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Sample space Q (e.g. point particles, water molecules)

Markov chain <— Sequence of random variables
(Xo ~ w10 X; ~ 7l Xp ~ rf2H )

Xt11 depends only on X;, tis a ‘time’
Transition matrix P:

e Pj: conditional probability to move from i to ;.
o mittl}t — p{t}p

Equilibrium distribution 7:

o Satisfies global balance 7 = 7P
o Reversible algorithm (99.9%) satisfy detailed balance
7T,'P,'j = 7'('ij,'

NB: P irreducible = 7 unique.

Aperiodicity: Absence of cycles. P irreducible and aperiodic:
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Conductance (bottleneck ratio)

Fsos _ oo 2iesigs TiPi
ScQms<i Ts ScQms<i s

@ Reversible Markov chains:
1 8
6 < Teorr < @
(‘<": Sinclair & Jerrum (1986), Lemma (3.3))
@ Arbitrary Markov chain (see Chen et al. (1999)):
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40 — 7 T o2’
(A: set time: Expectation of maxs (ts X ms) from equilibrium)
R I
e

' Ecole normale
supérieure



Lifting (Chen et al. (1999))

o Markov chain M (Q, P, ) < Lifted Markov chain 11 (Q, P, #)
@ Mapping f from Q to Q.

o Condition 1: 7 is preserved

T =# [fH(v)] = i,
ief=1(v)
@ Condition 2: flows are preserved
lifted flow
mPu = > 7Py

collapsed flow  1€F (V) j€f~1(v)

P cannot have larger (better) conductance than P.
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Random walk (RW) on the one-dimensional lattice

@ In the bulk:
Tl ]~ [T H{m Pz
\ [(TTTe p=1
x: EQRW x EQRW 5 LRW
X1 EQRW
@ At the boundary:
_1
fTTT 1~ BT H{% T2
pP=3

TV
xt=1 or xy=L  rejected back move

~~
Xt4+1 EQRW

Fx:(l Département

oo s de Physique
Ecol l
M) (4] fole romate

périeure



Lifted random walk (I-RW)

e Lifting of samples:

([ Tel ]~ L]
N

| —
— |1
~— —————
thEQI—RW

o In the bulk:

= (o[ 1] p=a
_ (25 (ke[ 11— {_
XfEQ' RW p B

xf+1eﬂ'-RW,a<<1,B:1—a

@ At the boundary (a miracle takes place):

RITT] p=o
——>— {_ P

X1 EQL-RW

x¢ at end point
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Random walk, lifted random walk (examples)

o l=[]TT7] 2=[TeI 1] 3=[TTe[] 4=[T1Te]
11 .
{1 - 1 -
Pwalls:§ 1 1
o101
o Lifted random walk (NB: a + 3 =1, «a~1/L)

L= 1T1] 3= 1] 5=[1T] 7=[111
2= 1] 4=[F[T] 6=[TTF[] 8=[T1T [
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Symmetric simple exclusion process (SSEP)

e Move (first part ...)

i J k
; L | Te) b=
— o |<®> [} p:
essser (Tele] # =

choice of active particle

Wik Wik Wi~

@ Move (... second part)

OEOROE
BODROE

Xt41 EQSSEP

N ECOND a{
[ —

choice of displacement
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Totally asymmetric simple exclusion process (TASEP)

e Move (forward)

-
[ [®]e] [e]—[ [e]e] [e]

[ TeT®[ [e]—[Tel [ele]
AL T [(TeTe]

l*l—>l°l°l°l [ ]
L L+1=1

TASEP ~~
xe €4 active particle X1 EQTASEP

@ Move (backward)

-
[ [e] [e]

ECOROE0

BOCEOEED0ED

[ToT L I#1 [ ToTo] o) DOON
L L+1=

xe €QTASEP active particle Xe41 EQTASEP

e forward—backward coupling (ad-hoc, or boundary conditions)

eeeeeeee

NB: Non-reversible, i.e. non-equilibrium, but samples eqUI|IbI’IU|'TEj"|€* Zm\"y‘,fm
Boltzmann distribution.



Lifted TASEP (definition)

o QI-TASEP _ QSSEP y {1 41} x {1,...,N}, L =10
e Move (first part ...)

| [e]®] [o]=[ [o] [®fe]—-- (1)
x;€QI—TASEP  ‘particle’ displacement

| [e[e]e] [ [efe]®] [—-- (2)
xt €QI—TASEP ‘lifting’ move

e Move (second part ...)

