2, 3}, 2 ≡ {1, 3, 2}, 3 ≡ {2, 1, 3}, 4 ≡
{2, 3, 1}, 5 ≡ {3, 1, 2}, 6 ≡ {3, 2, 1}}.

P =
1
3



1 0 1 1 0 0
0 1 0 0 1 1
1 1 1 0 0 0
0 0 0 1 1 1
1 1 0 0 1 0
0 0 1 1 0 1





Shuffling of cards 4/5

Pshuffle
3 =

1
3



1 0 1 1 0 0
0 1 0 0 1 1
1 1 1 0 0 0
0 0 0 1 1 1
1 1 0 0 1 0
0 0 1 1 0 1


Eigenvalues of Pshuffle

n : 0, 1
n ,

2
n , . . . , 1− 2

n , 1
Degeneracies:

n = 2 :[1, 0, 1]
n = 3 :[2, 3, 0, 1]
n = 4 :[9, 8, 6, 0, 1]
n = 5 :[44, 45, 20, 10, 0, 1]
n = 6 :[265, 264, 135, 40, 15, 0, 1]
n = 7 :[1854, 1855, 924, 315, 70, 21, 0, 1]



Shuffling of cards 5/5

Expected running time: n log n.
Time scale n log n larger than inverse gap n/2.



Mixing and Relaxation

tmix = ||π{tmix} − π||TV = 1/e, (non-asymptotic time scale).
tcorr = inverse gap, (asymptotic time scale).
tmix ≫ tcorr leads to cutoff phenomenon.
Aldous–Diaconis (1986)
Diaconis–Fill-Pitman (1992)



Example II: A non-asymptotic time scale

Coarsening in hard disks (from Bernard & Krauth 2011)...
... an example of a non-asymptotic mixing-time scale



Markov chain

1

2

3

4

5

t0

Configuration ct , move δt .
Set t0 = 0.



Markov chain (random maps), coupling 1/3

1

2

3

4

5

t0 t0+τcoup

Each configuration has its move at each time step.
Coupling (Doeblin, 1930s).



Markov chain (random maps), coupling 2/3

Position of coupling not uniform.
Coupling time larger than mixing time.



Markov chain (random maps), coupling 3/3

Histogram of coupling position.



Coupling from the past 1/3

1

2

3

4

5

1

2

3

4

5

...

...

...

...

...

t≃−∞ t0 t0+τcoup t=0
(now)

Starting an MCMC simulation at t = −∞
Propp & Wilson (1997)



Coupling from the past 2/3

Propp & Wilson (1997)



Coupling from the past 3/3

Propp & Wilson (1997)
see CouplingFromThePast.py on my website



Example III: Perfect Monte Carlo samples of hard disks

Perfect sample of hard disks (right) from Wilson (2000)



Detailed balance, global balance, lifting

Reversible transition matrices P satisfy the ‘detailed-balance’
condition:

πaPab = πbPba

Non-reversible transition matrices P only satisfy ‘global
balance’:

πa =
∑
b∈Ω

πbPba



Metropolis algorithm and the SSEP

1 Metropolis (1953) algorithm:

a a (+ move) b

a a (+ move) b

The Metropolis algorithm is reversible.
2 SSEP:

• • •︸ ︷︷ ︸
xt∈ΩSSEP

→ →←• • •︸ ︷︷ ︸
choice of displacement

→
{
• • • p = 1

2

• • • p = 1
2︸ ︷︷ ︸

xt+1∈ΩSSEP

.



Event-chain Monte Carlo and the lifted TASEP

1 Event-chain Monte Carlo algorithm (Bernard, Krauth, Wilson
2009):

Non-reversible, unchanged stationary distribution, orders of
magnitude faster than Metropolis.

