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The emerging field of mechanical metamaterials has sought inspiration in the ancient art of origami as
archetypal deployable structures that carry geometric rigidity, exhibit exotic material properties, and are
potentially scalable. A promising venue to introduce functionality consists in coupling the elasticity of the
sheet and the kinematics of the folds. In this spirit, we introduce a scale-free, analytical description of a very
general class of snap-through, bistable patterns of creases naturally occurring at the vertices of real origami
that can be used as building blocks to program and actuate the overall shape of the decorated sheet. These
switches appear at the simplest possible level of creasing and admit straightforward experimental
realizations.
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Origami structures are usually seen as assemblies of rigid
faces articulated around creases with hingelike behavior
[1–4]. Their deployment and degrees of freedom are, thus,
purely kinematic, resulting only from the geometry of the
crease network. Such structures have received significant
attention, in particular, from the aerospace industry [5,6].
However, real folded structures, usually engineered from
paper, polymeric, or even metal sheets, can deform outside
the creases [7,8]. In such situations, face bending competes
with crease actuation in a morphogenetic way. In order to
rationalize this interplay, we investigate the equilibrium
shape of an infinite elastic sheet on which one or more
straight radial creases meet at a single vertex. We find that
these structures generically exhibit bistability, in the sense
that they can snap through from one metastable configuration to another. The conical geometry of these surfaces
resemble the ones studied in Refs. [9–11], except that they
are decorated by radial creases around which they can fold.
We will then refer to them as foldable cones (f cones).
When a crease is imprinted on an elastic sheet, the
deformation of the resulting structure will mainly result
from the competition between the flexural stiffness of the
sheet and the hingelike stiffness of the crease [12]. This
competition gives rise to a material length scale L ≡ B=κ,
where B is the bending modulus of the sheet, and κ is the
elastic constant associated with the torsional hinge formed
by the crease. L scales with the thickness of the sheet,
though with a material amplification factor [12]. When the
typical size of the system is much smaller than L , the system
behaves as a regular origami, with faces remaining mostly
undeformed and creases actuating when submitted to stress.
On the other hand, if the system is much larger than L , its
response will be governed by the bending of the sheet, while
the angles of the creases will essentially keep their rest value.
In the conical situation we are interested in, the relevant
geometrical length scale is the radius R of the plate. Since
0031-9007=15=115(23)=235501(5)

the lateral size of the faces grows linearly with the radial
distance to the center, one expects a transition from a hingemediated to a bending-mediated face shape at some finite
distance from the vertex. Thus, in the limit of large system
size R ≫ L , the creases can be approximated by infinitely
stiff hinges connecting flexural plates. It is this limit we
investigate here, which corresponds physically to “macroscopic” situations requiring a very large-scale separation
between the system size and the thickness.
Consider such “infinite” sheet crossed by an infinite
crease (R ≫ L ), basically two half-planes forming a finite
angle. If one lays this structure on a flat surface, with the
wedge coming upwards and then presses on the crease with
a point force, it will at some stage “jump” to a metastable
state where the initial crease is “broken” into two nonaligned semi-infinite creases [Fig. 1(c)]. Such a property
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FIG. 1. Experimental, mechanically stable conical crease patterns, or f cones, in mylar-sheet disks (350 μm thick, 15 cm in
radius, and L ≃ 7 cm [12]). (a),(b) Realizations of “semiinfinite” crease configurations that snap through one another.
(c) “Infinite-crease” configuration obtained by snapping a
straight-creased sheet. (d),(e) All-valley creases (n ¼ 6) configurations that snap through one another. (f) Alternate mountainvalley crease configuration (n ¼ 6). This configuration snaps into
a mirror-symmetric, but rotated, state.
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remains for an arbitrary number of evenly distributed
radial “valley” creases, resulting in a pair of configurations
that are not mirror symmetric [Figs. 1(d) and 1(e)].
Furthermore, this extends to a sheet decorated by an even
number of evenly distributed alternating (valley or mountain) creases [Fig. 1(f)]. Experimental realizations of these
structures prepared following the protocol detailed in
Ref. [12] are mechanically metastable and simply lie on
a tabletop (see Fig. 1).
We take advantage of the conical geometry of this
problem to implement a scale-invariant description of these
structures, thus, neglecting the possible complications
associated with in-plane deformations and plasticity occurring near the vertex in real materials. In order to rationalize
the corresponding shapes, or f cones, we consider an
elastic sheet decorated with n evenly distributed straight
creases meeting at a single vertex and with prescribed hinge
angles between successive panels. We will focus on two
generic fold configurations: the first one with equal opening angles all pointing in the same direction, which will be
conventionally referred to as an all-valley creases f cone,
and the second one with two different opening angles
pointing in alternate directions, referred to as an alternate
creases f cone. The general case of nonequal rest angles
and nonequally spaced creases is formulated in Ref. [13].
We adopt a cylindrical coordinate system (ρ, θ) with the
vertex located at ρ ¼ 0 and 0 ≤ θ ≤ ϕ ≡ 2π=n to describe a
slice of angular opening ϕ bounded by two creases.
Following Ref. [14], an initially planar sheet described
by a vector ρρ̂ is deformed into ~r ¼ ρρ̂ þ uρ ðρ; θÞρ̂ þ
uθ ðρ; θÞθ̂ þ ξðρ; θÞẑ with uρ , uθ , and ξ the radial, azimuth,
and axial displacements, respectively. The scale-invariant
solutions we seek impose ξ ¼ ρψðθÞ. Requiring that the
stretching strain vanishes in the limit of small deflections
imposes [14]
ρ
uρ ðρ; θÞ ¼ − ψ 2 ðθÞ;
2
Z
ρ θ
dθ½ψ 2 ðθÞ − ψ 02 ðθÞ:
uθ ðρ; θÞ ¼
2

