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Abstract

Conservation equations are written for surface flows (either fluid or
granular). The particularity of granular surface flows is then pointed out,
namely that the depth of the flowing layer is not a priori fixed, leading to open
equations. It is shown how some hypothesis on the flowing layer allows to close
the system of equations. A possible hypothesis, similar to that made for a fluid
layer, but inspired from granular flow experiments, is presented. The force
acting on the flowing layer is discussed. Averaging over the flowing depth, as
in shallow water theory, then allows to transform these conservation laws into
equations for the evolution of the profile of a granular pile. Apart from their
interest for building models, these conservation laws can be used to measure
experimentally the effective forces acting on a flowing layer.

Submitted to: The European Physical Journal B

* Associated with CNRS, Paris VI and Paris VII



1 Intr ct n

Granular media have recently attracted a renewed interest from the
physics community 1. A property often highlighted is their ability to remain
static (solid) even with an inclined free surface. This observation is related since
Coulomb 2 to some macroscopic friction inside the material. owever, under
some circumstances, a static pile can start to flow, for instance if the slope of its
free surface exceeds a critical value. This motion has the particularity of being a
surface flow. Most of the pile remains static, and only a relatively thin layer of
grains at the surface is rolling down : an avalanche occurs (Fig. 1a). A feature of
granular materials is thus the possibility of exhibiting two types of behaviours,
either a solid one (all the grains eeping their neighbours), or a fluid one. The
conditions governing the transition between the two states are still under
debate. This ma es the description of an avalanche rather difficult. Following
the wor of Savage utter 3, the first aim of this article is to profit from the
particularity of avalanches to be surface flows to apply to this case some basic
conservation laws (St Venants equations 4 ) and to use the approximations
developed in hydrodynamics for a thin fluid film flowing down an inclined
plane (Fig. 1b).

owever, at least two characteristics ma e the granular case different. In
normal fluids, the internal equations of the flowing layer have been established
a long time ago, and for instance the velocity profile in the layer is well nown
to be parabolic for thin viscous films 5, 6 . This comes from the nowledge of
the internal forces inside the fluid. In contrast, in the granular case, even if the
microscopic forces acting on each grain are assumed to be nown (e.g. by
modelling the friction or the shoc between two grains), their lin with the
macro/meso-scopic forces is still debated 7- . owever, simple global
behaviours can be assumed on the basis of recent experimental results. For
instance, following the global model introduced previously by one of us 10 to
describe avalanches in a rotating drum, the assumption of a Coulomb-Bagnolds
force 11,12 acting on the flowing layer leads to good agreement with
experimental results. The second difference is that the fluid is flowing on a solid
surface, which is fixed . Although Savage utter first developed a
general formalism, they restricted their study to the case of a fixed bottom. For
a large pile, the situation is much more difficult since the boundary between the
static part of the pile and the flowing one (denoted as  in Fig. 1a) is un nown.
The condition under which a static grain starts rolling or stops at this boundary
is then an essential ingredient of the problem, as exemplified in 13. owever,
we will show that the nowledge of the macroscopic force with some flow
characteristics allows, in these simple conservation equations frame, to deduce
the evolution of the flowing/static boundary.

The aim of this article is not to present a new model, which would be
rather uncertain because of the lac of nowledge of the forces inside the
flowing layer, but rather to present a general frame for describing these flows.
Then it will be suggested how this frame can be directly used in the
experiments.



This article first presents the basic equations and conservation laws, valid
in any case (fluid, sand ), which govern the evolution of a surface layer. In the
third part, we present some assumptions, inspired from experiments, on the
characteristics of granular flowing layers and on the evolution of the
static/flowing boundary. e stress the similarities and differences with the
fluid case. These assumptions are then used to show that the basic equations
can be reduced to simpler ones governing the dynamics of two profiles (chosen
among the static/flowing boundary, the free surface and the flowing depth).
Even with these simplifications, there remains some un nown about the force
acting on the layer. e present in the fourth part some consequences of our
previous assumption of a Coulomb-Bagnolds friction force 11,12 acting on the
layer. In the last part, before concluding, we present how these conservation
laws could be used in experimental situation to deduce the characteristics of the
flowing granular material.
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Let us consider the situation, depicted in Fig. 2a, of a free surface profile

z ((x,t), and a flowing/static boundary profile z (x,t), the difference
between the two being the depth (X, t) of the surface flow. The velocity inside
the flowing layer is (u, w) in the (X, z) coordinates. e limit our approach to the
2D situation, but it could be extended thoroughly.

