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Total variation distance, mixing time (reminder)

Total variation distance:

||π{t} − π||TV = max
A⊂Ω

|π{t}(A)− π(A)| = 1
2

∑
i∈Ω

|π{t}
i − πi |.

(Above) first eq.: definition; second eq.: (tiny) theorem
Distance:

d(t) = max
π{0}

||π{t}(π{0})− π||TV

Mixing time:
tmix(ϵ) = min{t : d(t) ≤ ϵ}

Usually ϵ = 1/4 is taken (arbitrary, must be smaller than 1
2 ):

tmix = tmix(1/4)
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Diameter bounds, conductance

Graph diameter L: minimum number of moves to travel
between any i , j ∈ Ω.
NB: L = 5 for 3 × 3 pebble game.
Diameter bound: or any ϵ < 1/2, trivially satisfies

tmix ≥ L/2.

Conductance (bottleneck ratio):

Φ ≡ min
S⊂Ω,πS≤ 1

2

FS→S
πS

= min
S⊂Ω,πS≤ 1

2

∑
i∈S,j ̸∈S πiPij

πS
.
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Direct sampling with bottleneck

NB: within S: reaches a boundary site i ∈ S with probability
πi/πS
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Markov-chain sampling with bottleneck

NB: within S: reaches a boundary site i ∈ S at most with πi/πS
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Conductance and correlations
Remember:

Φ ≡ min
S⊂Ω,πS≤ 1

2

FS→S
πS

= min
S⊂Ω,πS≤ 1

2

∑
i∈S,j ̸∈S πiPij

πS
.

Reversible Markov chains:

1
Φ

≤ τcorr ≤
8
Φ2

(second relation see Sinclair & Jerrum, Lemma (3.3) (p
15-17))
Arbitrary Markov chain (see Chen et al):

1
4Φ

≤ A ≤ 20
Φ2 ,

(set time: Expectation of maxS (tS × πS) from equilibrium)
NB: One bottleneck, not many. Lower and upper bound.
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Conductance and mixing

Φ ≡ min
S⊂Ω,πS≤ 1

2

FS→S
πS

= min
S⊂Ω,πS≤ 1

2

∑
i∈S,j ̸∈S πiPij

πS
.

Mixing-time bounds:

const
Φ

≤ tmix ≤ const′

Φ2 log (1/π0)

const and const′ depend on whether reversible or
non-reversible. π0: smallest weight (see Chen et al 1999).

NB: One bottleneck, not many. Lower and upper bound.
NNB: Conductance: more general than transition matrices
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