2 Lifted TASEP:

• →• • → • →• • → · · ·
• →• • → • • →• → · · ·



Random walk (RW) on the one-dimensional lattice

In the bulk:

1
•

L︸ ︷︷ ︸
xt∈ΩRW

→ →←•︸ ︷︷ ︸
xt∈ΩRW,σ∈LRW

→
{

• p = 1
2

• p = 1
2︸ ︷︷ ︸

xt+1∈ΩRW

. (1)

At the boundary:

1
•

L︸ ︷︷ ︸
xt=1 or xt=L

→ →←•︸ ︷︷ ︸
rejected back move

→
{
• p = 1

2

• p = 1
2︸ ︷︷ ︸

xt+1∈ΩRW

. (2)



Lifted random walk (l-RW)
Lifting of samples:

i

•︸ ︷︷ ︸
xt∈ΩRW

→


(i ,σ)

→•
←•︸ ︷︷ ︸

xt∈Ωl-RW

. (3)

In the bulk:

i

←•︸ ︷︷ ︸
xt∈Ωl-RW

p=1−−→
i+σ

←• →
{

→• p = α

←• p = β︸ ︷︷ ︸
xt+1∈Ωl-RW,α≪1,β=1−α

, (4)

At the boundary:

←•︸ ︷︷ ︸
xt at end point

p=1−−→ →•︸ ︷︷ ︸
σ→−σ

→
{
←• p = α

→• p = β︸ ︷︷ ︸
xt+1∈ΩL-RW

. (5)

Diaconis, Holmes, Neal (2000)



Random walk, lifted random walk (examples)
1 ≡ • 2 ≡ • 3 ≡ • 4 ≡ •

PRW
walls =

1
2


1 1 · ·
1 · 1 ·
· 1 · 1
· · 1 1


Lifted random walk (NB: α+ β = 1, α ∼ 1/L)

1 ≡ →• 3 ≡ →• 5 ≡ →• 7 ≡ →•
2 ≡←• 4 ≡ ←• 6 ≡ ←• 8 ≡ ←•

P lRW
walls =



· · β α · · · ·
β α · · · · · ·
· · · · β α · ·
α β · · · · · ·
· · · · · · β α
· · α β · · · ·
· · · · · · α β
· · · · α β · ·


,



Symmetric simple exclusion process (SSEP)

Move (first part ...)

1
• •

L

•︸ ︷︷ ︸
xt∈ΩSSEP

→


i

→←•
j

•
k

• p = 1
3

• →←• • p = 1
3

• • →←• p = 1
3︸ ︷︷ ︸

choice of active particle

→ · · · ,

Move (... second part)

· · · → →←• • •︸ ︷︷ ︸
choice of displacement

→
{
• • • p = 1

2

• • • p = 1
2︸ ︷︷ ︸

xt+1∈ΩSSEP

.



Totally asymmetric simple exclusion process (TASEP)

Move (forward)

−−−−−−−−−→
1
• • •

L︸ ︷︷ ︸
xt∈ΩTASEP

→



→• • • → −−−−−−−−−→• • •
• →• • → −−−−−−−−−→• • •
• • →•

L︸ ︷︷ ︸
active particle

→ −−−−−−−−−→•
L+1≡1
• •︸ ︷︷ ︸

xt+1∈ΩTASEP

Move (backward)

←−−−−−−−−−
1
• • •

L︸ ︷︷ ︸
xt∈ΩTASEP

→



←• • • → ←−−−−−−−−−• • •
• ←• • → ←−−−−−−−−−• • •
• • ←•

L︸ ︷︷ ︸
active particle

→←−−−−−−−−−
L+1≡1
• • •︸ ︷︷ ︸

xt+1∈ΩTASEP

forward–backward coupling (ad-hoc, or boundary conditions).
NB: Non-reversible, i.e. non-equilibrium, but samples equilibrium
Boltzmann distribution.



Lifted TASEP (definition)

Ωl−TASEP = ΩSSEP × {−1,+1} × {1, . . . ,N}, L = ∅
Move (first part ...)

• →• •︸ ︷︷ ︸
xt∈Ωl−TASEP

→ • →• •︸ ︷︷ ︸
‘particle’ displacement

→ · · · (6)

• →• •︸ ︷︷ ︸
xt∈Ωl−TASEP

→ • • →•︸ ︷︷ ︸
‘lifting’ move

→ · · · (7)

Move (second part ...)

