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We present a physically-based model for the deformation of a floating elastic membrane caused by the
presence of a liquid drop. Starting from the equations of membrane theory modified to account for
surface energies, we show that the presence of a liquid drop causes an azimuthal compression over
a finite region. This explains the origin of the wrinkling of such membranes observed recently (Huang
et al., Science, 2007, 317, 650) and suggests a single parameter that determines the extent of the wrinkled
region. While experimental data supports the importance of this single parameter, our theory underpredicts the extent of the wrinkled region observed experimentally. We suggest that this discrepancy is
likely to be due to the wrinkling observed here being far from the threshold.

I.

Introduction

The idea that the equilibrium contact angle of a liquid droplet on
a surface can be determined by considering the horizontal
balance of the three surface ‘tensions’ acting at the contact line
dates back more than two centuries to Young.1 However, the
question of how the vertical balance of these same three tensions
can be achieved has received attention only relatively recently. It
is clear that, at some microscopic scale, this balance can only be
achieved by the deformation of the substrate on which the
droplet sits. This deformation can easily be studied in the case of
one sessile droplet placed on top of another.2 It is more usual,
however, for a drop to be sitting on the surface of a solid. For the
small deformations anticipated here, we expect that the substrate
might be modelled using linear elasticity theory. The case of
a semi-infinite elastic solid was considered by Lester.3 However,
one might expect the importance of vertical deformations to
become even more important when the elastic solid becomes very
thin, as in plates and membranes. Fortes4 studied these problems
using intuitive force balance arguments to relate the elastic
deformation at the contact line to the contact angle of the liquid.
Shanahan5 subsequently derived these force balances from
energy considerations.
In recent years, the interaction between elasticity and capillarity hinted at by the vertical force balance at a contact line has
become an area of considerable interest and importance in its
own right. ‘Elasto-capillarity’ encompasses the stiction that can
damage MEMS devices6,7 as well as the clumping of the hairs in
a paintbrush at a more macroscopic level.8,9 In many of these
situations it is enough simply to understand why clumping/stiction happens and how it might be avoided. However, it has also
become clear that the influence of surface tension on the elastic
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deformation of an object can be a useful tool to infer material
parameters that might otherwise be inaccessible.10 For example,
the commonly observed tearing instability of an elastic sheet
adhered to a rigid substrate can also be used to characterize the
adhesion energy.11
A novel experiment combining both the fundamental and
applied aspects of the interaction between surface tension and
elasticity was presented by Huang et al.12 In this experiment,
a small liquid drop was placed onto an elastic membrane that is
itself floating on a bath of the same liquid. Before the addition of
the drop, the membrane is stretched by the surface tension of the
liquid bath. Once the drop is added, the opposing tension due to
the contact line of the drop causes radial wrinkles (see Fig. 1a
and b). These wrinkles appear to emanate from the contact line
of the drop but only have a finite length, Lw, defined in Fig. 1a.
By a suitable series of calibration experiments, Huang et al. were
able to infer both the thickness, h, of the membrane and also its
elastic modulus, E, from a single image, which gave measurements of the number of wrinkles and the size of the wrinkled
region, Lw. Using scaling arguments from earlier work,13,14 the
dependence of the number of wrinkles on E and h could then be
determined. However, no theory was available for the extent of
the wrinkled region, Lw. Experimentally, it was found that
 1=2
Lw
Eh
(1)
z0:031
R
glv
where R is the radius of the drop and glv is the surface tension
coefficient of the liquid–gas interface. To date, this relationship
remains purely empirical. In this paper we set out to provide
a theoretical justification for this result.
We also note that this experimental system is of fundamental
interest from the point of view of the elasticity of thin objects.
Azimuthal wrinkling is common whenever a thin sheet is loaded
at a point because this loading causes a ring of material at radial
distance r to move to a ring of smaller radius. The excess length
of the ring must then be accommodated by buckling out of the
plane, i.e. wrinkling. Recent examples where instabilities based
on this essentially geometrical consideration have been found
include: the impact of fast projectiles onto free-falling
membranes,15 the scarring around circular wounds16 and the
de-adhesion of a thin sheet loaded at a point.17 While all
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Fig. 2 A schematic showing a cross-section through an axisymmetric
liquid drop sitting on an elastic membrane, which is itself floating on
a bath of the same liquid (though the surface energy of the bath g0 lv s glv
in general due to the presence of surfactants). The radius of the circular
contact line is R, while the curvature of the drop is sinq0/R where q0 is the
inclination of the interface to the horizontal at the contact line.