The first equation of our model is the classical continuity equation,
directly derived from mass conservation. In order to be really precise, the
experimental fact that the grains have to dilate in order to flow, and that the
grain density varies along the flowing depth should be ta en into account.

owever, the measurements made by Ra chenbach 14 show no density
discontinuity between the static part and the flowing layer and only small
variations inside this layer. The granular medium becomes diluted only close to
the free surface (partly because of fluctuations of the free surface). To the first
order we can thus assume that this variation is not essential for mass
conservation. It could however be important in the expression of force terms. So
our first approximation is the incompressibility :

p= (1).

e consider the small material volume between x and x+0x, going
arbitrarily deep in the static part, but limited by the upper free surface (dashed
lines of Fig.2a).  denotes the surface enclosing this volume. The velocity of
the surface motion, ~ , is equal to the local grains velocity since is a
material (Lagrangian) surface. ith these definitions, the transport theorem
applied to the density reads :

— ([P :J:Uﬁip +ﬁ§p(r .r) =0 ),

This relation can be expressed here as :
¢ +s ¢ wo ¢
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Introducing the flow rate  through a vertical slice,



(,)=I(,,) 4),

the first and last term of Equ. (3) reduce, in the limit of small x, to dﬁ— o .

The unit vector normal to the free surface (Fig. 2a) is

r 1
= (-az/0 1) (5),
V1+(0/0)
so that
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Deriving the overall profile, ={( , ), with respect to time gives the free
surface boundary condition 5 :
_o¢ ., ¢
MZ—E-HJ'Z& (7).

In order to compute the length of the free surface, its inclination has to be ta en
into account (Fig. 2a), so that the normalisation factor simplifies, and we finally
get:

T 24
J U =50 ®).
e then obtain the first conservation equation :
o 0d _
5 5 7Y 0.

This equation can be derived more simply in the frame of reference
locally tangent to the free surface. owever it is interesting to find directly that
there is no particular factor due to the inclination of the surface. This direct and
simple relation between the upper free profile and the spatial variation of the
flux is a basic conservation law (see the discussion on Flood waves in

hitham sboo 6).

It is worth noting that the second profile, the static/flowing boundary,
does not appear in Equ. . There is also a difference between these two profiles.
The free surface is material (it moves with the particles). For instance, if the
particles are moving up (first term in Equ. (7)), the free surface follows (Fig. 2b).
The advective term of Equ. (7) is often neglected (for nearly horizontal surfaces)
but it gives the variation of the free surface for the pure translation of a
deformation. It describes for instance the downward propagation of a fluid
mass in excess (Fig. 2b). n the contrary, it is not possible to find a similar
equation for . If the volume of integration is stopped at the static/flowing
boundary (Fig. 2a), the equation remains the same since, by definition, the fluid
velocity is zero at  (see Fig. 2b). The boundary can thus move even though
the material on it never does. In other words, it is a much more abstract
boundary than the free surface, and we will have to consider its case in detail
later.

If the volume of integration is ta en infinitely small in the vertical
direction, anywhere in the flowing layer, the same computation leads to the
incompressibility relation :
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This relation provides a good basis to compute w from u.
Equation ( ) gives the evolution of the profile as a function of the flux.
e thus now need an equation for this flux. To do so, we consider the
dynamical equation for the material volume  (Fig. 2¢) :

—fe =1 (1),

where F is the force along x inside the layer. e also have from the transport
theorem :

—fre =qrate) +ge (") .