through the Lagrange multiplier λ. Variation of Eq. (4)
yields
δL½ψ ¼ ½ðψ þ ψ 00 Þδψ 0 ϕ0 − ½ðμ2 ψ 0 þ ψ 000 Þδψϕ0
 2
 2

Z ϕ
d
d
2
þ
dθδψ
þμ
þ 1 ψðθÞ;
dθ2
dθ2
0

ð5Þ

where μ2 ≡ 1 þ λ. The resulting Euler-Lagrange equation
reads


d2
þ μ2
dθ2




d2
þ 1 ψ ¼ 0:
dθ2

ð6Þ

Our modeling of a crease as an infinitely stiff hinge and the
rotational symmetry of the structure around the z axis
impose the boundary slopes but leave the deflections at the
edges undetermined. Therefore, the boundary terms in
Eq. (5) yield the following conditions:
δψ 0 ð0Þ ¼ δψ 0 ðϕÞ ¼ 0;

ð7Þ

μ2 ψ 0 ð0Þ þ ψ 000 ð0Þ ¼ μ2 ψ 0 ðϕÞ þ ψ 000 ðϕÞ ¼ 0:

ð8Þ

Finally, it is important to recall that the Lagrange multiplier
λ is related to the hoop stress through
σ θθ ¼ −

Bλ
;
hρ2

ð9Þ

where h is the thickness of the plate [14]. Therefore λ > 0
(resp. λ < 0) corresponds to a compressive (resp. tensile)
hoop stress.
All-valley creases f cone.—When all opening angles
point in the same direction, the boundary conditions (7)
read

ð1Þ

ψ 0 ð0Þ ¼ −ψ 0 ðϕÞ ¼ p;

ð2Þ

where the constant p is the local slope of the crease with
respect to the horizontal plane. Solving Eq. (6) with
boundary conditions (8) and (10) yields

ð10Þ

Inextensibility in the azimuthal direction imposes
uθ ðρ; ϕÞ − uθ ðρ; 0Þ ¼ 0:

ψðθÞ ¼ p

ð3Þ

Finding the equilibrium shape of the creased sheet amounts
to extremizing the following Lagrangian,
Z
ϕ
B
L½ψ ¼
dθ½ψðθÞ þ ψ 00 ðθÞ2
2ρ 0

Z ϕ
2
02
þλ
dθ½ψ ðθÞ − ψ ðθÞ ;
ð4Þ
0

where the first integral term is the bending energy density
(per unit radius), and the second one enforces condition (3)

cos μðϕ=2 − θÞ
:
μ sin μϕ=2

ð11Þ

The inextensibility condition (3) reads
ð1 − μ2 Þμϕ þ ð1 þ μ2 Þ sin μϕ ¼ 0:

ð12Þ

Noting that λ ¼ μ2 − 1 can be arbitrarily negative, μ can be
either real or purely imaginary. Solving Eq. (12) numeri−

cally yields two solutions μþ
n and iμn (μn > 0) for all n ≥ 1
(see Fig. 2), which correspond, respectively, to normalized
axial displacements given by

235501-2

PRL 115, 235501 (2015)

FIG. 2 (color online). Numerical solutions of Eq. (3) for the
−
Lagrange multipliers λþ
n (×) and λn (þ) as a function of the
number of faces n. When λ ¼ μ2 þ 1 > 0 (resp. λ < 0),
the structure is in compression (resp. tension).

