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Abstract. We have studied the "collective" diffusion of a concentrated solution of "living
polymers" in brine, which in certain concentration conditions exhibit superdiffusive (L4vy flight)

behaviour when tracer diffusion is considered. The concentration profile of the diffusion front is

monitored over time using a Michelson interferometer. We show how a concentration dependent
diffusion constant can be extracted from the fringe pattern. We find that the diffusion constant

decreases linearly with increasing concentration, at variance with a power-law dependence, ex-

pected when the interaction between chains is neglected.

1. Introduction

Cylindrical micelles have been studied as a model system for living polymers, I-e- flexible

macromolecules that may break and recombine. Numerous techniques, among these light
and neutron scattering iii, electron microscopy [2], NMR [3], t-jump and p-jump [4] and also

fringe pattern fluorescence recovery after photobleaching have been used. Using this latter

technique we showed that these micelles indeed are transient objects, I-e- they break and

recombine on ms to 100 ms timescales is, 6]. The measured monomer self-diffusion constants

can be explained by a combination of polymer reptation and changes of track due to breakage
and recombination [7]. Our experiments further revealed an interesting anomalous diffusion

behaviour, which we interpreted in terms of L4vy-flights [8, 9] an explanation arising almost

naturally from the large size distribution of these micelles, and the strong dependence of the

diffusion constant as a function of the size of the micelle. Finally, the temperature dependence
of the self-diffusion constant at high concentrations is well-related to the amount of energy to

form a micelle endcap, as measured by other techniques [10].
An unsolved problem [from an experimental point of view) remains the size distribution of

these objects: due to the transient character of these concentration dependent objects a direct
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measurement of their size is not possible. However, the shape of this distribution (in particular
for small sizes) was one of the input of the L4vy flight interpretation proposed in [8,9], the

other one being the dependence of the diffusion constant on the size; it would thus be gratifying
to obtain independent confirmation of these assumptions. Recent numerical simulations have

been published [11], and provide interesting informations.

In this paper we present a new approach to study the collective diffusion of these micelles in

a Michelson interferometer. Collective diffusion [12] is a priori very different from self diffusion

(or tracer diffusion) [13], although they coincide in the dilute limit. This is particularly clear

in the case of a semi-dilute polymer solution: at short time scales as in a light scattering

measurement collective diffusion is related to breathing of the network, and is thus accelerating
with concentration. Conversely, self diffusion becomes slower and slower. For a semidilute

polymer solution scaling arguments lead to a power of ~§9@ for the osmotic pressure as a

function of concentration # and to a power of ~l~@ for the collective diffusion constant [14] as

compared to ~l~°~ for self-diffusion. Collective diffusion of polymers has been measured by
forced ltayleigh scattering [15]. However the situation is different when considering cylindrical
micelles: Constraints may relax by breakage and recombination. l/fore importantly, the size

distribution of these objects is large and their mean length increases with concentration.

Starting with a sharp interface between a high concentration and a low concentration re-

gion, we expect to observe a highly asymmetrical diffusion profile, allowing us to extract a

concentration depend diffusion constant D(~l). This diffusion constant can be related to the

concentration dependent size distribution of these micelles, and not (in
a first approximation)

to tile size dependence of the diffusion constant of each micelle. Simple arguments give that

D(~l) should first decrease as a power la~v. ~l~~ as ~l is increased, with a rather large value of i,
and then increase when interactions between chains become dominant. Although our experi-

mental data are not incompatible with ri ci 0.6 a simple linear decrease D(~l)
=

Do Di§i is a

very good description for ~l between 0 and 100 mM.

2. Experimental

Cylindrical micelles were made of cetj,ltrimethylammoniumbromide (CTAB) from Aldrich sol-

ubilized without further purification in brine made of KBr in water at concentrations of 0.5,

1, and 2 M. Experiments were performed at 40 °C. At this temperature only the 2 M sam-

ple remained noticeably viscoelastic. Half the volume of a Hellma quartz cuvette, size of

20 x 10 x 0.2 mm, was filled with 100 mM CTAB solution. To avoid a curved meniscus due to

wetting forces and solution sticking to the glass walls of the empty half of the cuvette, it was

spun with the Hellma centrifuge leading to a perfectly clean and straight interface after only

a few minutes. The upper half of the cuvette was then filled with brine and the cuvette was

quickly inserted into the pathway of a standard Michelson interferometer as used for teaching

courses, illuminated with
a sodium lamp and an

interference filter selecting the 590 nm
band.