To close our equations, we are loo ing for the variation in time of the flux,
which is defined for fixed surfaces along x. So we use the same transport
theorem but on the arbitrary volume  enclosed by fixed surfaces along x and

x+3x (' =0) and by the material free surface (' =" ) (Fig. 2¢):

—ge =mryle) +ge (") as),

which can be identified in the infinitesimal limit to :

—ffe =2 )5 (14)

The subtraction of Equ. (12) from Equ. (13) ma es the free surface term as well
as the volume term disappear. nly the term on the fixed boundaries remains.
Finally, introducing the inetic energy

be
(,)=I(,,) (15),
and the force
{
= I (16)/
we obtain our second equation :
J o0 _1
4+ =_
g J p (17).

nfortunately, this last equation does not close directly Equ. ( ). Even

though it gives the time variation of , it also introduces a new un nown E, not

spea ing of the force P... A way to close these equations is again to write some

equations for the energy and the force. This can be done on a microscopic scale

in the so-called inetic theories, which consider the shoc s between grains 15 .

e will show below that such developments are not necessary if the velocity
profile inside the flowing layer is already assumed.
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If the velocity profile inside the flowing layer u(z) is nown, we can,
using it, compute directly both the energy E and the flux . e consider this
velocity profile in the coordinates (x, z) locally tangent to the free surface
(Fig. 3), with corresponding velocities (u, w ). This local frame is characterised

by the local angle of the free surface 6 :

1%
tg(6) = d_Z (18).
The layer of flowing grains being assumed to be thin, the velocity of the grains
is essentially parallel to the free surface and the variations along z are much
larger than along x :

>>  and 2 >> 9 ).
oz  oX
As a direct consequence, the difference between the slopes of the free surface
and of the static/flowing boundary is of second order. The velocity u in the

layer can be characterised as varying from 0 at  to a typical velocity  at the

free surface, { = + .Forthesa e of simplicity, we can assume the shape of
this profile to be always the same :
- o- C
()= g - (20),

with varying from OatOto1at1.

This formula is valid in the shallow water approximation 5, i.e. for a
thin inviscid fluid layer. sing Equ. (1 ), the Euler equation can be
approximately solved yielding a velocity profile independent of z (but
depending on x ) :

f(uy =1 (21).
The same assumption of a constant velocity profile is also made for granular
materials in previous models 3, 13, 16 (Fig. 4c). The last ones furthermore
assume that all the grains of the flowing layer (the rolling phase ) are going at
the same constant velocity  (independent of x).

In the case of a very viscous fluid and the same approximations (except
for particular places li e hydraulic umps 17 ), the equilibrium between gravity
and viscous diffusion leads to the hemi-parabolic profile (Fig. 4a) :

_ sin(0) B
()=—7—(2 ) (22).

where V is the viscosity and g the gravity. The parabolic profile (Equ. 22) is a
particular form of formula (20) with

0f (u) = 2u - u?

[l

0y - gsin(6) .2 (23).
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For the granular case, several experiments of dense chute flow on rough

bottoms indicate that the velocity profile is linear 18-20 . The results of
Ra chenbach 14 further show that in the case of a pile, the profile of the
flowing layer is also linear , and with a fixed velocity gradient. Following his

argument, the typical velocity a grain can acquire between two collisions is

 sin(6), d being the grain diameter. At each collision with the underlying

layer, a grain looses completely its excess in inetic energy. This gives a typical




velocity gradient along the depth of the layer of sin(6)

. So again we obtain

the formula (20) with :
E( )=
U | sin(8) (24).

H "\

The three profiles presented here are thus the three simplest cases : a

constant velocity profile in the inviscid liquid case, a parabolic profile in the

viscous liquid case and a linear profile for the granular case (Fig. 4). Each of

them is different but they all lead to the same type of equations (for

dimensional reasons). For the sa e of the article length we will only consider
here the linear case in detail.

In fact, for most of the computation, we do not need the assumption of a

linear profile but only the linear relation between and , corresponding to a

velocity gradient ' independent of . For instance, we could ust assume a
velocity profile of the type :
— o- LC
()=r i C (25).
From expression (25) we can compute both  and
1
Q=r"H?[f(h)dh=arH? (26),
0
=r [ O =T 27),

The particular profile appears only through the two numerical constants and
. For simplicity we choose here to use the linear profile and thus the

corresponding constants =1/2 and =1/3 . e can note that in this specific
case the velocity profile does not explicitly depend on  (Fig. 4b) :
u(z)=r'(z-z,) (28).

Now we can replace the expressions (26) and (27) into the equations ( )
and (17). For a first derivation, we will use the simplification that I' is constant

in space and time (possible variations of [ should be remembered in some
cases). e then obtain from Equ. ( ) and (17) respectively :

aC i

FR @),
J J 1

_+I_ - =

J 0 ol (30).

