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Sample space € (e.g. point particles, water molecules)

Markov chain «— Sequence of random variables

(Xo ~ w10 Xy ~ 7l Xo ~ 2f2H )

Xt+1 depends only on X;, t is a ‘time’

@ Transition matrix P:

o Pj: conditional probability to move from sample i to sample j.

o mitt1} = 7{t} P: Evolve probability distribution at time t to
probability distribution at time t + 1 (with 7{t}, t > 0 often
non-explicit,even for t — 00).

Move set L: ... from which moves are sampled.

Equilibrium distribution 7: Satisfies global balance:

T = ZT['J'PJ',' Vi e Q.
Jjeq
NB: P irreducible = 7 unique.
Aperiodicity: Absence of cycles. P irreducible and aperiodic:
Ry

R
7T{t} — T 'FOl’ t — o0 U{ﬂ fﬁ?ﬂ:fg\aw
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Total variation distance, mixing time

o Total variation distance:

1
{t} _ = {tha) — == E L
|7 ||tV Tcaé\ﬁ (A) — 7 (A)| 5 2 |7; il

Distance:

d(t) = max||w{ (x{%) — |7y

w10}

Mixing time:
tmix(€) = min{t : d(t) < ¢}

Usually e = 1/4 is taken, e = 1/e would be better.
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Shuffling of cards 1/6

;

: Q?\?Ufﬂe = {Permutations of {1,..., N}}

@ For N =3:
Qgh“f“e ={1={1,2,3},2={1,3,2},3={2,1,3},4 =
{2’37 1}75 = {3’ 172}76 = {3’2’ 1}}
o m=0=4((1,,...,N)) A —
wad de Physique




Shuffling of cards 2/6

procedure top-to-random

input {c,...,¢,

i + choice({1,...,n})

{(A:l,. .. ,(A:-n_} — {(:2, ey CiyC1,Ci41y. .. ,(:-”.}
output {éy,...,é,}

o Insert upper card (c1) after card i and before card i +1 ., ...,
oy 'I' de Physique
e NB:if i =1, put it back on top. UG
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Shuffling of cards 3/6

o Oshuffle — 1 =11,23},2={1,3,2},3={2,1,3},4 =
{273a 1}75 = {37 172}76 = {3’2’ 1}}

(]
101100
010011
p_l|1 11000
3|0 00111
110010 S
001101 e



Shuffling of cards 4/6

o
1 01100
010011
pshuffle _ 11111000
3100 0 1 11
1 10010
0 01101
: huffl 1 2
o Eigenvalues of P3"": 0, &, N,...,l— 51

o Degeneracies:

N =2:[1,0,1]

N =3:[2,3,0,1]

N =4:[9,8,6,0,1]

N = 5 :[44,45,20, 10,0, 1]

N = 6 :[265, 264, 135,40, 15,0, 1]

N = 7 :[1854, 1855, 924, 315,70, 21,0, 1] @"E!;«J



Shuffling of cards 5/6

procedure top2random-stop

input {ci,...,cn}

Cfirst-n ¥ Cn

fort=1,2,... do
E[ — C1
{ci,...,cn} + top2randem({ci,...,cn})
if (é1 = Cfirst-n) break

output {cy,...,c,, 1}

o Département
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&,
e}



Shuffling of cards 6/6

TVD of Top-to-random shuffle

0.8 1

0.6 1

TVD

0.4 4

0.2 4

0.04

0.0 0.2 0.4 0.6 0.8 1.0 12 1.4
#/{Nlogh) (rescaled time)

@ Time scale Nlog N larger than inverse gap.
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Mixing and Relaxation

1071

1072

TVD

103

1074

10-°

tmix = H7T{tmix} —7lltv =1/e

teorr = iNverse gap.

tmix > teorr leads to cutoff phenomenon.

