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A new approach of turbulence is developed, based on the simultaneous analysis of the dynamical

mechanisms governing the Lagrangian evolution of velocity increments and of their statistical effects.
The corresponding Fokker-Planck equation is derived, including the three inertial effects (amplifi-

cation of rotation by stretching, negative feedback of rotation on stretching and scale stretching),

pressure, viscous diffusion and forcing. Their influence on the cascade is then investigated and

discussed.

One of the most striking features of 3D turbulent flows
is to induce a very efficient dissipation of energy whereas
the viscosity v, responsible for this dissipation, becomes
inefficient in this regime at the scales at which energy is
injected. To solve this paradox, Richardson [1] proposed
the existence of a mechanism which would transfer the
energy from large scales where kinetic energy is injected
in the flow, to small scales where it is dissipated by vis-
cosity. Expressed in statistical terms, this energy cascade
corresponds to the existence, on the average, of an energy
flux £(¢) in scale space. In the idealised case of an homo-
geneous and isotropic turbulence, Karman and Howarth
[2] have expressed £(f) as a function of the statistics of
velocity increments ¢ and Kolmogorov [3] derived some
important consequences of this relation (when there ex-
ists a range of scales for which dissipation is negligible
compared to energy transfer (£(¢) ~ €)). Although these
two papers had been followed by an incredible amount of
litterature (see [4] for a review of these works), two prob-
lems of fundamental importance have remained open up
to now. Firstly, what are, in the physical space, the dy-
namical mechanisms which govern the energy cascade?
Second, what determines the sign of the cascade? How
does the energy flux £(£) evolve in particular during tran-
sients? The aim of this letter is to shed some light on
these two questions by developping a new framework to
analyse turbulent flows both instantaneously, in the phys-
ical space, and statistically. This is done by establish-
ing the equations governing the Lagrangian evolution of
velocity increments, and by deriving the corresponding
Fokker-Plank probability equation.

Since pioneering work by Richardson [1] and Taylor
[5], the energy cascade has been ascribed to the vortex
stretching mechanism. However, half of the problem is
forgotten if the dynamics of the stretching is not consid-
ered simultaneously. It has been shown experimentally
by Andreotti et al. [6,7] that there exists a negative feed-
back of rotation on stretching. To introduce these two
mechanisms (amplification and feed-back) into a statisti-

cal description of turbulent flows, we will consider simul-
taneously the two components of velocity increments:
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The longitudinal component v is the velocity at which
the two particles move away one from each other, and the
transverse component u; is the rotation speed around
the middle point (Fig. 1).
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FIG. 1. Velocity increment represented in the middle point
frame of reference. uy /£ is the rotation rate around the mid-
dle point and u /¢ the local stretching rate.

Starting from the Lagrangian equation of motion for
the two particules (Fig. 1), the equations governing
the evolution of the increment three characteristics, ¢,
u) and wuy, are obtained by projection on the basis
(&), €1, & A EL):
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where fdenotes the force difference (pressure and vis-
cosity) between the two points: f: ) (—ﬁp + VA{").
The transfer of kinetic energy from one scale to another
comes simply from the fact that the scale ¢ changes and
£ evolves due to the stretching of material lines (eq. 2)
at the time rate u) /. If ) < 0 the energy flux is locally



orientated from large to small scales; if u > 0 the cas-
cade is locally inverse. The first (inertial) terms of egs.
(3) and (4) precisely corresponds to the amplification of
rotation due to the streching (eq. 3), and to the nega-
tive feedback (eq. 4). They can also be interpreted as
Coriolis and centrifugal forces, respectively.

We can now derive from the Langevin equations (2-
4), the equation of conservation of probability (Fokker-
Planck). The basic quantity to be considered is the prob-
ability P*(u),uy,£ |t) that the increment defined by two
particles chosen at random in the control volume be char-
acterised by ¢, u) and u . For the sake of simplicity, we
will only consider the case of a 3D unbounded flow. In
that case, the probability that two points be separated
by ¢ scales as ¢2, due to incompressibility, so that the
joint PDF conditioned by the scale £ reads:

P (), uL |€,t)o<£2P*(u”,uL,€|t) (5)

Roughly speaking, P(u,u1) corresponds both to an av-
eraging in space (through the random trial of the two
particles) and to an averaging over a set of possible initial
conditions. It 1s of fundamental importance to note that
the normalisation of P to 1 i1s not insured automatically
by the Fokker-Planck equation, but results from incom-
pressibility [8]. It can be shown from elementary Fourier
analysis that incompressibility leads to four invariants [9]
which should be preserved by the Fokker-Planck equa-
tion:
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Each term in the Langevin equations (2-4) (each dynam-
ical mechanism) leads to a separate term in the PDF
equation :

0P = I[P]+ TI[P] + F[P]+ V[P] (7)

I[P] corresponds to the inertial effects (first terms in egs.
(2, 3,4), TI[P] to pressure, F[P]to the forcing and V[P] to
the viscous dissipation. An elementary Langevin/Fokker-
Planck transform [10] of inertial terms allows to find the
exact expression of I[P]:
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The kinetic energy per unit mass E« (£,%) "contained" in
the scales smaller than ¢ can be constructed as:

Be(t) = 5 (<uf>+<ul >) o)

Its time derivative due to inertial effects 1.e. the energy
flux £(¢) through scale £ follows from eq. (8):
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Note that the energy flux exclusively proceeds from the
scale stretching (eq. 2) and not from the interaction be-
tween stretching and rotation (eqs. 3 and 4) which is a
conservative process.