So we now find a system of equations for the height of the overall profile and
the thic ness of the flowing layer. In the second equation the force term is
divided by the advection velocity. e will call hereafter this term the driving
term of the height equation, to distinguish it from the force term in the flux
equation.

It is remar able that in the present case of a linear velocity profile the
two advection terms are the same in both equations and their advection



velocity equal to the surface velocity ' . This is not valid in general (different
numerical constant can appear). The two advection terms thus cancel when we

subtract one equation from the other. sing { = + , we then obtain an
equation for the static/flowing boundary without any advective term :
J _ 1
J ol (31).

This last equation shows the direct relation between the effect of the global
force and the evolution of the static/flowing boundary. This lin comes from
the assumption (25). By imposing a fixed velocity gradient (or a particular
velocity profile), we impose a relation between the depth of the flow and its
velocity. In other words, we consider that the depth of the flow, and , are
determined by the velocity : if the layer slows down, the particles aggregate and

moves up, if the layer accelerates, then the particles are eroded and ~ moves
down. Now the velocity can be thought of as driven by the forces acting on the
layer (Equ. (17)), and the flow variation gives the evolution of the overall profile
(Equ. ( ).

The viscous fluid case is different in that the bottom is fixed so that the
velocity profile Equ. (22) can be directly in ected in Equ. ( ) to find the
evolution of the free surface 5 . In the inviscid shallow-water case, we need
Equ. (17) to relate the velocity  to the height . In the granular case, we also
need Equ. (17) although ( ) is already nown, because we still don t have
any equation for the evolution of the static/flowing boundary. e thus obtain a
set of two equations which can be chosen among the three possible ones, for the
overall height { , the static/flowing boundary and the flowing depth

These equations have a very simple form, but are written in the locally
tangent frame of reference . This is natural as it is in this frame that a simple
assumption for the velocity can be made. owever, we can express the same
equations in the usual frame of reference. This is mainly a computational
problem, which is solved in the Appendix. e present here only the result in
the linear case (Equ. (28)), and in the limit of a smoothly varying

(,,)=Fcos O+ ] (- (,) (32),
with  being a term giving the deviation of ~ from a parallel to the free surface
( can be neglected in the approximation of a thin layer, see Appendix). In this
limit we find also a linear profile, and thus all the same equations than above
without the primes.

rc an r n tr s

Before modelling the force P acting on the layer, let us as and discuss
an important preliminary question : does the velocity profile, already assumed
to be nown, indicate something on the nature of the global force P In the
inviscid shallow water approximation, both gravity and pressure remain in the
integrated force since the only assumption is the balance between pressure and

gravity in the z direction : g—:—p cos(8). Macroscopically, the normal

component of the weight is exactly compensated by the reaction of the plane,
which is opposite to the hydrostatic pressure at the bottom of the layer



=p cos(8) . The local tangential pressure term to be considered in the

equation of motion is thus g— =-p Cos(G)Z—. Integrated over the flowing

layer this gives a force term —p cos(B)do_?—, proportional to the normal

component of the weight p cos(8), the coefficient of proportionality being

0 : : : . :
5 Depending on the sign of this coefficient, the pressure acts either as a

driving or a resistive force (but remaining, as always, conservative). The global
force P then reads :

=p gsin( 6) - ‘;—cos( B)E (33)

In this case, the constant velocity profile (Fig. 4c) is not due to a previous use of
the tangential dynamical equation and Equ. (17)-(33) have to be used to
determine the velocity of the layer.

In the viscous fluid case (Fig. 4a), the velocity profile inside the flowing
layer (Equ. (22)) is obtained by equilibrating locally gravity by viscous
diffusion. Thus the inertial effects are neglected and the force term P is zero, by
assumption. The tangential dynamical equation is already used locally to obtain
the velocity profile and cannot thus be used under an integral formulation to
get further information.

