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Markov chains (1/3)
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or substances consisting of interacting individual molec
modthed Monte Carlo integration over configuration space
system have been obtained on the Los Alamos MANTAC and™i € cd he
to the free volume equation of state and to a four-term virial coeﬂi-:lent expanslon

ﬁneml method, suitable for fast computing machines, for lnvestlgatmg such propertles ag mnma
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Markov chains (2/3)
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Molecular dynamics
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The study of a two-dimensional system consisting of 870 hard-disk
region has shown that the isotherm has a van der Is-like loop. The

articles in the phase-transition
_nsity change across the transition

is about 4%, and the corresponding entropy change is small.

STUDY lms been made of a two-dimensional
g of 870 hard-disk particles.
Simulmncous mollons B the particles have been calcu-

Welectronic computer as described
previously.! lhe dlsks were again placed in a periodi-
cally repeated rectangular array. The computer program

interchanges it was not possible to average the two
branches.

Two-dimensional systems were then studied, since
the number of particles required to form clusters of
particles of one phase of any given diameter is less than
in three dimensions. Thus, an 870 hard-disk system is
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Molecular dynamics

wall collision pair collision
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From ‘numerical work’ to Kosterlitz—T houless

Ordering, metastability and phase transitions in
two-dimensional systems
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Versity of Birmingham, Birmingham B152TT, UK
Received 13 Nov :mbr

1. Introduction

Peierls (1935) has argued that thermal motion of long-wavelength phonons will destroy

the lon -range order of a Iwu-dim:nsional solid in the sense that the mean suare

size of the sys!em and the Bragg peaks of the diffraction pattern formed by the system
are broad instead of sharp. The absence of long-range order of this simple form has been
shown by Mermin (1968) using rigorous inequalities. Similar arguments can be used to
show that there is no spontaneous magnetization in a two-dimensional magnet with
spins with more than one degree of freedom (Mermin and Wagner 1966) and that the
cxpcctalmn value of the superfluid order parameter in a two-dimensional Bose fluid




Event-chain Monte Carlo

OO0

Tese o'
O
OQQ O

@ Box of size L x L, periodic boundary conditions, N disks.
@ Onward and Upward...
e Event-chain Monte Carlo: Bernard, Krauth, Wilson (2009).



Equilibrium samples from non-equilibrium MCMC

o 10° disks (Bernard, Krauth 2011), first equilibrated sample s somene
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Markov chains (3/3)

Sample space 2 (e.g. hard disks, water molecules, quarks, ...)

Markov chain «— Sequence of random variables

(Xo ~ w10 Xy ~ 7l Xo ~ 2f2H )

Xt+1 depends only on X;, t is a ‘time’

@ Transition matrix P:

o Pj: conditional probability to move from sample i to sample j.

o mitt1} = 7{t} P: Evolve probability distribution at time t to
probability distribution at time t + 1 (with 7{t}, t > 0 often
non-explicit,even for t — 00).

Move set L: ... from which moves are sampled.

Equilibrium distribution 7: Satisfies global balance:

T = ZT['J'PJ',' Vi e Q.
Jjeq
NB: P irreducible = 7 unique.
Aperiodicity: Absence of cycles. P irreducible and aperiodic:
Ry

R
7T{t} — T 'FOl’ t — o0 U{ﬂ fﬁ?ﬂ:fg\aw
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Total variation distance, mixing time

o Total variation distance:

1
{t} _ = {tha) — == E L
|7 ||tV Tcaé\ﬁ (A) — 7 (A)| 5 2 |7; il

Distance:

d(t) = max||w{ (x{%) — |7y

w10}

Mixing time:
tmix(€) = min{t : d(t) < ¢}

Usually e = 1/4 is taken, e = 1/e would be better.
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Shuffling of cards 1/5

;

: Q?\?Ufﬂe = {Permutations of {1,..., N}}

@ For N =3:
Qgh“f“e ={1={1,2,3},2={1,3,2},3={2,1,3},4 =
{2’37 1}75 = {3’ 172}76 = {3’2’ 1}}
o m=0=4((1,,...,N)) A —
wad de Physique




Shuffling of cards 2/5

procedure top-to-random

input {c,...,¢,

i + choice({1,...,n})