ψþ
n ðθÞ ¼ p
ψ −n ðθÞ

cos μþ
n ðπ=n − θÞ
;
μþ
sin
μþ
n
n π=n

cosh μ− ðπ=n − θÞ
¼p − n −
:
μn sinh μn π=n

ð13Þ

(d)

(b)

(e)

of the plate around the crease. On the other hand, the
snapped state with two nonaligned creases is in tension
(λ−2 ¼ −2.41). These two states have, respectively, the
energy densities per face E þ
2 ¼ 0 as expected from a
bending-free state and E −2 ¼ 4.26ðBp2 =2ρÞ for the snapped
state shown in Fig. 3(c).
Furthermore, the deflections ψ 
n for n > 2 undergo hoop
stresses with opposite signs: ψ þ
n structures are in compression while ψ −n structures are in tension. This property
is verified experimentally [13]: if cut along an arbitrary
−
radius, ψ þ
n collapses while ψ n opens up, while for n ¼ 1,
both structures open up. Examples of these structures are
shown in Figs. 3(d) and 3(e).
Let us now focus on the behavior of these structures for a
large number of faces. Developing the inextensibility
condition (3) for large n yields the following asymptotic
solutions:
μ
n

ð14Þ

We will now investigate specific situations starting
from the single semi-infinite crease (n ¼ 1). In this case,
−
one has λþ
1 ≃ −0.15 and λ1 ≃ −2.04 corresponding to the
shapes shown in Figs. 3(a) and 3(b), respectively.
Moreover, the associated hoop stresses are positive
[see Eq. (9)]: both structures are in tension. The bending
2
energy density for these states is E þ
1 ¼ 1.30ðBp =2ρÞ and
−
2
E 1 ¼ 4.01ðBp =2ρÞ; the latter is, thus, metastable, and,
hence, by definition corresponds to the “snapped” state.
The case n ¼ 2 is marginal: the infinite crease configuration is stress free (λþ
2 ¼ 0) and, thus, devoid of curvature.
The deflection admits the simple expression ψ þ
2 ðθÞ ¼
p sin θ, which corresponds to a rigid body rotation

(a)
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pﬃﬃﬃ
31=4 n
1
¼ pﬃﬃﬃ þ O pﬃﬃﬃ :
π
n

Injecting this expression in the energy density per face and
developing in the large n limit yields
E
n

 

Bp2 2n
4
1
∓ pﬃﬃﬃ þ O
:
¼
n
2ρ π
3

ψ 0 ð0Þ ¼ p;

FIG. 3 (color online). Theoretical prediction of f-cone patterns
corresponding to the situations shown in Fig. 1. (a)–(e) Various
all-valley crease configurations extracted from Eqs. (13) and (14).
(a) Semi-infinite crease configuration and (b) its snapped state.
(c) Snapped state of a folded sheet. (d) A vertex with six-valley
creases and (e) its snapped state. (f) The symmetric n ¼ 6
alternate mountain-valley crease configuration [see Eq. (21)].

ð16Þ

This energy density is asymptotically linear in n, which is
consistent with the fact that the radius of the curvature of
each face scales with its angular width. Consequently, the
energy density of the whole structure scales as n2 for a large
number of faces.
Alternate creases f cone.— A natural extension of this
analysis consists in considering a structure in which the
creases are alternatively valleys and mountains, resulting in
a generalized origami vertex where face bending is allowed.
In this alternate creases configuration, the boundary
conditions (7) read

(c)

(f)

ð15Þ

ψ 0 ðϕÞ ¼ ϵp;

ð17Þ

where the local slopes for the valley (θ ¼ 0) and the
mountain (θ ¼ ϕ) creases are allowed to be proportional
by a factor ϵ. We investigate configurations with 0 ≤ ϵ ≤ 1,
since the configurations with ϵ0 ¼ 1=ϵ ≥ 1 are obtained by
flipping the structure upsidedown and rotating it around the
z axis by an angle ϕ. Solving Eq. (6) with boundary
conditions (8) and (17) yields
ψðθÞ ¼ p

cos μðθ − ϕÞ − ϵ cos μθ
:
μ sin μϕ

The inextensibility condition (3) now reads

235501-3

ð18Þ

μð1 − μ2 Þϕð1 þ ϵ2 − 2ϵ cos μϕÞ
¼ ð1 þ μ2 Þ½2ϵ − ð1 þ ϵ2 Þ cos μϕ:

ð19Þ

−
This equation also admits solutions μþ
n ðϵÞ and iμn ðϵÞ

(μn ≥ 0), which are represented in Fig. 4. The two branches
correspond to the two possible shapes of this generalized
problem.
First we notice that all branches collapse to λ ¼ −1 at
ϵ ¼ 1 that corresponds to equal mountain and valley crease
angles. More precisely, the expansion of Eq. (19) in terms
of ð1 − ϵÞ yields