By analogy with the viscous fluid layer, the linear velocity profile
assumed for granular avalanches (Fig. 4b) could be thought of as resulting from
a local equilibrium between tangential forces (as done in 8, ), even though
this hypothesis is not explicitly used. As in the viscous case, the integral of
these forces over the layer depth would then be negligible. In the viscous case
(Fig. 4a) however, the bottom plane is submitted to a non zero force exerted by
the fluid : it would thus be deformed if it were not sufficiently rigid. This is
precisely the behaviour of the free static/flowing boundary : if the force is large
enough, the bottom erodes There should thus be in the force P acting globally
on the layer some forces located on this particular boundary : P can thus be
modelled independently of the assumptions done on the velocity profile. There
can be both a local equilibrium leading to the velocity profile, as in the viscous
case, and a global force P of the order of the layer weight, as in the shallow
water approximation, acting on the flowing/static boundary layer.

ithin this hypothesis, we loo at the typical force and driving term that
should be written in order to reproduce the now dynamics of granular media,
in particular the hysteresis between flowing and static state. e are not loo ing
for a precise expression of these terms, especially because there is not yet a
physical derivation of them, but rather for the minimum characteristics these
terms should present. In the previous model 10, the force proposed was
composed by the layer weight and a solid-li e friction (Fig. 5a) :

P'= pgH'(sin(8) — 1 cos(6)) (34)
where | is the friction coefficient. P is naturally proportional to the height of

the flowing layer, so that the driving term in Equ. (30) and (31) is independent
of



1 g/
———P'==(sin(@) - ucos(h)), 35),
orh T e (sin(8) - peos(6)) (35)
or, developed around the friction angle 8 = Arctg(u) :
1
= infB-0 )=——(0-0 36).
plr I cos(6 )sm( ) I cos(6 )( ) (36)

The structure of this force (Equ. (34)) is similar to that obtained in the shallow
water approximation (Equ. (33)), the main difference being the dissipative
nature of the friction coefficient. In 10 the attention was focused on the
dependence of p on the flow rate, u( ), needed to reproduce the experimental
observations. The corresponding dependence is recalled in Fig. 6. It consists of a
first decrease from u to u , followed by a final increase of pcorresponding to
the possible invariant stationary solutions tg(@ ) = /J( )
In the previous model 10 a discontinuity was left at zero velocity

between the dynamical friction at very small velocity and the static friction.

ere we try to regularise the transition between the two. A sand pile can be at
the equilibrium (  0) when the angle is smaller than the static friction ang]le.
In this situation, the friction force balances exactly the gravity (Fig. 5b). The
friction coefficient should then be equal to tg(8), and thus now depends on 6,
uC ,0). 5o for tg(B)<u , u(H',0) should tend toward ,u(O, 9) = tg(@) with
decreasing to zero (Fig. 6). To ensure the stability of this static position for small

disturbances, we also now that y(H',8) should decrease towards this value
when  is decreased.

If tg(6) is larger than u (Fig. 5¢), the static friction cannot balance
gravity and the grains start flowing. e assume, as for the Coulomb-Bagnolds
friction, that the tangential force is then strictly equal to u times the normal
reaction. U is thus the maximum value the friction coefficient can achieve. In

this range of angles, the friction coefficient y(H',8) is thus independent of 6.
From these considerations, we can ta e a simple form, independent of 6,
¢ (), and ust modify it for values of  smaller than a typical height , to

ma e it tend toward its static value (depending on 8). Depending on the slope
angle we thus have:

if tg(6) < u pC 0 =p ( H+(tg®-pu C ) C / ) @
if tg(6) 2 pC 0 =p Y+ -pC ) C /) (38).

where is the typical layer depth around which the transition between the
static and flowing state occurs, and 1is a function decreasing from 1 at 0 to
0 for large flowing depth. A typical example could be an exponential function
(inspired from experiments 21-25 ), as drawn in Figure 6 with a parabolic
pC o).

Developing for small , and assuming a linear variation of around 0
(regularity), we found for tg(6)< u :

pl'l = ——(sin(6) ~ 1 O)cos(6) G),
with by convention (0) =-1. To obtain the stability for tg(8) <u , and the
marginal stability at tg(8) = u , we thus have to ta e ¢ (0) =y (cf. Fig. 6). This

driving term has the same type of dependence on the angle than previously

10



(Equ. (35)) but it is now linear in . Note that this proportionality comes from

the choice of a regular function . Another dependence for small  could be
introduced.

