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Shuffling of cards 1/5

Ωshuffle
N = {Permutations of {1, . . . ,N}}

For N = 3:
Ωshuffle

3 = {1 ≡ {1,2,3},2 ≡ {1,3,2},3 ≡ {2,1,3},4 ≡
{2,3,1},5 ≡ {3,1,2},6 ≡ {3,2,1}}.
πt=0 = δ((1, , . . . ,N))
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Shuffling of cards 2/5

Ωshuffle
3 = {1 ≡ {1,2,3},2 ≡ {1,3,2},3 ≡ {2,1,3},4 ≡

{2,3,1},5 ≡ {3,1,2},6 ≡ {3,2,1}}.

P =
1
3



1 0 1 1 0 0
0 1 0 0 1 1
1 1 1 0 0 0
0 0 0 1 1 1
1 1 0 0 1 0
0 0 1 1 0 1


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Shuffling of cards 3/5

Insert upper card (c1) after card i and before card i + 1
NB: if i = 1, put it back on top.
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Shuffling of cards 4/5

Expected running time: n log n.
Closely related to O (n) algorithm for random permutations.
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Shuffling of cards 5/5

Running time: n.
Standard algorithm for generating random permutations.
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Markov chain (traditional view)
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Configuration ct , move δt .
Set t0 = 0.
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Markov chain (random maps), coupling 1/4
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Each configuration has its move at each time step.
Coupling (Doeblin, 1930s).
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Markov chain (random maps), coupling 2/4

Position of coupling not uniform.
Coupling time larger than mixing time.
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Markov chain (random maps), coupling 3/4

Histogram of coupling position.
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Markov chain (random maps), coupling 4/4
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t0 t0+τcoup

Each configuration has its move at each time step.
Coupling (Doeblin, 1930s).
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Coupling from the past 1/8
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t≃−∞ t0 t0+τcoup t=0
(now)

Starting an MCMC simulation at t = −∞
Propp & Wilson (1997)
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Coupling from the past 2/8

Starting an MCMC simulation at t = −∞
Propp & Wilson (1997)
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Coupling from the past 3/8
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t≃−∞ t0 t0+τcoup t=0
(now)

Starting an MCMC simulation at t = −∞
Propp & Wilson (1997)
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Coupling from the past 4/8

Coupling position (in the past) non-uniform)
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Coupling from the past 5/8

Dictionary of random maps going back in time.
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Coupling from the past 6/8
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(now)

Starting an MCMC simulation at t = −∞
Propp & Wilson (1997)
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Coupling from the past 7/8

Perfect sample at t = 0, starting from t = −∞
Propp & Wilson (1997)
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Coupling from the past 8/8
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Try it yourself!
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