λ
n ¼ −1 

nð1 − ϵÞ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ þ O(ð1 − ϵÞ2 ):
2π 1 − 13 ðπnÞ2

ð20Þ

Using this result, one finds that within the limit ϵ → 1,
Eq. (18) admits simple asymptotic expressions
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 

π
1 π 2

:
ð21Þ
ψ n ðθÞ ¼ p θ −  1 −
n
3 n
In particular, these two states are obtained from one another
by mirror symmetry about the z ¼ 0 plane followed by a
rotation of angle ϕ. The corresponding shape is shown in
Fig. 3(f). The energy density per face for this structure
reads
En ¼
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Bp2 2π
:
2ρ n

ð22Þ

The total energy density is, thus, independent of n, in sharp
contrast with the all-valley creases structures.
Interestingly, λ
n admit finite limits as ϵ → 0. In this
limit, each mountain crease disappears from the corresponding structures and is replaced by a local extremum.
The corresponding structures, hence, match exactly the n=2
all-valley creases f cone. These values of λ are, thus, given
by the corresponding values of μ
n=2 shown in Fig. 2. In
particular, we recover the two tensile states for n ¼ 2 which

FIG. 4 (color online). Lagrange multipliers λþ
n (blue curves)
and λ−n (red curves) solutions of the inextensibility condition (19)
for the alternate creases f cone as a function of the crease angle
ratio ϵ for n ¼ 2, 4, 6 creases (respectively, plain, dashed, and
dotted lines).

correspond to the semi-infinite crease configurations studied above, and the infinite crease state for n ¼ 4.
Finally, for all n ≥ 4, hoop-stress-free (λ ¼ 0) configurations are achieved for a finite value of ϵ ¼ ϵ0n given by
ϵ0n ¼

sin ðπ4 − πnÞ
:
sin ðπ4 þ πnÞ

ð23Þ

The deflection for the corresponding structures reads
ψþ
n ¼p

sin ðθ þ π4 − πnÞ
:
sin ðπ4 þ πnÞ

ð24Þ

These configurations carry vanishing bending energy and
are, thus, flat faced. In fact, Eqs. (23) and (24) provide the
kinematics and shape of deployable mechanisms with rigid
faces, where the deployment is provided by changing the
slope p. However, in the present case, the faces are not
rigid, and, instead, the crease slope is fixed. Thus, these
flat-faced configurations will snap into tensile ψ −n configurations with bent faces and nonzero hoop stress obtained by
picking the value from the other branch λ−n at ϵ0n . As can be
seen in Fig. 4, such flat-faced configurations do not exist
for n ¼ 2 (λ
2 < 0), while for n ¼ 4, the two mountain
creases disappear from the flat-faced state (ϵ04 ¼ 0). The
structures discussed in this section are displayed in Fig. 5.
Imprinting evenly distributed radial creases on a thin
sheet results in the appearance of two metastable states
corresponding to structures that can be snapped through
one another. We fully characterized these patterns when the
creases are infinitely rigid and either all-valley or alternatively valley and mountain. This latter case admits
symmetric metastable states when the mountain and valley
crease angles are identical and also yields the kinematics of
flat-faced origami vertices when these angles are chosen

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 5 (color online). f cones for alternate mountain-valley
creases for a different number of creases n. The different
configurations are deduced from Eqs. (18) and (19). (a) n ¼ 2
and (b) its snapped state; (c) n ¼ 4 and (d) its snapped state. The
ratio of the mountain and valley opening angles is ϵ ¼ 0.2. Note
that these states are forbidden if the faces are rigidly flat.
(e) n ¼ 6 flat-faced configuration given by Eq. (24) and (f) its
corresponding snapped curved state.
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adequately. These structures admit straightforward experimental realizations even when the scale separation
between L and the system size R is rather weak (see
Fig. 1). The energetic properties and shapes described here
are, thus, robust as soon as a large-scale separation between
thickness and system size is achieved.
Finally, for a connected network of creases, the faces
would generally bend as soon as they are bounded by more
than four creases, though at a higher bending energy cost
[15]. Imprinting patterns on an elastic sheet will, in
practice, modify its shape and its local mechanical properties [8]. f cones can be seen as a simplified model for
building blocks of functional crease networks aimed to
provide modularity in the shape and the mechanical
response of origami-based shell-like structures, such as
Resch patterns [16]. We expect that the overall shape of
general crease networks and local stability properties
strongly depend on the spatial distribution of the creases’
rest angles and stiffnesses [17]. Experimentally, bistability
is a robust property within these extended structures. In
particular, the snapping of a vertex locks the local kinematics into a deployed state and, thus, acts as a mechanical
switch.
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