Pressure is constrained by incompressibility. The iner-
tial term I[P] preserve three of the four incompressibility
relations (6):
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The fourth one 6tX4)I[P] is not null and thus gives a con-
straint on the pressure term. The pressure gradient being
a regular force, only its local component i.e. its average
conditionned by the local properties of the flow appears
in the Fokker-Planck equation [11]. From a physical point
of view, the pressure gradient mainly balances part of the
inertial forces, namely their potential part. The pressure
gradient being null on the average, this suggests the fol-
lowing form,
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which turns out to be a generalisation of the pressure
Poisson equation: in a rotating region of the flow, the
pressure is locally minimum and balances part of the cen-
trifugal force while in a stretching dominated region, the
pressure is locally maximum. Both a and @ should thus
be positive. The pressure gradient cannot balance the
solenoidal part of inertial terms in particular the effect
of stretching on rotation (conservation of angular mo-
mentum) [12]. On the average, we thus get:

<_EJ_'56P|U||,UJ_ >=0 (13)

Finally, within this assumption, the pressure term TI[P]
reads:
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The pressure gradient conserves energy. Thus, a(f) and

B(¢) should verify:



a(f) < ujj >= () < uyui > (15)

Moreover, pressure should insure incompressibility. The
first two incompressibility invariants (6) are automati-
cally preserved. xs is invariant, due to relation (15). The
fourth one, x4, gives the second independant equation on
a(?) and B(¢), which can be easily explicited if needed:

3tX4)I[P] + atX4)H[P] =0 (16)

Figure 2 shows «(f) and §(f), computed for a Gaussian
field whose energy distribution F<(f) was taken from
experimental data. We observe that the two functions
a(f) and B(¢) continuously decrease from small to large
scale where they vanishes. This means that the mean
compensation of inertial forces by pressure is much more
efficient at small scale than at large one, due to the pro-
gressive decorrelation of the pressure field when the scale
increases.
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FIG. 2. Functions a(f) (dotted line) and B(£) (solid line)
plotted for an initial gaussian field whose energy distribution
E<(?) is plotted in log scale (right axis).

There is a fundamental problem in modelling the forc-
ing term F[P]: no mechanical injection of energy can
occur in an infinite, unbounded flow. The evolution of
the energy contained in an arbitrary volume Vj, is given

by
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where ¢ is the material velocity and #, is the velocity
of the surface S, which encloses the volume V,. If S,
corresponds to the cell boundary, the controle volume is
material (¢, = ¥) so that the energy injection exclusively
comes from pressure. On the contrary, if we consider a
small eulerian volume (¥, = 0) in the flow bulk, the en-
ergy injection essentially comes from the material trans-
port of energy through the boundary. A simple trick to
model this forcing is to introduce a scale dependant noise
in the Lagrange equations (3) and (4):
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where ¢)(£) and £ (€) are the powers injected at scales
smaller than £ in stretching and in rotation, respectively.
g)((¢) and £ (£) can be expressed using the second incom-
pressibility invariant (6):

g = %f(ﬁ)e (19)
e = (260 + 7 (0) (20)

as functions of the mean power ¢ and of the non dimen-
sional function f(¢) which characterizes the distribution
in scale of the injected power. By definition of €, f(¢)
should tend to 1 when the scale ¢ becomes larger than
the integral scale L. For scales much smaller than L, f(¢)
should scale as £2. The energy globally injected at scales
smaller than ¢ is then:
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Using either the Langevin formulation of Navier-Stokes
[8] or the usual eulerian one, it is easy to show that the
powers dissipated by viscosity in longitudinal and trans-
verse motions are respectively:
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Using the fact that viscous diffusion preserve the gaus-
sianity of the velocity field and the incompressibility, we
can write the viscous term as:

8*pP 9’P 0 P

Note that the injection and the dissipation terms (F[P]
and V[P]) are of the same form.

The power dissipated at scales smaller than £ follows
from the viscous term,
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so that that the equation of energy conservation (egs.
10, 21 and 25) is now closed. If a stationnary state is
achieved, the latter simplifies into:
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g(£) being a non-dimensional function linked to f(¢) by
the differential equation:
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This fully generalises the Karman-Howarth relation [2] to
any unbounded turbulent flow with an arbitrary injection
spectrum, the price to pay being the space averaging.
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FIG. 3. The time derivative of the energy flux (solid line),
starting from the gaussian field shown in figure 2, is decom-
posed according to the different dynamical mechanisms: scale
stretching (dashed line), rotation stretching (dot-dashed line),
retroaction of the rotation on stretching (long-dashed line)
and pressure (dotted line)

Using the Gaussian field whose energy distribution is
plotted on fig. 2, we have computed the time deriva-
tive of the energy flux to investigate the departure from
gaussianity (fig. 3. Tt appears to be positive in the whole
range of scale, indicating the creation at short times of
a direct energy cascade. It turns out that stretching
tends to create a positive energy flux (from large to small
scales) by both its action on scale and on rotation. On the
contrary, the negative feedback of rotation on stretching
tends to generate an inverse energy cascade (from small
to large scales). The pressure induced flux is slightly pos-
itive but negligible in front of the inertial mechanism. An
important point is that the scale stretching (and only it)
depends on the fact that the space be 3D and not 2D,
and is much less efficient in the later case. This of course
suggests that the inverse cascade in 2D turbulence could
be modelled and explained by a simple translation of the
model.

We have proposed in this letter an approach of turbu-
lence problem based on the simultaneous investigation of
dynamical mechanisms in the physical space and of their
statistical effects, giving thus a physical alternative to
multifractal formalism. The first step was here to build
a Fokker-Planck equation on the basis only of conserva-
tions laws and of physical mechanisms, and to point out
their effect on the cascade. What remains to be done
is the integration of the model and the comparison with
experiments. In particular, the question of intermittency
will be examined in a forthcoming article.
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