Aldous—Diaconis (1986) s

. C e P e rormote
Diaconis—Fill-Pitman (1992) DTt
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Detailed balance, global balance, lifting

chain at
equilibrium

@ Reversible transition matrices P satisfy the ‘detailed-balance’
condition:
TaPap = TpPba

@ Non-reversible transition matrices P only satisfy ‘global
balance’:
Ta = Z b Pba

beQ
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Anharmonic potential (1D potential 1/6)

Usa()
Yy
0 €z
@ Anharmonic potential

2 4
X X
Un(x) = — + —
24(x) >t

@ Boltzmann distribution

m24(x) = exp [~ B U2a(x)] = m2(x)ma(x),

with 8 = 1/(kT): inverse temperature




Metropolis algorithm (1D potential 2/6)

procedure metropolis

input z  (sample at time ¢)

A + ran(—4,6)

2zt A

T + ran(0,1)

'

if T < min {1, ()
o4 ()

output z  (sample at time ¢ + 1)

: .’L'(—IL',

@ satisfies detailed balance ...

24(x) min [1”(())] — raa(x) min [1, (()) ]

@ ... famous, but not the end of history.
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‘Factorized’ Metropolis (naive) (1D potential 3/6)

procedure factor-metropolis
input z
A + ran(—4,9)
e+ A
T < ran(0,1)
/ /
if T < min [1, ma(@ ):| min {1, malx )] :
ma(x) ma(z)

{za
output =
xr —

@ also satisfies detailed balance...

! !

m4(x) min [1, ma(x )] min [1, ma(x)
7T2(X)

24(x) min [1, W’)] - [1 m(x’)]

TR Tl e
@ ... but is 'naive’. I tcne e
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‘Factorized’ Metropolis (patched) (1D potential 4/6)

— Usy(z)
— Us(x
U ( ) procedure factor-metropolis(patch)

a(2) / input z
/ A < ran(—4,0)

x4+ A

T2 ¢ ran(0,1); Ty« ran(0,1)

y /
if T < min {1, ma(a )} and Y4 < min {l. (= q :
ma(x) ma(z)
{ T+ (move accepted by consensus)

output «

0 s —

P {re <o [ TG AT min 55} -
min 1. 2285 o [ 2

@ ... tautological statement, wide-ranging implications
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‘Lifted’ Metropolis (1D potential 5/6)

procedure lifted-metropolis
input {z,0} (lifted sample at time t)

(@ (b) A +ran(0,6) (5>0)
Uz / , & ¢ 2 +0A (2 in direction o from z)
“ . T + ran(0,1)

equal-time —
samples if T <min |1, ——|: 2+ o

tev o To4(x)

\ ¢ else: 0+« —0o
t
Vi output {z,0} (lifted sample at time ¢+ 1)
Tow E Tov T —_—

o breaks detailed balance, satisfies global balance ...
@ ... and implements a non-reversible Markov chain.
Peters, de With (2012), Bierkens, Fearnhead, Roberts (2019)
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‘Lifted factorized' Metropolis (1D potential 6/6)

procedure factor-zig-zag
input {z,0},t (lifted sample with oz < 0)
2@ or/25 T Togran(0,1) (see Bq. (40))
28) « 0¥/ ~43 T logran(0,1) (see Ea. (41))
Tey < 0 min (\z,(y)\ \1f§“\)
toy <t + |2y — |
for t* =int(t) +1,..., int(tey):

print = + o(t* — t) (sample of m34)

)

T 4= Tov; 04 —0; bt toy  (“zig

output {z,0},t

o) ol = ey

o breaks detailed balance and is ‘lifted’...

@ ... coordinates independent factor decisions through consensus.
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Random walk (RW) on the one-dimensional lattice

@ In the bulk:
1 L
lll’llﬂlllﬁll%{
x; EQRW xteQRV?,raeLRW

@ At the boundary:
1 L
l‘llll—>l<°>|||l—>{

xt=1 or x;=L

rejected back move

(Te[ 1] p=
(T ]e] p-

NI~ N~
—~
N
o

xep1€QRW

1] p=
(Te] [ p-

NI= NI
—~~
w
N

xe41 €QRW
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Lifted random walk (I-RW)

@ Lifting of samples:

; (i,0)
EROEER{EELE (4)
—— [T
xe €Q-RW
@ In the bulk:
i -1 i+o _ p—a
[T Rl J*—=[ Tl ]~ (5)
X EQ-RW
X1 EQFRW a1 =1—a
@ At the boundary:
=1 ol T ] p=c
T T ] =@ 11]- (6)
: LT 1] p=5
x¢ at end point o——
xep1€QLRW