Similarly, for tg(8) = i , the driving term, developed to the first order in

, reads :

1

o = F(sin(@) — 11 (0)cos(0)) +(u = (0))cos(8)— (40)
ith the constraint of ¢ (0) = i, the second term vanishes (see Fig. 6). n the
other hand, the first term is now non-zero even in the limit of zero . These

properties remain valid when the regularising function is changed. There are
thus two different behaviours of the force in the limit of a microscopic flowing
depth, depending on the local angle. If the angle is smaller than the static angle,
the force vanishes (proportionally to the layer depth for a regular ). For an
angle exceeding the static angle, the force becomes non-zero even in the limit of
a static pile. This corresponds to a typical experiment : after pouring sand into a
box, the slope of the pile at rest is approximately at the dynamical angle. hen
the box is tilted by a few degrees, the sand suddenly starts flowing. Reducing
the mechanical noise can increase this hysteresis angle, but not arbitrarily.

This hysteresis between flowing and static state can be well studied on a
inclined plane 21, by ma ing a controlled perturbation of the static solution. It
shows that below a given threshold, or a given , the static solution is stable as
in Fig. 6. Above this perturbation threshold, the grain layer start to flow. ithin
this model, this threshold is given by the unstable stationary solution
corresponding to the decreasing part of 4 () . e can see that, with the
simple example shown,  decreases roughly linearly when tg(8) is increased
and it vanishes when tg(6) reaches [ , as observed in the experiment 21 . Note
that the hysteretic height is not related to the height on which the
flowing/static transition occurs, namely . This last can be considered as
constant, typically around a grain diameter (or less).

SC SS nan nc s n

The basic conservation laws for a sand surface flow have been derived
above. Several models have already been written to describe the global
evolution of flowing granular piles. The first observation is thus that these
models should obey to these general conservation laws, and more precisely
correspond to particular assumptions on the velocity profile and driving force.

To write a complete model with the previous developments is not simple
for several reasons. First, the velocity profile should be more closely studied : is
its linearity generally valid, its velocity gradient constant, and in which
reference frame Furthermore, the global force acting on the layer is still rather
schematic. =~ owever, we can propose a simple form from the above
considerations (dropping the primes and eeping the velocity gradient
constant) :

o( 7}
— 4+ —=0
17 07} 1)

11



%Hr f;_:F[sinw)-(u( )+ou( ,8))cos(6)] 42)

with tg(0) = Eg, ¢ = 1 depending on the slope direction,

tg(B) p( Nexp= /) tgO)sp

po—pC Nexp(= /) tg@zu
The first equatlon is the expression of mass conservation (Equ. ), and the
second (Equ. 30) is derived from the momentum conservation (Equ. 17). e
propose a friction force between the flowing layer and the static bottom, with a
particular development in the limit of vanishing flowing layer. It is also
possible to deduce an equation for the bottom evolution, using the relation

and  Ou(

{= + and the identity of the two advection terms :
&= —_[sin(®~(u( )+3u( ,6)cos(6) 43)

The model previously proposed 10 , where the first mass conservation
equation was written for the whole avalanche layer in a rotating drum, and the
second, for the flux at the middle of the sand bed, can be considered as a
formulation of the model proposed here integrated over the avalanche length.
The nowledge of the velocity profile was then not even needed, because the
flux directly gives the variation of the mean angle of the pile :

20 _
= y (44)
% = [sin(@) - u( )cos(B)] (45)

In this case there is no advection term (d/d = / ), from the simplifying
assumption of a straight surface and the symmetry of the cell. In this simple
model a generalised Coulomb-Bagnolds force for u( ) was particularly
effective in explaining the experimental results 10, 14 .