· · · → • →• • →
{

→• • • p = α

• →• • p = β
(6b)

· · · → • • →• →
{

• →• • p = α

• • →• p = β︸ ︷︷ ︸
xt+1∈ΩlTASEP

(7b)



TASEP (example)

NB: Consider only the forward-moving sector (pbc):

1 ≡−−−−−→• • 2 ≡ −−−−−→• • 3 ≡ −−−−−→• •

4 ≡−−−−−→• • 5 ≡ −−−−−→• • 6 ≡ −−−−−→• •

PTASEP =
1
2



1 1 · · · ·
· · 1 1 · ·
· · 1 · 1 ·
· · · 1 1 ·
1 · · · · 1
· 1 · · · 1

 .



Lifted TASEP (example)
NB: Consider only the forward-moving sector (pbc):

1 ≡ →• • 2 ≡ • →• 3 ≡ →• • 4 ≡ • →•
5 ≡ →• • 6 ≡ • →• 7 ≡ →• • 8 ≡ • →•
9 ≡ →• • 10 ≡ • →• 11 ≡ →• • 12 ≡ • →•

P =



α β · · · · · · · · · ·
· · α β · · · · · · · ·
· · · · · · β α · · · ·
· · · · α β · · · · · ·
· · · · · · · · β α · ·
· · · · β α · · · · · ·
· · · · · · α β · · · ·
· · · · · · · · α β · ·
· · · · · · · · · · β α
β α · · · · · · · · · ·
· · · · · · · · · · α β
· · β α · · · · · · · ·





Integrability, spectrum of P l−T
N,L . Ex: (N = 3)

Eqs for left eigenvector ψ, complex eigenvalue λ:

λψ{#»ȷ,k,l}= βψ{#    »
j−1,k,l}+ αψ{j , #     »

k−1,l}, j < k − 1

λψ{ȷ, #»
k ,l}= βψ{j , #     »

k−1,l}+ αψ{j ,k, #    »
l−1}, j < k − 1

λψ{ȷ,k, #»
l }= βψ{j ,k, #    »

l−1}+ αψ{#    »
j−1,k,l}, j < k − 1

and similar equations for j = k − 1...
Bethe ansatz:

ψ{#»
j ,k,l}= A#»•◦◦z

j
1z

k
2 z

l
3 + B#»•◦◦z

j
1z

l
2z

k
3 +. . .+F#»•◦◦z

l
1z

k
2 z

j
3

ψ{j , #»
k ,l}= A◦#»•◦z

j
1z

k
2 z

l
3 + B◦#»•◦z

j
1z

l
2z

k
3 +. . .+F◦#»•◦z

l
1z

k
2 z

j
3

ψ{j ,k, #»
l }= A◦◦#»•z

j
1z

k
2 z

l
3 + B◦◦#»•z

j
1z

l
2z

k
3 +. . .+F◦◦#»•z

l
1z

k
2 z

j
3



Integrability, Bethe-ansatz equations (N = 3)

Comparing coefficients:

3∏
a=1

(
λ− β

za

)
=

α3

z1z2z3
, (8)

Periodic boundary conditions:

zL−1
a =

(
λ− β/za

α

) 3∏
b ̸=a=1

T (za, zb), a = 1, 2, 3. (9)

with
T (za, zb) =

λ− α− β/zb
λ− α− β/za

.

Numerical solutions of eqs (8) and (9) agree with complete
(complex) spectrum of P l−T

3,L .
Essler & Krauth (2023).



Synopsis of mixing and relaxation times

Algorithm mixing relaxation (inverse gap)
SSEP N3 logN N3

TASEP N5/2 N5/2

Lifted TASEP N2 N2

continuous-space versions available (Kapfer & Krauth (2017))
see Essler & Krauth (2023)



Example IV: Equilibrium non-equilibrium

Equilibrated sample of 106 disks (from Bernard & Krauth
2011, see also Li et al. 2022)



Conclusion

A second revolution in Markov-chain Monte Carlo underway.
Time scales of MCMC much better understood.
Coupling: a way to perfect simulations.
Non-reversible MCMC is what comes after the revolution.
Lifting a practical method to create non-reversible algorithms.