The interference pattern was projected onto a Sony CCD camera equipped with standard zoom

optics plus an additional biconvex lens. Resolution due to optics limitations and camera was

about 40 microns. The image was transferred to a Macintosh II ci computer equipped with

a frame grabber and NIH Image software leading to a distance of12 microns per pixel or

roughly 10 mm per image. The software was modified in a way that one line of the live image
perpendicular to the diffusion front could be chosen. This line was then grabbed at suitable

time intervals and a new image was constructed by adding these lines one by one showing the

time evolution of the diffusion front (Fig. 1).
Attention had to be given to the orientation of the cuvette inside its temperature controlled

housing (see Fig. 2), since gravitational effects could not be neglected: a vertical orientation but
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Fig. 1. Evolution of interference fringes as a function of time (vertical axis) for a horizontally
oriented cuvette at 0.5 M KBr. Total observation time is 2.5 hours.

with the CTAB at the bottom leads to a regular pattern as a signature of an instability at the

interface. Horizontal orientation of the cuvette did lead to a stable interface, but the diffusion

constant derived from glycerol as a test substance turned out to be much higher than expected
and results for this orientation have to be considered cautiously, since the interface presumably
tilts. Only when the dense liquid was at the bottom the diffusion constant for glycerol matched

the literature values. This is thus the geometry on which we will focus, although some results

concerning the horizontal orientation will be reported. The longest measurement took 9 hours

at highest salinities. Note that even after 16 hours the diffusion front was still perfectly regular
(Fig 3).

Note finally that no traces of wetting or
flow are seen in the cuvette when it is inserted in

the interferometer. This is not surprising since our system is an amphiphilic system. Even

after centrifugation the surfaces of the upper part of the cuvette must still be covered with

surfactant. The surface tension between the glass, brine and CTAB is therefore expected to

be very low and capillary effects, given further the high viscosity of the CTAB solution, can

certainly be neglected.

3. Image Analysis and Diwusion Constant

Images were analyzed using Kaleidagraph software. The concentration profile was extracted

from the interference pattern of the interferometer, supposing the light pass difference propor-

tional to concentration, 100 mM of CTAB corresponding to nine wavelengths. It was found that

interference fringes sometimes had a slight tendency to creep, probably due to room temper-

ature fluctuations during the observation. For this reason only the shape of the concentration

profiles could be extracted and not the absolute values ofthe concentration profile. We noticed

that at the beginning of the experiment interference fringes spacing was modified due to the

relatively strong refraction index gradient at the interface, these profiles had to be regarded
with caution. Due to this limitation a reasonable calculation of the profile could be achieved

for a factor of five to 15 in observation time only.
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Fig. 2. Scheme of the orientation of the cuvette during the experiment: a) vertically oriented cu-

vette, b) horizontally oriented cuvette. Components belonging to the interferometer or to temperature
control are not shown.

lye suppose that the basic diffusion equation takes the following form:

where x denotes the distance from the initial interface, t is the time and Did) the concentration

dependent diffusion constant. In principle, D(~l) can thus be extracted from the images by
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Fig. 3. Interference fringes after a diffusion time of16 hours. Note that the diffusion profile is still