{(A:l,. .. ,(A:-n_} — {(:2, ey CiyC1,Ci41y. .. ,(:-”.}
output {éy,...,é,}

o Insert upper card (c1) after card i and before card i +1 ., ...,
oy 'I' de Physique
e NB:if i =1, put it back on top. UG
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Shuffling of cards 3/5

o Oshuffle — 1 =11,23},2={1,3,2},3={2,1,3},4 =
{273a 1}75 = {37 172}76 = {3’2’ 1}}

(]
101100
010011
p_l|1 11000
3|0 00111
110010 S
001101 e



Shuffling of cards 4/5

o
1 01100
010011
pshuffle _ 11111000
3100 0 1 11
1 10010
0 01101
: huffl 1 2
o Eigenvalues of P3"": 0, &, N,...,l— 51

o Degeneracies:

N =2:[1,0,1]

N =3:[2,3,0,1]

N =4:[9,8,6,0,1]

N = 5 :[44,45,20, 10,0, 1]

N = 6 :[265, 264, 135,40, 15,0, 1]

N = 7 :[1854, 1855, 924, 315,70, 21,0, 1] @"E!;«J



Shuffling of cards 5/5

procedure top2random-stop
input {¢1,...,¢.}
Cfirst-n ¥ Cn

fort=1,2,... do

..Cn} ¢+ top2random({ci,...,cn})
st-n) break
output {c1,...,c,, 1}

e Expected running time: nlog n. e
e Time scale nlog n larger than inverse gap n/2.
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Mixing and Relaxation

o tmix = ||mitmix} — 7||1y = 1/e, (non-asymptotic time scale).

@ t, = inverse gap, (asymptotic time scale).

@ tmix > t leads to cutoff phenomenon.

e Aldous, Diaconis (1986) P s
. . . . EE Emleynn:nals

e Diaconis, Fill, Pitman (1992) e



Coarsening: A non-asymptotic time scale

N

s ¢ ‘ i

T
10° 10
t (displacements per disk)

6

e Coarsening in hard disks (from Bernard, Krauth 2011)...

an example of a non-asymptotic mixing-time scale
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Detailed balance, global balance, lifting

chain at
equilibrium

@ Reversible transition matrices P satisfy the ‘detailed-balance’
condition:
TaPap = TpPba

@ Non-reversible transition matrices P only satisfy ‘global
balance’:
Ta = Z b Pba

beQ
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Random walk (RW) on the one-dimensional lattice

@ In the bulk:
1 L
lll’llﬂlllﬁll%{
x; EQRW xteQRV?,raeLRW

@ At the boundary:
1 L
l‘llll—>l<°>|||l—>{

xt=1 or x;=L

rejected back move

(Te[ 1] p=
(T ]e] p-

NI~ N~
—
—_
o

xep1€QRW

1] p=
(Te] [ p-

NI= NI
—~~
N
N

xe41 €QRW
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Lifted random walk (I-RW)

@ Lifting of samples:

; (i,0)
EROEER{EELE 3)
—— [T
xe €Q-RW
@ In the bulk:
i -1 i+o _ p—a
[T Rl J*—=[ Tl ]~ (4)
X EQ-RW
X1 EQFRW a1 =1—a
@ At the boundary:
=1 ol T ] p=c
T T ] =@ 11]- (5)
: LT 1] p=5
x¢ at end point o——
xep1€QLRW

PR e
Diaconis, Holmes, Neal (2000) e



Random walk, lifted random walk (examples)

o l=[]TT7] 2=[TeI 1] 3=[TTe[] 4=[T1Te]
11 .
{1 - 1 -
Pwalls:§ 1 1
o101
o Lifted random walk (NB: a + 3 =1, «a~1/L)

L= 1T1] 3= 1] 5=[1T] 7=[111
2= 1] 4=[F[T] 6=[TTF[] 8=[T1T [
@

|
- @ ’
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Symmetric simple exclusion process (SSEP)

e Move (first part ...)

i J k
; L | Te) b=
— o |<®> [} p:
essser (Tele] # =

choice of active particle

Wik Wik Wi~

@ Move (... second part)