L [®] [e[e] p=a
=[] T*[e]— Inlﬂ oop 1P
L [el®]e] | p=a
— [ Jele[®] ]— IIIIII o 3 (2b)
Xty le;{/TASEP 3’3"| s
O e

Essler & Krauth (2023)



TASEP (example)

NB: Consider only the forward-moving sector (pbc):

I=[eJe[ [ ] 2=[e] Jo[ ] 3=[e] [ [e]
4=[TeJe] | 5= [Te[ Jo] 6=[T TeJe]
11 -
11
1] .1 -1
TASEP __ 1
P - 1 1 -
1 1
- 1 1—
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Lifted TASEP (example 1)

NB: Consider only the forward-moving sector (pbc):
L=[fe] ] 2=[e]o[ [] 3=[[ e ] 4=[e] [#[]
S=[e[ [ Je] 6=[[ o 7T=[Tofe] ] 8=[Teo]]
9=[To] Te \10—\ [e] Tl 11 =[] [o]e] 12=[] Te]#]
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Hard facts for L-TASEP

o P'=T is irreducible, aperiodic (0 < a < 1).
e P'=T is doubly stochastic: = = const.

o 1QT| = N(y)

e diameters (Zhang & Krauth 2023)

1 | =N(L—N)+2N -3 conj.
< N(QL—-N)+O(L) proven

JSSEP _ {N(L — N) hard-wall be.
N,L

[N(L;N)-‘ periodic bc.

e Activity drift

8 move L
<E].E] -> {(L N) —aNH

X1 /N« move

s
o Critical pullback air = N/L: drift velocitiy (...) = 0. ! “:‘ ot



Integrability, spectrum of P/VjLT. Ex: (N =3)

o Eqgs for left eigenvector 1/, complex eigenvalue A:

Mok = By + Wyity J<k-1
Mg en=0Vgignt oy J<k-1
Mg 7= By + 0y J<k—1
and similar equations for j = k — 1...
@ Bethe ansatz:

w{T,k,/} = A7002{22kzzl + B?OOZ{zézéer. . .+F7002122 z/

Vrn= AsenZ 252y + Bogo 225 25 +. .+ Fogozl 257}

Yk Ty = Azl 2K 2h + BowZi b2+ .+ Fosezi 25 7]
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Integrability, Bethe-ansatz equations (N

o Comparing coefficients:

3 3
M(-2)= 20 ®

a=1

@ Periodic boundary conditions:

zbt = <)\ ﬁ/za) H T(za,2p), a=1,2,3. (4

b#a=1
with \ 5/
- — Zp
T(2a26) = 5~ L%,
(22, 2) A—a—PB/z

@ Numerical solutions of egs (3) and (4) agree with complete
(complex) spectrum of P!

o Essler & Krauth (2023). ol



Synopsis of mixing and relaxation times

Algorithm mixing inv. gap

SSEP N3log N N3 Lacoin (2016,17) | Aldous
TASEP N5/2 N5/2 Dhar (1987) | Baik & Liu (201¢
L-TASEP (aeir)  N? N? Essler & Krauth (2023)
L-TASEP ( Acrit) ? N5/

o In the L-TASEP, many indications of L3/2 inverse-gap scaling,
but L2 inverse-gap is solid.



Observations in the L-TASEP

At aqit, there is no drift, but the motion is super-diffusive:

0.6

=262,144

0.4

0.2

. . . . . .

2 45 4 05 0 05 1 15 2
o)

x/t¥3

e Figure from Maggs (2023), for the lifted TASEP
@ Analytics from Dumaz & Téth (2013), for the ‘true’
self-repellent motion. o
o NB: L/t(L)?>3 =1=t(L) = L3? B
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Generalized lifted(GL)-TASEP

e GL-TASEP, with configurations and stationary weights . ..

i 7 k
‘. . | ° | I,;I . I ° I . ‘ T ighy} = o T iThj =

@ instead of the Metropolis et al. (1953) filter:
Tjt1—iTh—(j
pPt(j — j+1) = min [1, sl Van)) UH)]

TjiTh—j

@ we use the factorized Metropolis filter (Michel et al. 2014):

o .
pPt(j — j+ 1) = min [1’ TFJH’] min [1’ kUH)} )
i Th—j

@ For repulsive interactions: 7, > m; for k > I, we have:

T .
facty - . o k— (./ + 1)

p (J — J + ]_) = rF Département
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Generalized lifted(GL)-TASEP

o Checking the global-balance condition }", mv P(X/, x) = ...

I]l

i 7 k
IIIIIII Pk~ —~[e] [ [¢] p=248
Ilnlll L= pj—(i+1)

ol Telol 1 prs i
[Tl I+ p=a
DRECEOEE
J

i 7 k
—[o] J#] [e]
@ ... opens into a new world of MCMC algorithms...
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The SSEP and the Metropolis algorithm

@ SSEP:

(o] Te[ [e] P=
[ [efe] [e] p=

Xt4+1 EQSSEF’

N\n—l I\J\I—I

= [ |we] [e —>{
[ —

choice of displacement

@ Metropolis (1953) algorithm:

%OQ O% %%

a (+ move) b
o0 00O
o Cg@ oo
a a (4 move) b

The Metropolis algorithm is reversible. Uiy



The lifted TASEP and event-chain Monte Carlo

@ Lifted TASEP:

[ [e]®] [e]=[ [e] [#[e]— -

[ [el®le] |=[ [e]e]®] |=--

@ Event-chain Monte Carlo algorithm (Bernard, Krauth, Wilson

2009):

©0O
Tege o
©
OOQ )

Non-reversible, unchanged stationary distribution, orders of
magnitude faster than Metropolis. IF] S
E



A second revolution in Markov-chain Monte Carlo underway.
Non-reversible MCMC is what comes after the revolution.
Lifting a practical method to create non-reversible algorithms.

Lifted TASEP is an integrable model close to applications.

Many open questions.
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