The model of Savage utter 3, although derived in a general frame,
was developed for a fixed bottom (d{/d = /0 ). Its basic hypothesis
corresponds to the inviscid shallow water model : constant velocity profile for a
layer sliding on a fixed bottom. It reads (in their non-dimensional form and
with our notations) :

e d( )=

St ( )=0 (46)
J o .o 9

5 +& 5 [s1n(9) tan(0) cos(@)] B e 47)

e recognise in the first equation the mass conservation (Equ. ), and in the
second the momentum conservation (Equ. 17).  ith this hypothesis of constant
velocity profile, the flux is simply ~ , however is not fixed. The momentum
equation is also integrated over the depth, giving an equation of =, and is
then divided by  to give an equation for . The driving term corresponds to
the pressure variation with the layer depth (Equ. 33), plus a Coulomb friction
force on the bottom (Equ. 34)

Another model, by Bouchaud and referred to as BCRE, has also
been proposed for granular surface flows 13, and, while completing this
article, we became aware of a modification of it recently proposed by Boutreux

12



16 (hereafter referred to as BRAG). The basic hypothesis corresponds to a
constant velocity profile, as in the inviscid shallow water model and Savage
utter model 3, but now with a constant advection velocity . They
considered the evolution of the flowing depth and flowing/boundary profile
and made a particular modelling of the driving term. It reads (with our
notations) :

O C
d_+£ 5_: 5_— [yd_ 4 C (48)
0 0 J il 0 d F
J o 0 C
— = ¥——+*K C 4 )

= L =

The first equation corresponds to momentum conservation simplfired by
(Equ. 30), and the second to the difference between continuity and momentum
equations in the case of an identical advection terms (Equ. 31). owever, the
driving term is not identical in the two equations, as it should be following the
derivation of Equ. (30) and (31), because they add a diffusive term in the
equation for the evolution of the flowing depth, but not in the static boundary
profile equation. In the hydrodynamic analogy, this term of diffusion of the
height would correspond to an effective surface tension while a second order
term due to viscosity would rather diffuse the impulsion. In any case, within
the previous approximations, such a diffusive term would be of second order
(Appr. 1 ) and thus neglected, as BRAG proposed.

The derivation of the driving term is different than in our approach. e
relate directly the driving force to the physical force acting on the flowing layer,
even though the main term comes from the lower boundary. In BCRE and in
BRdG, the attention is directly focused on the evolution of the static/flowing
boundary, writing a term from collision considerations. This driving term was
then proposed to be proportional to the quantity of rolling grains ( in our
notation) and to the difference between the local angle and an equilibrium

(dynamical) angle, a/da—%: y [9 - 9]. It was suggested in BRdAG, again

from collision considerations, that the driving term proportional to ,
proposed by BCRE, is reasonable for thin layers (or microscopic layers ), i.e.
for layers around or less than one grain in depth, but not for thic avalanches
(several particles in depth). BRAG thus proposed a constant driving term, only
proportional to the angle difference, and simplified the previous system to :

J 0

7"‘8 ﬁ_:_ [9 _9] (50)
d - —_

57 [6 -] (51)

with the advection velocity  constant and a second constant velocity . This
now corresponds to our model above (Equ. 41, 42), with a simplified friction
force (and constant advection velocity ). ith our approach, we were able to
give an expression for the new constant: = /I. In the above discussion on
the vanishing flowing layer, we also found a driving term now proportional to

, as proposed by BCRE. owever, this result is obtained only for a linear
velocity profile, giving a driving term of the form /pl" , allowing to simplify
by the flowing depth . ith their assumption of a constant velocity , we
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would have obtained a driving term of the form /p , giving a force

proportional to  in the thic and proportional to in the thin case. A
constant driving term within this constant velocity approximation would
require the force  acting on the flowing layer to be independent of the depth

This constant velocity assumption may however be related to the motion
of a microscopic layer (less than one grain in height) : the velocity of an isolated

grain is approximately |  sin(6) , however isolated it may be. So even if the

mean depth  can be much smaller than one grain diameter d, the propagation
velocity can be considered as having a non-zero lower bound. owever, in this
microscopic layer limit, our discussion on the reactive force tells that above a
second larger angle, the static one, the force becomes non-zero even for a static
profile. This means that with the Coulomb-Bagnold type of friction we do not
have the problem, found in BCRE, of nucleation of an avalanche for an angle
larger than this static angle. It is to solve this nucleation problem that BCRE
have to eep the diffusion term in Equ. (48).