OEOROE
BODROE

Xt41 EQSSEP

N ECOND a{
[ —

choice of displacement

NI N[
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Totally asymmetric simple exclusion process (TASEP)

e Move (forward)

-
[ [®]e] [e]—[ [e]e] [e]

[ TeT®[ [e]—[Tel [ele]
AL T [(TeTe]

l*l—>l°l°l°l [ ]
L L+1=1

TASEP ~~
xe €4 active particle X1 EQTASEP

@ Move (backward)

-
[ [e] [e]

ECOROE0

BOCEOEED0ED

[ToT L I#1 [ ToTo] o) DOON
L L+1=

xe €QTASEP active particle Xe41 EQTASEP

e forward—backward coupling (ad-hoc, or boundary conditions)

eeeeeeee

NB: Non-reversible, i.e. non-equilibrium, but samples eqUI|IbI’IU|'TEj"|€* Zm\"y‘,fm
Boltzmann distribution.



Lifted TASEP (definition)

o QI-TASEP — QSSEP » 11 11} x {1,...,N}, L=10
@ Move (first part ...)

x:€Q/—TASEP  ‘particle’ displacement

x; €QI—TASEP ‘lifting’ move

e Move (second part ...)

T e llnn p=a
[Te[ Tfs]  p=4
L TeTe ] lnnl p=a
[[e[e[s[ ]  p=4

Xt+4 1€Q/TA$EP :’x“l Département



TASEP (example)

NB: Consider only the forward-moving sector (pbc):

I=[eJe[ [ ] 2=[e] Jo[ ] 3=[e] [ [e]
4=[TeJe] | 5= [Te[ Jo] 6=[T TeJe]
1 - - 1
1 1
11 -1 -1
TASEP __ 1
P - -1 1
1 . 1
- 1 ' 1_
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Lifted TASEP (example)

NB: Consider only the forward-moving sector (pbc):
L=[fe] ] 2=[e]o[ [] 3=[[ e ] 4=[e] [#[]
S=[e[ [ Je] 6=[[ o 7T=[Tofe] ] 8=[Teo]]
9=[To Jo] I0=[Te] [ 11 =[] [ofe] 12=[] Te]#]

@

@
@
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Synopsis of mixing and relaxation times

Algorithm mixing relaxation (inverse gap)

SSEP N3logN N3
TASEP N5/2 N5/2
Lifted TASEP N2 N? — N3/2 (agrit)

@ Bethe ansatz: Essler, Krauth (2023)

T5()/N**2 (Rescaled Autocorrelation time)

N
\

Ts(q) (Autocorrelation time)
ey
2 2 2
‘
] ;
amaan .
LA | B
coooo
sgeeg

10!
~ NS?
0.1 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9 101 102 lnjle Physique
a (pullback) N (Particle number) fcole normale
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Factorized Metropolis algorithm (pair potential)

@ Metropolis filter:

Met(x — x') = min |1, exp —,BZAU,-J

i<j

p

pMet(x — x') = min |1, Hexp (—BAU; )
i<j

e Factorized Metropolis filter (Michel, Kapfer, Krauth 2014):

pFact(x — X) H min [1,exp (—BAU; )] .
i<j
XFaCt(X — X,) = X1,2 A X1,3 FANKIIVAN XN—l,N
@ i.e.: Accept move if all pairs (i,/) accept it.

o Département
L7, dePhysique

. S
o Consensus-based, not gradient-based. UG



Factorized Metropolis algorithm

S ° <"
o o} o
O'\\ox/;o = %x A '<‘§( A gka” AR
° 5 ° 5 b b x
o © o
or X or X or X
o Factorized Metropolis filter
Fact / .
p(x — x') = H min [1,exp (—BAU; )] .
i<j
@ Conjunction of Boolean random variables
XFaCt(X—>X/) :X172 /\X1’3/\ "‘/\XN—l,N o
parterment
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Factorized Metropolis algorithm

procedure factorized-metropolis
input X (configuration at time )
x ¢+ choice(X) (random particle)
x' + x + Ax (with |Ax| < §)
for x" € X\ {x}:
T < ran(0,1)
{ if T > exp[—f (Ugry — Uxrii)]: goto 1
X+ {xTuX\ {x}
1 output X (configuration at time ¢+ 1)

o Factorized Metropolis filter

pFct(x — X) = H min [1,exp (—BAU; )] .
i<j
e Conjunction of Boolean random variables

