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Metropolis algorithm on path graph (1/4)

path graph P, = (2, Ep) ...
vertices < sample space Q, = {1,...,n}
edges E, = {(1,2),...,(n—1,n)} < non-zero P;
one-d n-site lattice without pbc.
stationary distribution 7 = {m,...,7n} < GBC.
Phantom vertices 0 and n+ 1 with 7y = 7,1 = 0, and
@ Phantom edges (0,1) and (n,n+1).
Metropolis algorithm:
@ From vertex i € Q choose j = i + 1 with probability 1/2
@ accept i — j with probability min(1, 7;/7;)
© else stay at .
© NB: Phantoms are nice
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Metropolis algorithm on path graph (2/4)

const square-wave V-sl aped
TcT
N

@ Checking detailed balance (m;Pj; = m;P;):
@ Checking global balance (>_; 7;Pj = 7)):

T — %Inin(m,m,l) - %Illill(ﬂj,ﬂj+1)

% min(m;_1,m;) %Inin(m.m_,,l)
8 .

5 min(m;,mi—1) % min(m;41,m;)

@ Irreducibility OK
@ Aperiodicity OK, thanks to boundaries
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Metropolis algorithm on path graph (3/4)

const square-wave V-s| aped
o TET
n

@ Constant: mj = 1 Vi€ Q.
Conductance ¢ = O (1/n).

@ Square wave: my_1 = 2., Tok = 3.
Conductance ¢ = 2. (for n — ).

@ V-shaped: m; = const| el j| Vi € Q, where const = %.
Conductance ¢ = n—.

NB: Graph diameter n.
NNB: 7 normalized.
NNNB: Bottleneck between / = 7 and j = J + 1.
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Metropolis algorithm on path graph (4/4)

const square-wave aped
T

@ Constant: 7; = 1 Vi € Q.
Conductance ¢ = O (1/n).

Mixing time O (n?). Markov chain is transport-limited.

o Square wave: mok_1 = %, ok = %

Conductance ¢ = 2. (for n — oo).
Mixing time O (n?). Markov chain is transport-limited.

@ V-shaped: m; = const|f! — i| Vi € Q, where const = 4.
Conductance ¢ = 5.
Mixing time O (n? log n). Markov chain is
conductance-limited (up to a log).
NB: Mixing time in S is O (n?).
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Lifting (Chen et al (1999)) (1/2)

@ Markov chain I < Lifted Markov chain f1

@ Q (sample space) < 2 (lifted sample space)

@ P (transition matrix) < P (lifted transition matrix)

@ Condition 1: sample space is copied (“lifted”), = preserved

szﬁ[fq(V)}: Z i,

ief=1(v)
@ Condition 2: flows are preserved
lifted flow
~/
Py = > 7Py .

collapsed flow €1 (v),jef~"(u)

@ Usually: © = Q x £, with £ a set of lifting variables ¢
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Lifting (Chen et al (1999)) (2/2)

@ Condition 1: sample space is copied (“lifted”), = preserved
Ty =7 ['H(V)} = > #
ief=1(v)
@ Condition 2: flows are preserved

lifted flow

A
7TVPVU = E 7Py .
N , 1y

collapsed flow €71 (v),jef~"(u)

@ Lifting does not increase the conductance (TD).
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Lifting on the path graph (1/4)

Probability distribution = = (1/n,...,1/n) (Diaconis et al. 2000)

@ “Collapsed” Markov chain:

@ “Lifted” Markov chain Q = Q x {—, +}:

I+ 1r 3¢ Yfr'
RS

|-
- 1= 3- ‘ﬁ-
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Lifting on the path graph (2/4)
Probability distribution = = (1/n,...,1/n) (Diaconis et al. 2000)

@ “Lifted” Markov chain O = Q x {—, +}:

I Ir n"‘(:‘%
0--)-4.-—3-'
2, 4,
- 1~ 3- n-
@ Two-step version
T T"j"'_SPOFt nT Resampling
- - ) B " 8 8 @ .
i R
""l{—o&oﬁ'—o,{_m s = = 8 g
- 1- 3- n-
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Lifting on the path graph (3/4)
Probability distribution = = (1/n,...,1/n) (Diaconis et al. 2000)

@ “Lifted” Markov chain O = Q x {—, +}:

1+ Ir 2 n";%‘
‘—-—)oqh—y-'
G
- 1- 3- n-
@ Two-step version
T Trj}.sport nT Resampling
e —e——p-- - = © " 8 8 s .
IS hhbid
- 1- 3- n-

@ Analyze, then generalize the behavior at the boundaries
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Lifting on the path graph (4/4)

@ ‘“Lifted Markov chain: Transport”

1. L,
X 5 min(m;—1,m;) [ 5 min(m;,mipq) [
G(-1.4+1) | 2 s 2 o i+1,+1

% [7r,i—min(7ri.,7r;+1)]‘ﬂ\% [m;—min(m;—1,m;)]
3 min(mi_1,m) L mnin(mimisr)

@ ‘“Lifted Markov chain: Resampling”

@ Resampling can often be dropped
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Lifting and global balance

v Jr Trj}sport nT Resampling
.—.yq _--)H - - [ ] - -
™ T dahdad
Well s = s ® g
- 21~ 3- n-

@ Flow into configuration (x, +) (transport):

(X —1,4) = (x,+) AF —mln(7rx1, )

(Xv_) ( +) RX_WX_m'n(x T )
@ Flow into configuration (resampling):
(6, +) = (6 +) L =01 - Nm =51 = \n(x)
(=) = (6 4) LT = Ame = 3A7(x)
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Lifting and mixing

v Jr T"j‘rSPOFt nT Resampling
.—.9.4.__*._..-_)9 . . L] . .
1 P G d g @
WelI s = = ® .
= 1~ 3- n-

@ The V-shaped stationary distribution is an ideal model to
test the lifted Metropolis algorithm.

@ It has conductance O (2/n?), so mixing at least ~ n?
@ Collapsed Metropolis: tyix = O (n?log n)

o Lifted Metropolis: tmix = O (n?)

o Lifted Metropolis (restrictedto S = {1,...,3})

restricted — ) (n) with TVD decreasing to 3.
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