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Complement: non-reversible hard-sphere algorithms

@ Metropolis algorithm — Symmetric simple exclusion
process

@ Forward algorithm — Totally asymmetric simple exclusion
process (TASEP)

@ Lifted forward algorithm — Lifted TASEP
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Symmetric simple exclusion process (SSEP)
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@ here: periodic lattice

@ satisfies detailed balance with equal probability for each
configuration {...i,j,k,...}
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Totally asymmetric simple exclusion process (TASEP)

On a periodic lattice:

[ToTel To]—[ Telel ]
CTelel To)— {[ [[®[ T¢]—~[ o] Tel*]
[Telel & —[ Telel ]

@ satisfies global balance with equal probability for each
lifted configuration {.../i,j, k,...,o} witho € {+,—}
@ is (half) a lifting of the SSEP
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Lifted TASEP

[ ToT® Ts]— [ To] Foe] =2 ... (1)
x:€€) “particle” move
[ Tefle] |—[ [elefe] ] 225 ... )
xe) “lifting” move
“To[ Te[s] (proba)
T lnln ese)
[Te[le] ] (proba)
TRk lnnl sy

X¢41€€resampling”

@ Satisfies global balance with equal probability for each
lifted configuration {...i, j . k,...,o0}
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Perfect sampling - References

@ J. G. Propp, D. B. Wilson Exact sampling with coupled
Markov chains and applications to statistical
mechanics http://citeseerx.ist.psu.edu/
viewdoc/summary?doi=10.1.1.27.1022

@ W. Krauth “Statistical Mechanics: Algorithms and
Computations” (Oxford University Press, 2006)
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Perfect sampling

@ Irreducible aperiodic (finite) Markov chains converge
exponentially:

max ||P!(x,.) — 7||ltv < Ca!
X€Q

with C > 0and a € (0,1).
@ Exponential convergence = time scale 1/ log «
@ Normally P! + r for finite t.

@ We now show in two examples that MCMC can often
sample 7 exactly.
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Shuffling of cards 1/5

o Qshuffle — fPermutations of {1,...,N}}

@ For N=3:
Qfvfle = {1={1,2,3},2={1,3,2},3={2,1.8},4 =
{2,3,1},5={3,1,2},6 = {3,2,1}}.

o =0 =5((1,,...,N))
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Shuffling of cards 2/5

o Qshuffle — (1 =11,2,3},2={1,3,2},3={2,1,3},4 =
{2,3,1},6={3,1,2},6 = {3,2,1}}.
o
101100
01 00 1 1
p_1[1 11000
3100 0 1 1 1
110010
00110 1
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Shuffling of cards 3/5

procedure top-to-random

input {c1,...,c,}
i < choice({1,...,n})
{e1,...,én} —{c2, ... ci,cr,civn, .. e}

output {é,...,é,

@ Insert upper card (cy) after card i and before card i + 1
@ NB:if i =1, put it back on top.
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Shuffling of cards 4/5

71113
13
13

procedure top2random-stop
input {ci,...,¢n
Cfirst-n ¥ Cn

fort=1,2,... do

E[ — C1

{ci,...,cn} + top2randem({ci,...,cn})
if (é1 = Cfirst-n) break

output {c1,...,c,, 1}

@ Expected running time: nlog n.
@ Closely related to O (n) algorithm for random permutations.



Shuffling of cards 5/5

13

procedure direct-shuffle
input {c1,...,¢cn
fort=1,...,n do

{ i+ choice({n—ft+1,..., n})

{er, o oent —{ea, o a, e i, e}
output {c1,...,cu)

@ Running time: n.
@ Standard algorithm for generating random permutations.



Markov chain (traditional view)
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@ Configuration ¢, move 4;.
@ Setfp =0.
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Markov chain (random maps), coupling 1/4
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@ Each configuration has its move at each time step.
@ Coupling (Doeblin, 1930s).

