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Markov chains (1/3)



Markov chains (2/3)

i = 1 (rej.) i = 2 i = 3 i = 4 (rej.) i = 5 i = 6

i = 7 i = 8 (rej.) i = 9 (rej.) i = 10 i = 11 i = 12 (rej.)

Metropolis algorithm (1953, mod.)



Molecular dynamics



Molecular dynamics

t = 0 t = 1.25

wall collision

t = 2.18 t = 3.12

pair collision

t = 3.25 t = 4.03

t = 4.04 t = 5.16 t = 5.84 t = 8.66 t = 9.33 t = 10.37

Alder–Wainwright (1957)



Samples

Alder, Wainwright 1962, see Li et al. (2022)



From ‘numerical work’ to Kosterlitz–Thouless



Event-chain Monte Carlo

Box of size L× L, periodic boundary conditions, N disks.
Onward and Upward...
Event-chain Monte Carlo: Bernard, Krauth, Wilson (2009).



Equilibrium samples from non-equilibrium MCMC

106 disks (Bernard, Krauth 2011), first equilibrated sample



Markov chains (3/3)
Sample space Ω (e.g. hard disks, water molecules, quarks, . . . )
Markov chain ← Sequence of random variables
(X0 ∼ π{0},X1 ∼ π{1},X2 ∼ π{2} . . . )
Xt+1 depends only on Xt , t is a ‘time’
Transition matrix P :

Pij : conditional probability to move from sample i to sample j .
π{t+1} = π{t}P: Evolve probability distribution at time t to
probability distribution at time t + 1 (with π{t}, t > 0 often
non-explicit,even for t →∞).

Move set L: ... from which moves are sampled.
Equilibrium distribution π: Satisfies global balance:

πi =
∑
j∈Ω

πjPji ∀i ∈ Ω.

NB: P irreducible =⇒ π unique.
Aperiodicity: Absence of cycles. P irreducible and aperiodic:

π{t} → π for t →∞



Total variation distance, mixing time

Total variation distance:

||π{t} − π||TV = max
A⊂Ω
|π{t}(A)− π(A)| = 1

2

∑
i∈Ω
|π{t}

i − πi |.

Distance:
d(t) = max

π{0}
||π{t}(π{0})− π||TV

Mixing time:
tmix(ϵ) = min{t : d(t) ≤ ϵ}

Usually ϵ = 1/4 is taken, ϵ = 1/e would be better.



Shuffling of cards 1/5

Ωshuffle
N = {Permutations of {1, . . . ,N}}

For N = 3:
Ωshuffle

3 = {1 ≡ {1, 2, 3}, 2 ≡ {1, 3, 2}, 3 ≡ {2, 1, 3}, 4 ≡
{2, 3, 1}, 5 ≡ {3, 1, 2}, 6 ≡ {3, 2, 1}}.
πt=0 = δ((1, , . . . ,N))



Shuffling of cards 2/5

Insert upper card (c1) after card i and before card i + 1
NB: if i = 1, put it back on top.



Shuffling of cards 3/5

Ωshuffle
3 = {1 ≡ {1, 2, 3}, 2 ≡ {1, 3, 2}, 3 ≡ {2, 1, 3}, 4 ≡
{2, 3, 1}, 5 ≡ {3, 1, 2}, 6 ≡ {3, 2, 1}}.

P =
1
3



1 0 1 1 0 0
0 1 0 0 1 1
1 1 1 0 0 0
0 0 0 1 1 1
1 1 0 0 1 0
0 0 1 1 0 1





Shuffling of cards 4/5

Pshuffle
3 =

1
3



1 0 1 1 0 0
0 1 0 0 1 1
1 1 1 0 0 0
0 0 0 1 1 1
1 1 0 0 1 0
0 0 1 1 0 1


Eigenvalues of Pshuffle

N : 0, 1
N ,

2
N , . . . , 1−

2
N , 1

Degeneracies:

N = 2 :[1, 0, 1]
N = 3 :[2, 3, 0, 1]
N = 4 :[9, 8, 6, 0, 1]
N = 5 :[44, 45, 20, 10, 0, 1]
N = 6 :[265, 264, 135, 40, 15, 0, 1]
N = 7 :[1854, 1855, 924, 315, 70, 21, 0, 1]



Shuffling of cards 5/5

Expected running time: n log n.
Time scale n log n larger than inverse gap n/2.