perfectly regular (verticallv oriented cuvette).

~~~~~~~~~~~

f~~~~ dx' °~(~'~~ (2)Dl~)
" fij(~,t)

0~ ~

To simplify the computation of the concentration dependent diffusion constant it was checked

that the profiles at different observation times were to a good approximation self-similar

(Fig. 4). In other words, that an exponent v
could be found so that the diffusion profile

is described by a reduced variable: ~l(x,t)
=

~o(u =
fi). Figure 4a gives diffusion profiles at

different times of observation, Figure 4b shows the superposition of the same curves stretched

by a factor t". Exponents v were close to 0.5, although slightly smaller, at least in the vertical

case iv
=

0.41 for the 1 M KBr and v =
0.38 for 0.5 M KBr). This could be due to gravity

effects, which slightly slow down diffusion through a buoyancy term that we have neglected in

equation (2).
For self similar diffusion profiles the diffusion constant is given by a

much more convenient

expression:

D1~s)
=

~~
[)~~~ 13)

au ~

The derivative term can be directly calculated; in order to diminish its noise a running average
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Fig. 4. Concentration profiles for a vertically oriented cuvette. From top to bottom: 0.5 M, 1 M

and 2 M KBr; a) profiles at dderent times la factor of 5 to 15 bet,veen the shortest and the longest
observation time). b): Superposition of these profiles after stretching,vith t". v is 0.38, 0.45 and 0.5

for 0.5, 1 and 2 M KBr respectively.
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Fig. 5. Plot of the concentration dependent diffusion constant for a horizontally oriented cuvette

filled with M KBr calculated using self similarity (Eq. (3))
or calculated by numericalinversion of the

diffusion equation (Eq. (2)) around the same observation times (both curves superposed on a semi-log
plot).

was applied. A suitable window was ten pixels in the middle of the profile and 50 pixels at

both ends where the slope was weak. Since the shape of the integral term is very sensitive

to noise in concentration values far from the interface, its naive calculation very often lead to

an important offset. Another difficulty in the calculation of the integral was that the precise
location of the initial boundary between the liquids was a priori not so well-defined. It was

not simply taken from an image of the interference pattern (Fig. 1) since its position might be

shifted at the beginning of the experiment due tp the already mentioned refraction effects. A

first control of the integral offset was given by directly looking at its shape: curvature had to be

increasingly concave far from the interface. At points where the slope remained constant, side

effects like uneven illumination became dominating and at these points the integral should be

close to zero. We further assumed the diffusion constant to be well-behaved and a divergence

of the diffusion constant at low °'jl'~l had to be due to either a wrong position of the interface

(divergence at one end) or to a wrong offset (divergence at both ends). Note that ~@
can

becomi
very small which makes this iterative approximation very precise. Following this

method the interface could be determined with a precision of about +1 or +2 pixels depending

on the individual measurement. Its position always turned out to be in agreement with the

initial guess from the image of the interference pattern. Note that the value of the integral

at the interface and also the value if the derivative at this point have to scale with the same

exponent v as a function of time giving a further possibility of controlling of the calculation.

Self similarity further means that concentration at the interface is constant. simplifying the

adjustment of the offset of the concentration. This was simply done by superposing the curves

and estimating their zero by eye. This was precise to a few mM of CTAB concentration.

We ha,~e finally checked directly, in the case of the (horizontally oriented) 1 M KBr sample,
that the direct calculation using equation (2) gives very similar results to those obtained using

a self-similarity assumption equation (3) see Figure j.

4. Results and Discussion

4,I. VERTICAL ORIENTATION OF THE CUVETTE, CTAB ABOVE BRINE. The diifUsiofl

constant as a function of concentration can be seen in Figure 6, and is well-approximated by a



1106 JOURNAL DE PH&'SIQUE II N°8

D cm2/s D cm2/s

6.0 lo
?

2.0 lo ?

dl 2M KBr

5.0 lo
? a) 0.5 M KBr

1.5 lo
? b)

4.0 lo
?

I.B h~

~ ~
c) lM KBr

3.0 lo 1.0 lo

2.o io
~

i-o io
~ /

5.o io °

more than 3hrs

o

0 20 40 60 80 lx 0 20 40 60 80 loo

ICTAB) mM jCTAB) mM

a) b)

Fig. 6. Concentration dependent diffusion constant for 0.5 M, 1 M and 2 M KBr vertically oriented,
showing a linear dependence. a) 0.5 M for different observation times, between 0.9 and 7.2 hours. b)-d)
linear regression of the D(#) dependence at 0.5, 1 and 2 M KBr. Values for Do at zero concentration

are 1.7, 1.6 and 2.0 x10~~ cm~ Is respectively and slopes Di are 1.3 and 1.3 and 1.7 x10~~ cm~ /s/mM.

simple linear relation D(~l)
=

Do Di§i up to the highest concentrations ~l =
100 mM (but see

the discussion below). Of course, t,his linear relation must break down for higher concentrations

since D(~l) cannot become negative. Physically, interaction effects are expected to increase D

at higher concentration.

We note that for different observation times t the diffusion constants extracted using (3)

are very close which is consistent with the assumption of self similarity. At the lowest con-

centrations, the measured values agree well with our previous self-diffusion study (Do around

2 x
10~~ cm~ Is ), which is another check of the consistency of our procedure.

It is interesting to see that the values for D are about the same for the three concentrations

of KBr. Self diffusion measurements also gave roughly similar values. Note however that D

seems to be minimum for 1 M KBr; this might be related to the fact that the rheological
relaxation time reaches a maximum for I-S M KBr [16], a fact which could be induced by the

branching of the micelles.

4.2. HORIzONTAL ORIENTATION OF THE CUVETTE. The 0.5 M KBr and the 1 M KBr

samples also gave self-similar concentration profiles, but not the 2 M KBr sample. The "ef-

fective" diffusion constant extracted as above as a function of concentration seems to depart
from a linear concentration dependence (which holds in the vertical case) evolving towards an

exponential or a power-law (see Fig. 5). Note however that the diffusion constant in the hor-

izontal case is an order of magnitude higher than for the vertical setup, showing that gravity
enhances mixing of the liquids. We conclude that we probably see here a tilting of an interface

of two liquids with different densities, and not a simple diffusion front.

4.3. THEORY. Since we observe that the diffusion constant decreases with concentration in

the studied regime (~l < 100 mM), it is not unreasonable to start by neglecting completely the

(repulsive) interaction between the micelles, while still retaining the breakage/recombination

processes. In the present experimental situation, we estimate the breakage /recombination time

to be of the order of Tb ~ 100 ms [9,17], to be compared to the time scale for diffusion, which
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is of the order of hours. We can thus make an "adiabatic" apjroximation, assuming that the

size distribution P(I, ~l) (I is the length of the micelles) always sticks to its equilibrium form,
which we will take, following [8, 9] to be:

Peq (ii ~i) =

Mt~~" exPl-
)1

14)

where L(~l) is the typical size of the micelle for a given concentration ~l P(I, ~l) is the probability
(per unit volume) to find a micelle of length I. Hence, one should have by definition:

~l =

/~
di tP(t, ~l) is)

o

leading to L(~l) c~
~lfi The simplest, mean-field case corresponds to a =

0 and L(~l) c~
fi

[7]. Recent numerical simulation ii ii support equation (4), although the sign of
a is found to

be negative, at variance with what was surmised in [8, 9] (but in agreement with theoretical

calculations [18]). Note however that equation (4) with a > 0 was only chosen to describe

the possibility of an excess probability of very small, fast micelles. This is actually what the

numerical simulations of [11] show. In other words, equation (4) with
a < 0 does not describe

well Peq(I, ~l) for very small i's.

Now, we assume that the diffusion constant of a micelle of size I is given, in the semi-dilute

regime (corresponding in our experiment to ~l > 10 mM) by a generalized reptation law [8, 9]:

Di~)
= ]il~~ t < Ye

Dl~)
(Ye j~ ~ ~ j~~~ f 7 ~~

where a is the size of the "monomer" (the smallest spherical micelle) and D(a) its associated

Stokes diffusion constant, and R(t) the radius of gyration of a micelle of size t, ye is the

entanglement length, and fl an exponent which is equal to fl
=

2 in the usual reptation picture.
In our experimental situation where the salt concentration is high, we have estimated L(~l)
to be of the order of100 persistence lengths; this means that a substantial fraction of chains

indeed move by reptation, which is important to observe a LAvy flight regime). However, as we

shall see below, we expect that short chains (such that t < ye) give the dominant contribution

for collective diffusion; the value of fl thus cannot be reached by this method.

There are a priori three times scales of importance: the breakage /recombination time scale

Tb, the t dependent reptation time Tr, and the experimental diffusion time t. Since, as expected,
the collective diffusion constant is dominated by the contribution of the smallest micelles, we

shall argue that the relevant regime of time scales is Tr « Tb « t. (Actually, precisely the

same condition is needed for the very existence of a LAvy flight regime [9]). In this limit, the

diffusion equation for
a

the concentration of a given "specie" of micelle is given by:

~~~~~'~~ =
ii ~ i') + (I' ~ i) + )Vii) ~~~j'~'~~ (7)

where we have written sj,mbolically the terms corresponding to breakage and recombination,
but which cancel each other according to our "adiabatic" (Tb < t) assumption. Multiplying
by t the above equation and integrating over t and using the explicit form of Peq, we find:
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It is easy to see that the last integral is in general governed by its lower bound, which means that

the major contribution to the diffusion constant comes from the smallest micelles. Therefore,

both integrals give the same contributions (up to prefactors), and we find:

g~~~~ 2a-3

~~§~~ ~ ~~~~ ~
§~~~~ ~~ ~~~

Using the standard scaling forms of ge and ( with # [14], we thus finally find:

where ( escribes the of the chains within one "blob"
ideal, wollen,

or stretched).

Note
that the exponent fl indeed from the mputation, provided it is large enough

so that the second integral above is dominated by
its

lower
bound.

In any case, i is found

to be larger than 2.41, for any value of a (positive or negative). In

arguments sho~v
that in the

mi-dilute
egime where L4vy

flight effects are observed (which

implies that ge < L(#) [8, 9]), the decay of the
collective diffusion onstant

as

concentration
ould

be very rapid. A rather unconvincing fit of our
data

in the

region # = 10 -100 mM gives
however

r/ ci 0.6, which is

suggests
that osmotic

pressure
effects, although still too weak to increase

Do, significantly, and unfortunately) prevent

5. Conclusion

We have thus shown in this paper how in principle fringe patterns could be used to extract re-

liable information on the collective, concentration dependent, diffusion constant of amphiphilic
molecules. Although one motivation of our study was the theoretical jossibility of obtaining

directly some information on the size distribution of these objects, our experimental results are

not in agreement with our expectations. We have at present no interpretation of the apparent
linear decrease of the (collective) diffusion constant as a function of density; it might be that

several competing mechanisms contribute in the region which we have investigated.
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