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Four-phase merging in sessile compound drops
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We consider the statics of compound droplets made of two immiscible fluids on a
rigid substrate, in the limit when gravity is dominated by capillarity. In particular,
we show that the merging of four phases along a single contact line is a persistent
and robust phenomenon from a mechanical and thermodynamic perspective; it can
and does occur for a range of interfacial energies and droplet volumes. We give an
interpretation for this in the context of the macroscopic Young-Laplace law and
its microscopic counterpart due to van der Waals, and show that the topological
transitions that result can be of either a continuous or discontinuous type depending
on the interfacial energies in question.

1. Introduction

Thermodynamics tells us that two bulk phases, like a liquid and its vapour at the
same temperature, pressure and chemical potential(s), can coexist steadily along a
two-dimensional surface. This is generic because two intersecting volumes in three-
dimensional space meet along a surface. Three phases, like a liquid drop, its vapour
and a flat solid, meet along a line that generically defines the intersection of a
volume, its exterior and a plane. Thus one would expect four phases, for instance two
immiscible liquids, a vapour and a solid, to merge at points, unless special conditions
(on the mass of each liquid phase for instance) are satisfied. However, we show below
that this may not be true: in some cases the merging of four phases at equilibrium
occurs generically and persistently along a line (instead of at a point) and follows
from a peculiarity of the Young-Laplace equilibrium conditions at the contact line.

When a small droplet of volume V' sits on a solid surface, its equilibrium shape
is determined by the minimization of its capillary energy (in the formulation due
to Gauss) associated with the interfacial area that it presents to its own vapour,
subject to the constraint of a fixed volume, and appropriate boundary conditions at
the triple line. In the absence of gravitational forces, the shape of the interface is
simply a section of a spherical surface (in three-dimensions) and an arc of a circle (in
two-dimensions). An equivalent treatment in terms of force balance requires that the
droplet be axisymmetric (so that all torques are balanced), and that the interface and
the triple line are determined by the Laplace law (Laplace 1806) relating the curvature
of the interface to the difference in pressure between the liquid and its vapour, along
with the Young-Laplace condition (Young 1805) at the triple line. The equilibrium
equation for forces normal to the interface is

Pv — D1 = 0K (1.1)
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