Mixing and Relaxation

tmix = ||π{tmix} − π||TV = 1/e, (non-asymptotic time scale).
trel = inverse gap, (asymptotic time scale).
tmix ≫ trel leads to cutoff phenomenon.
Aldous, Diaconis (1986)
Diaconis, Fill, Pitman (1992)



Coarsening: A non-asymptotic time scale

Coarsening in hard disks (from Bernard, Krauth 2011)...
... an example of a non-asymptotic mixing-time scale



Detailed balance, global balance, lifting

Reversible transition matrices P satisfy the ‘detailed-balance’
condition:

πaPab = πbPba

Non-reversible transition matrices P only satisfy ‘global
balance’:

πa =
∑
b∈Ω

πbPba



Random walk (RW) on the one-dimensional lattice

In the bulk:

1
•

L︸ ︷︷ ︸
xt∈ΩRW

→ →←•︸ ︷︷ ︸
xt∈ΩRW,σ∈LRW

→

{
• p = 1

2

• p = 1
2︸ ︷︷ ︸

xt+1∈ΩRW

. (1)

At the boundary:

1
•

L︸ ︷︷ ︸
xt=1 or xt=L

→ →←•︸ ︷︷ ︸
rejected back move

→

{
• p = 1

2

• p = 1
2︸ ︷︷ ︸

xt+1∈ΩRW

. (2)



Lifted random walk (l-RW)
Lifting of samples:

i

•︸ ︷︷ ︸
xt∈ΩRW

→


(i ,σ)

→•
←•︸ ︷︷ ︸

xt∈Ωl-RW

. (3)

In the bulk:

i

←•︸ ︷︷ ︸
xt∈Ωl-RW

p=1−−→
i+σ

←• →

{
→• p = α

←• p = β︸ ︷︷ ︸
xt+1∈Ωl-RW,α≪1,β=1−α

, (4)

At the boundary:

←•︸ ︷︷ ︸
xt at end point

p=1−−→ →•︸ ︷︷ ︸
σ→−σ

→

{
←• p = α

→• p = β︸ ︷︷ ︸
xt+1∈ΩL-RW

. (5)

Diaconis, Holmes, Neal (2000)



Random walk, lifted random walk (examples)
1 ≡ • 2 ≡ • 3 ≡ • 4 ≡ •

PRW
walls =

1
2


1 1 · ·
1 · 1 ·
· 1 · 1
· · 1 1


Lifted random walk (NB: α+ β = 1, α ∼ 1/L)

1 ≡ →• 3 ≡ →• 5 ≡ →• 7 ≡ →•

2 ≡←• 4 ≡ ←• 6 ≡ ←• 8 ≡ ←•

P lRW
walls =



· · β α · · · ·
β α · · · · · ·
· · · · β α · ·
α β · · · · · ·
· · · · · · β α
· · α β · · · ·
· · · · · · α β
· · · · α β · ·


,



Symmetric simple exclusion process (SSEP)

Move (first part ...)

1
• •

L

•︸ ︷︷ ︸
xt∈ΩSSEP

→


i

→←•
j

•
k

• p = 1
3

• →←• • p = 1
3

• • →←• p = 1
3︸ ︷︷ ︸

choice of active particle

→ · · · ,

Move (... second part)

· · · → →←• • •︸ ︷︷ ︸
choice of displacement

→

{
• • • p = 1

2

• • • p = 1
2︸ ︷︷ ︸

xt+1∈ΩSSEP

.



Totally asymmetric simple exclusion process (TASEP)

Move (forward)

−−−−−−−−−→

1
• • •

L︸ ︷︷ ︸
xt∈ΩTASEP

→



→• • • →
−−−−−−−−−→
• • •

• →• • →
−−−−−−−−−→
• • •

• • →•
L︸ ︷︷ ︸

active particle

→
−−−−−−−−−→
•

L+1≡1
• •︸ ︷︷ ︸

xt+1∈ΩTASEP

Move (backward)

←−−−−−−−−−

1
• • •

L︸ ︷︷ ︸
xt∈ΩTASEP

→



←• • • →
←−−−−−−−−−
• • •

• ←• • →
←−−−−−−−−−
• • •

• • ←•
L︸ ︷︷ ︸

active particle

→
←−−−−−−−−−

L+1≡1
• • •︸ ︷︷ ︸

xt+1∈ΩTASEP

forward–backward coupling (ad-hoc, or boundary conditions).
NB: Non-reversible, i.e. non-equilibrium, but samples equilibrium
Boltzmann distribution.



Lifted TASEP (definition)

Ωl−TASEP = ΩSSEP × {−1,+1} × {1, . . . ,N}, L = ∅
Move (first part ...)

• →• •︸ ︷︷ ︸
xt∈Ωl−TASEP

→ • →• •︸ ︷︷ ︸
‘particle’ displacement

→ · · ·

• →• •︸ ︷︷ ︸
xt∈Ωl−TASEP

→ • • →•︸ ︷︷ ︸
‘lifting’ move

→ · · ·

Move (second part ...)