Werner Krauth Advanced topics in Markov-chain Monte Carlo



Markov chain (random maps), coupling 2/4

pos=[]

for stat in range(10000):
posit=set(range([]]
for t in range(16

posit = set([m knéxib + random.randint(-1, 1), @), N - 1) for b in posit])
if len(posit) == 1: break
pos.append(posit.pop())

@ Position of coupling not uniform.
@ Coupling time larger than mixing time.
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Markov chain (random maps), coupling 3/4

° 3;’orward coupling: 1-d with walls: position of the coupled config.

@ Histogram of coupling position.
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Markov chain (random maps), coupling 4/4
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@ Each configuration has its move at each time step.
@ Coupling (Doeblin, 1930s).
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Coupling from the past 1/8

5 o> o>oxo>o>o>oxoxo+>oxo>o 5

40\} %%fw% w%wo4

3o\d4 :’éwwddo\w w%%os

2 0l>dd 0l>dd ddo>ou>o 2
WA

1 o>o0s o> 01>0|>d40|> 0|>d40|>o 1

. : 0

@ Starting an MCMC simulation at t = —c
@ Propp & Wilson (1997)
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Coupling from the pas

pos = []
for statistic in range(1
all _arrows = {}
timf tot = @
while True:
time_tot -= 1
arrows = [random randlnt(—;, 1) for i in range(N)]
if arrows[B8] = : arrows[0] =

if arrows[N - 1] == 1: arrowc[N - 1] = ¢
all_arrows[time_tot]=arrows
positions=set(range(®, N))
for t in range(time_tot, 0):
positions = set([b + all_arrows[t][b] for b in positions])
if len(positions) == 1: break
if len(positions) == break

@ Starting an MCMC simulation at t = —
@ Propp & Wilson (1997)
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Coupling from the past 3/8

5 o> o>oxo>o>o>oxoxo+>oxo>o 5

40\} %%fw% w%wo4

3o\d4 :’éwwddo\w w%%os

2 0l>dd 0l>dd ddo>ou>o 2
WA

1 o>o0s o> 01>0|>d40|> 0|>d40|>o 1

. : 0

@ Starting an MCMC simulation at t = —c
@ Propp & Wilson (1997)
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Coupling from the past 4/8

Backward coupling: 1-d with walls: position at coupling time

0.30

@ Coupling position (in the past) non-uniform)
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Coupling from the past 5/8

for statistic in range(

all_arrows = {}

time_tot = @

while True:
time_tot -= 1
old_pos = set(range(®, N))
arrows = [random randlnt(—;, ,) far i in range(N)]
if arrows[0] = arrows[8] =
if arrows[N - _] 23 arrows[N - 1] = €
all_arrows[time_tot] = arrows
positions = set(range(N))
for t in range(time_tot, 0):

positions = set([b + all_arrows[t][b] for b in positions])

if len(positions) == 1: break

a=positions.pop()

pos.append(a)

@ Dictionary of random maps going back in time.
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Coupling from the past 6/8

5 o> o>oxo>o>o>oxoxo+>oxo>o 5

40\} %%fw% w%wo4

3o\d4 :’éwwddo\w w%%os

2 0l>dd 0l>dd ddo>ou>o 2
WA

1 o>o0s o> 01>0|>d40|> 0|>d40|>o 1

. : 0

@ Starting an MCMC simulation at t = —c
@ Propp & Wilson (1997)

Werner Krauth Advanced topics in Markov-chain Monte Carlo



Coupling from the past 7/8

Backward coupling: 1-d with walls: position at t=0

@ Perfect sample at t = 0, starting from t = —cc
@ Propp & Wilson (1997)
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Coupling from the past 8/8

5 o> o>Q, 0>0>0>Q, Q 0>Q, 0>0 5
4%} %%Jw% w%wo4
30\464 wwdd%w w%%03
2 o+>dd o\q %%wdd ddo>0*>o 2
1 =0 ... w? o000  0-¢" o-0" o-0 1
tr—00 to toH Teoup t=0

(now)

@ Try it yourself!
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