Département
de Physique
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Long-range interactions 1/4

(b) (c) (d)
ol 1% o 2 o 1° IR
o ’ x/ o x/ o x/
St g = o\\(j Fo 3 3 )
. N <*o = 5 (;:/t A g R A 93 — A
o ° {$ o o {Y [o) o o
o > o o S o o] S o
0 active cell neighbor cells E surplus particles F far-away cells |[Z target cell
@ Veto probability (for particle in cell z)
[1 — exp (—BAUXQ(//)}
G = qz
qz
@ Two-pebble veto.
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range interactions 2/4

(c) (d)
o ) o
o 2 LJ o ° o ° °
o x/ ’ o x/ o xl
=3 S 3 3
N0 b0 # =
O %Z\>o - © 3( A 3{ fe) A 2('\*0 A
ol [ ° o | © ° b e
o o o
o o (e} o o] (e}
0 active cell neighbor cells E surplus particles F far-away cells 7‘ target cell
procedure cell-veto
input X (configuration of N particles)
x + choice(X)
x' ¢ x + Ax (with |Ax| < §)
for x” € {neighbor} U {surplus}: (see Fig. 6b)
T < ran(0,1)
if T > exp [~ B (Uxrxr — Uxrix)]: goto 1
for Z € F,non-empty: (loop over far-away cells F)
Ty + ran(0,1)
if T1 > qz:
T2 +ran(0,1)
x"" « particle in cell Z
— — J. Myl — 1
1, < Lo o8 Uar U)o
qz
X+ {xX}uX\{x} R Département
1 output X !
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Long-range interactions 3/4

o (e} o
OM L K J Io M L K J Io F P
Sveto = {D} Sweto = {B, E, J, P}
T(Sveto) = qpdt (Sveto) = H 9z H (1-qz)
ZESveto  Z¢Sveto

procedure cell-veto(patch)
(treating neighbor and surplus particles as in Alg. 3)

Syeto + sampled from 7(Syeto) (see eq. (13))

for Z € Syeto, non-empty: (patch of cell-veto loop)
T < ran(0,1)
x" + (unique) particle € Z
ET < 1—exp[—B (Uxrs — xux)]

X+ {x}uX\{x}
1 output X

: goto 1

Fx:(l Département
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Long-range interactions 4/4

(b)

GJLOKDKHCNEFBPOC

o Walker's algorithm (1977): O (1) sampling from a constant
distribution.

@ Cell-veto algorithm (Kapfer, Krauth, 2017): sampling
exp (—pU) without evaluating U.
@ See Tartero, Krauth (2024b) for introduction.
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Water simulation (SPC/fw 1/3)

(a): Native sampling for long-range interactions
without cutoffs, space discretizations, time-step
errors, thermostat (Hollmer, Maggs, Krauth (2023 )3

(b): Yet to be done... WG
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Water simulation (SPC/fw 2/3)

[GLOBAL STATE]

\ _Coulom

Npun

oY
2N\ biidled B/ N\ NJone

event at time tc < thend; thond. 15 thond 2, tLJ
SCHEDULER

o Architecture of open-source JelLLyFysh Python package

3
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Water simulation (SPC/fw 3/

>

computer time per time step ts /s

10! 4

laccuracy

target

2744 — breakeven/

N (JELLyFysu) / /

N (],A\I\lPi)‘/‘

27444——

000e—=
512 —+

216 —r

T T
10% 10%

number of water molecules N

target accuracy of LAMMPS

o Efficiency between Lammps and Python package ‘JelLLyFysh’

o Département
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Conclusions

o Time scales in sampling: ||7{th — 7|1y < 1 for t < Tmix.
@ Not much to learn from too short simulations.

@ Relaxation time (inverse gap) governs asymptotic approach.

o Lifting can realize important speed-ups.
@ Rejection-free, exact, non-reversible Markov chains.

@ Exactly solved models available.

e Sampling exp (—BU) without evaluating U.
o ‘Natively cutoff-free’ MCMC (Coulomb, LJ) in O (1).
o Applications in chemical physics.
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