· · · → • →• • →

{
→• • • p = α

• →• • p = β

· · · → • • →• →

{
• →• • p = α

• • →• p = β︸ ︷︷ ︸
xt+1∈ΩlTASEP



TASEP (example)

NB: Consider only the forward-moving sector (pbc):

1 ≡−−−−−→• • 2 ≡ −−−−−→• • 3 ≡ −−−−−→• •

4 ≡−−−−−→• • 5 ≡ −−−−−→• • 6 ≡ −−−−−→• •

PTASEP =
1
2



1 1 · · · ·
· · 1 1 · ·
· · 1 · 1 ·
· · · 1 1 ·
1 · · · · 1
· 1 · · · 1

 .



Lifted TASEP (example)
NB: Consider only the forward-moving sector (pbc):

1 ≡ →• • 2 ≡ • →• 3 ≡ →• • 4 ≡ • →•

5 ≡ →• • 6 ≡ • →• 7 ≡ →• • 8 ≡ • →•

9 ≡ →• • 10 ≡ • →• 11 ≡ →• • 12 ≡ • →•

P =



α β · · · · · · · · · ·
· · α β · · · · · · · ·
· · · · · · β α · · · ·
· · · · α β · · · · · ·
· · · · · · · · β α · ·
· · · · β α · · · · · ·
· · · · · · α β · · · ·
· · · · · · · · α β · ·
· · · · · · · · · · β α
β α · · · · · · · · · ·
· · · · · · · · · · α β
· · β α · · · · · · · ·





Synopsis of mixing and relaxation times

Algorithm mixing relaxation (inverse gap)
SSEP N3 logN N3

TASEP N5/2 N5/2

Lifted TASEP N2 N2 – N3/2 (αcrit)

Bethe ansatz: Essler, Krauth (2023)



Factorized Metropolis algorithm (pair potential)

Metropolis filter:

pMet(x→ x′) = min

1, exp

−β∑
i<j

∆Ui ,j



pMet(x→ x′) = min

1,
∏
i<j

exp (−β∆Ui ,j)


Factorized Metropolis filter (Michel, Kapfer, Krauth 2014):

pFact(x→ x′) =
∏
i<j

min [1, exp (−β∆Ui ,j)] .

X Fact(x→ x′) = X1,2 ∧ X1,3 ∧ · · · ∧ XN−1,N

i.e.: Accept move if all pairs (i , j) accept it.
Consensus-based, not gradient-based.



Factorized Metropolis algorithm

Factorized Metropolis filter

pFact(x→ x′) =
∏
i<j

min [1, exp (−β∆Ui ,j)] .

Conjunction of Boolean random variables

X Fact(x→ x′) = X1,2 ∧ X1,3 ∧ · · · ∧ XN−1,N



Factorized Metropolis algorithm

Factorized Metropolis filter

pFact(x→ x′) =
∏
i<j

min [1, exp (−β∆Ui ,j)] .

Conjunction of Boolean random variables

X Fact(x→ x′) = X1,2 ∧ X1,3 ∧ · · · ∧ XN−1,N



Long-range interactions 1/4

Veto probability (for particle in cell z)

qx′′ = qZ

[
1− exp

(
−β∆Ux,x′′

)]
qZ

Two-pebble veto.



Long-range interactions 2/4



Long-range interactions 3/4



Long-range interactions 4/4

Walker’s algorithm (1977): O (1) sampling from a constant
distribution.
Cell-veto algorithm (Kapfer, Krauth, 2017): sampling
exp (−βU) without evaluating U.
See Tartero, Krauth (2024b) for introduction.



Water simulation (SPC/fw 1/3)

(a): Native sampling for long-range interactions
without cutoffs, space discretizations, time-step
errors, thermostat (Höllmer, Maggs, Krauth (2023)).
(b): Yet to be done...



Water simulation (SPC/fw 2/3)

Architecture of open-source JeLLyFysh Python package



Water simulation (SPC/fw 3/3)

Efficiency between Lammps and Python package ‘JeLLyFysh’



Conclusions

Time scales in sampling: ||π{t} − π||TV ≲ 1 for t ≲ τmix.
Not much to learn from too short simulations.
Relaxation time (inverse gap) governs asymptotic approach.

Lifting can realize important speed-ups.
Rejection-free, exact, non-reversible Markov chains.
Exactly solved models available.

Sampling exp (−βU) without evaluating U.
‘Natively cutoff-free’ MCMC (Coulomb, LJ) in O (1).
Applications in chemical physics.
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