This article has presented the general conservation laws that can be
written for granular surface flows, and shown how to use the hypothesis of a
linear velocity profile inside the layer, or other assumptions, in order to find
simple equations for the evolution of a sand pile with an avalanche surface
flow. Although a suggestion was made above for the overall force acting on the
flowing layer, we thin that the remaining tas is to give a more precise
formulation of it, before loo ing at simple consequences of the simplified model
proposed here. It is more interesting to first loo at the way these conservation
equations can be used directly in experiments. nowing the evolution of the
upper profile (see Fig. 7) we can deduce the evolution of the local flux. Then,
with a simultaneous measurement of the flowing depth, we could chec
directly the hypothesis of the linear profile, and further deduce a direct
measurement of the effective force on the flowing layer. More generally, these
conservation equations provides strong guide lines and an interpretation
scheme for further models.

Ac n nt

ethan  niversity Paris VII for special support of this wor throughB R 7.
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A n

The equations obtained in Part 3 are written in the locally tangent frame
of reference. The same equations can also be expressed in the usual gravity
frame of reference. e solve here this computational problem. In the following
we forget the variation in time (we consider a given instant). e can first
compute the velocity normal to the free surface, using only the
incompressibility (Equ. 10), as in Prandlt s approximation of Navier-Sto es 5 .
In the general case (Equ. (25)), it reads :

J 0
:_a_(/- )I() -r a—[l— ] () (A1),

with =— (A2).

Now we can compute the velocity in the normal frame for any point P inside
the flowing layer :

E ( ’ ) = ( ’ )COS(G) + ( ’ )Sln(e)
H(, )=, Jsin®+ ( , )cos(d)

hen the point P (Fig. 8a) moves in the layer along a vertical line
(changing z for a fixed x ), N remains fixed in the static/flowing interface ,
but the coordinate x changes continuously (point R). The pro ection  on the
static/flowing interface of coordinate (used to compute the velocities u and

(A3).

w ) also moves. e thus have to compute ( - )) as a function of

( - )) , asafunction of andh as a functions of h. This can be done
geometrically using the Figure 8b, in the approximation of a flat

e defined the deviation of this boundary from the parallel to the free
surface, which first gives :

1709) _0
0—( )_(9_( ) + tan(0) (A4).
e also define
o .
o( ):0—( )sin(8) cos(O) (A5)
_ o( )
T 50 (A0
Then the results from Figure 8 are :
— _ 1 _
( )_( )Cos(G)[1 o)
(- C)=( - ))eos®[1+ ( )] (A7)
( )= (eos®+( = ( ))cos(®) ( ) (A8)
O 1+ () L
4 = 7 A .
Co =0 )8y oo (A)

From Equ. (A6) we can see that corresponds to the deviation of the bottom
from the parallel to the free surface. It is thus reasonable to neglect it. In
Figure 8a this corresponds to neglecting RT compared to RN (or T compared
to N).
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ith these last three expressions, we can compute everything. owever
this leads to long formulae especially because of the expression of h. Thus we
consider only the development to the first order in  (with simplified
notations) :

[1 +(1- ) +] (A10).

In general there is also a possible variation of ' with x which could be ta en
into account to the first order :

or
rFeC=re y+—o— ( - )+
owever, we have no idea of this variation without further hypothesis. So we
consider that ' is constant. Then Equ. (A1) reads :

C
=-r —[2[ () +(1- ) (A1D).
C
Reporting all the expresswns leads to :
0 O
=1 cost) O+ B+(- )-8 .
0 O )0 O

(A12),
cos (0)

sin(6)

(| .

U
E?—J'() +(1- )()D+---
U

with the notation ( )=-—( ). Replacing it in Equ. (A3), we get u and w. In

the linear case (Equ. (28)) this gives :
00 =TI cos (9)( - )[1+2 ]+...
O

0 cos (9)D D (A1)
E = cos(G)Sln(e) d @l sin (9)

It is worth noting that in this case, there is no dependence in h from the very
beginning :

g =r(- )
O 10r 0 (A14),
=55 (= )+r—=—(-)

(with the simplification of constant ' ). So we do not need to restrict to the first
order in  and this gives the exact result (for a straight ):

B:Fcos (9)( - )[1+ ]

0 (A15).
0 =-T cos(@)sin()( - )[1+ ]a cos (6) [
0 sin (6)
The gradients in the two frames of reference are thus hn ed by :
[=r cos (O)[1+ | =T cos (6) (A16).
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