PR e
Diaconis, Holmes, Neal (2000) e



Random walk, lifted random walk (examples)

o l=[]TT7] 2=[TeI 1] 3=[TTe[] 4=[T1Te]
11 .
{1 - 1 -
Pwalls:§ 1 1
o101
o Lifted random walk (NB: a + 3 =1, «a~1/L)

L= 1T1] 3= 1] 5=[1T] 7=[111
2= 1] 4=[F[T] 6=[TTF[] 8=[T1T [
@

|
- @ ’
E{ﬂ Emln:r:m




Symmetric simple exclusion process (SSEP)

e Move (first part ...)

i J k
; L | Te) b=
— o |<®> [} p:
essser (Tele] # =

choice of active particle

Wik Wik Wi~

@ Move (... second part)

OEOROE
BODROE

Xt41 EQSSEP

N ECOND a{
[ —

choice of displacement

NI N[
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Totally asymmetric simple exclusion process (TASEP)

e Move (forward)

-
[ [®]e] [e]—[ [e]e] [e]

[ TeT®[ [e]—[Tel [ele]
AL T [(TeTe]

l*l—>l°l°l°l [ ]
L L+1=1

TASEP ~~
xe €4 active particle X1 EQTASEP

@ Move (backward)

-
[ [e] [e]

ECOROE0

BOCEOEED0ED

[ToT L I#1 [ ToTo] o) DOON
L L+1=

xe €QTASEP active particle Xe41 EQTASEP

e forward—backward coupling (ad-hoc, or boundary conditions)

eeeeeeee

NB: Non-reversible, i.e. non-equilibrium, but samples eqUI|IbI’IU|'TEj"|€* Zm\"y‘,fm
Boltzmann distribution.



Lifted TASEP (definition)

o QI-TASEP — QSSEP » 11 11} x {1,...,N}, L=10
@ Move (first part ...)

L [e]®] [o]=[ [o] [®fe]—-- (7)
x:€Q/—TASEP  ‘particle’ displacement

| [e]e®]e] |=[ [e]e]®] |—-- (8)
x¢ €QI—TASEP ‘lifting’ move

e Move (second part ...)

- cer S 2
o {BED 1 e




TASEP (example)

NB: Consider only the forward-moving sector (pbc):

I=[eJe[ [ ] 2=[e] Jo[ ] 3=[e] [ [e]
4=[TeJe] | 5= [Te[ Jo] 6=[T TeJe]
11 -
11
1] .1 -1
TASEP __ 1
P - 1 1 -
1 1
- 1 1—
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Lifted TASEP (example)

NB: Consider only the forward-moving sector (pbc):
L=[fe] ] 2=[e]o[ [] 3=[[ e ] 4=[e] [#[]
S=[e[ [ Je] 6=[[ o 7T=[Tofe] ] 8=[Teo]]
9=[To Jo] I0=[Te] [ 11 =[] [ofe] 12=[] Te]#]

@

@
@

I.Q.
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Synopsis of mixing and relaxation times

Algorithm mixing relaxation (inverse gap)
SSEP N3logN N3

TASEP N>/2 N>/2

Lifted TASEP (optimal o)  N? N?

@ continuous-space versions available (Kapfer—Krauth (2017))
@ see Essler—Krauth (2023)
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Parameter-dependence of relaxation times

Algorithm mixing relaxation (inverse gap)
Lifted TASEP (optimal a) N? N?

0 >
2 = 01 e
E w e
g =2 -
i — = 0.05
g a E
] Z —0.001 =
3 = 0 0.005 0.01 0.015
3 L \
i. 4 \ 1L
\\
. -0.002
! 0 0.00005 0.0001
@i o5 o5 o7 oa oo 5
@ (pullback) 1/L
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A second revolution in Markov-chain Monte Carlo underway.
Time scales of MCMC much better understood.
Non-reversible MCMC is what comes after the revolution.

Exactly solvable non-trivial models of crucial importance.

Lifted TASEP may serve as paradigm
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