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Total variation distance, mixing time (reminder)

@ Total variation distance:

t _ {1}
HW{}—WHTV—TC?!;;IW{}( —m(A)| = §:|7r - mjl.
/eQ
@ (Above) first eq.: definition; second eq.: (tiny) theorem

@ Distance:

a(t) = m{g§<||7f{t}( 7O — 7[|rv

@ Mixing time:
fmix(€) = min{t : d(t) < ¢}
@ Usually e = 1/4 is taken (arbitrary, must be smaller than %):
fmix = tmix(1/4)
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Mixing (reminder)

@ Distribution 7=0 (starting from upper right)
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@ Distribution 7=1 (starting from upper right)
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@ Distribution 7=2 (starting from upper right)
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@ Distribution 7=2 (starting from upper right)
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@ Distribution 7=* (starting from upper right)
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@ Distribution 7=° (starting from upper right)
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@ Distribution 7!=® (starting from upper right)
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@ Distribution 7=7 (starting from upper right)
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@ Distribution 7=8 (starting from upper right)
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@ Distribution 7=° (starting from upper right)
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@ Distribution 7=10 (starting from upper right)
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@ Distribution 7!=0 (starting from center)
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@ Distribution 7=1 (starting from center)
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Diameter bounds, conductance

@ Graph diameter L: minimum number of moves to travel
between any i,j € Q.

@ NB: L =5 for 3 x 3 pebble game.
@ Diameter bound: or any e < 1/2, trivially satisfies

Z‘mix > L/2-

@ Conductance (bottleneck ratio):

Fo s . 2iesjesTiPj
ScQms<i TS ScQms<j TS
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Direct sampling with bottleneck

NB: ... reaches a boundary site i € S with probability ;/7g
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Direct sampling with bottleneck

NB: ... reaches a boundary site i € S less than with 7;/7g
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Conductance and correlations

Remember:

Fs.5 - 2iesjgs TPy

ScQmrg<i TS ScQmg<i TS

@ Reversible Markov chains:

1 8
6 < Teorr < @
(second relation see Sinclair & Jerrum, Lemma (3.3) (p
15-17))
@ Arbitrary Markov chain (see Chen et al):
1 20
< <
40 — A »2’

(set time: Expectation of maxg (ts x mg) from equilibrium)
NB: One bottleneck, not many. Lower and upper bound.
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Conductance and mixing

Fs.5 - Yiesjgs TPy

ScQmg<l TS ScQmg<i TS

@ Mixing-time bounds:

const const’
< tix < 2 |0g(1/7TO)

const and const’ depend on whether reversible or
non-reversible. my: smallest weight (see Chen et al 1999).

NB: One bottleneck, not many. Lower and upper bound.
NNB: Conductance: more general than transition matrices
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Metropolis algorithm on path graph

@ path graph P, = (Qn, Ep) - ..

@ vertices < sample space Q, = {1,...,n}

@ edges Ep = {(1,2),...,(n—1,n)} < non-zero P;

@ one-d n-site lattice without pbc.

@ stationary distribution = = {r4,...,7n} < GBC.

Metropolis algorithm:

@ From vertex i € Q choose j = i + 1 with probability 1/2
Q ifjZQ:stayati
© otherwise: accept i — j with probability min(1, 7;/7;)
Q clse stay at /.
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Path-graph stationary distributions and capacities

const square-wave V-s| aped
o TET
n

@ Constant: 7; = 1 Vi € Q.
Conductance ¢ = O (1/n).

o Square wave: mok_4 = %, ok = %
Conductance ¢ = 2. (for n — ).

@ V-shaped: 1; = const| o8 — i Vi € Q, where const = 5.
Conductance ¢ = 5.

NB: Graph diameter n.
NNB: 7 normalized.
NNNB: Bottleneck between / = 7 and j = J + 1.
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