Fig. 1 Wrinkling of thin PS membranes floating on a liquid bath caused
by liquid drops (taken from Huang et al.12). Two different membrane
thicknesses (given in each figure) are shown here demonstrating that Lw
depends on the thickness of the membrane, h. This paper is concerned
with understanding the dependence of Lw on the system parameters.

qualitatively similar, the details of the wrinkling pattern that
forms depends on the details of the loading. This has been seen
using thin floating membranes that are loaded using a ‘point-like’
load.18 From these experiments it was found that a point-like
load induces wrinkles throughout the domain. This is different
from the case studied here (where wrinkling is localized) because
of the different boundary conditions applied by the loading:
a fixed tension at some radius in our case versus a fixed vertical
displacement at r ¼ 0 studied by Holmes and Crosby.18 The
experimental system of Huang et al.12 with loading caused by
a liquid drop is perhaps closest to the theoretician’s ideal because
a known tension is applied at some radius.

II. Important physical principles
In this article we adopt a physically motivated approach to the
problem of the deformation of a thin elastic membrane by
a liquid drop. A more detailed mathematical derivation of the
equations used to model this system can be found in the paper of
Shanahan.5 However, the application of these equations to the
problem of wrinkling of a membrane is new.
This journal is ª The Royal Society of Chemistry 2010

We are primarily interested in determining the extent of the
wrinkled region, which would usually19 be equivalent to the
region in which there is an azimuthal compression, sqq < 0. We
must therefore calculate the stress induced in a membrane by the
presence of the drop and an underlying liquid. This situation is
depicted in Fig. 2.
Although it is natural to account for the tension applied by the
surface energy of the liquid drop, glv, it is also important to
account for the other surface energies, namely the solid–liquid
surface energy, gsl, and the solid–vapour surface energy, gsv. The
importance of including these additional energies arises because,
when the membrane is stretched, the areas of the liquid–solid and
solid–vapour interfaces increases also. Furthermore, the presence of these surface energies implies that the membrane is prestressed preventing buckling at compressive levels below the local
pre-stress g(r), which is defined (see Fig. 2) as

2gsl ; r\R;
gðrÞ ¼
(2)
gsl þ gsv ; r.R
This is the physical basis for the mathematical model developed here. In this model we allow the liquid–vapour surface
energy of the bath, g0 lv, to differ from that of the drop, glv.
We shall present new experimental data incorporating this
generalization in addition to the experimental data from the case
g0 lv ¼ glv, published previously.12

III.

A mathematical model

We begin by considering an axisymmetric membrane shape,
y ¼ w(r), under some varying load, q(r). We will also introduce
the derivative of the Airy stress function j such that
srr ¼ j=r;

and

sqq ¼

dj
dr

(3)

(this is a standard step to ensure that the obtained deformation
satisfies the equilibrium equations for the solid20). The large
axisymmetric deformations of a plate caused by some loading
q(r) are described by the F€
oppl–von K
arm
an equation20


1 d
dw
BV2 V2 w 
j
¼ qðrÞ
(4)
r dr
dr
where B is the bending stiffness of the plate. To ensure that the
Airy stress function yields stresses (and hence strains) that are
compatible with the deformation w(r) we also require20,21
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r



 2
d 1 d
1
dw
ðrjÞ ¼  Eh
dr r dr
2
dr

III.2.
(5)

When large external stretching forces are applied to a thin plate,
it is possible to neglect the first term of Eqn (4), which represents
bending, in comparison with the second term, which represents
stretching. Since radial derivatives are of the order of the size of
the water drop R and the stress in the membrane cannot be smaller
than the surface tension glv at the outer boundary, we may
compare the relative sizes of the bending and stretching terms by
calculating the value of the dimensionless parameter B/(glvR2).
For parameter values typical of the experiments of Huang et al.,12
this ratio is of the order 106. In what follows, we therefore assume
that stretching dominates bending and neglect the first term of
Eqn (4). Before writing this ‘membrane equation’20 we note that
the presence of a pre-stress, g(r), causes a vertical loading
proportional to the curvature V2w, much as a liquid’s surface
tension causes a capillary pressure. We therefore have


1 d
dw
j
¼ pðrÞ  gðrÞV2 w
(6)
r dr
dr
where p(r) is the loading of the membrane caused by the pressure
within the liquid.
Eqn (5) and (6) can be applied to the two regions r > R and
r < R separately, before determining the stress throughout the
membrane by matching the two solutions together at the contact
line r ¼ R. The two regions differ because the appropriate surface
energy in each region differs: within the drop (r < R) there are
two solid–liquid interfaces, while outside the drop (r > R) there is
one solid–vapour interface and one solid–liquid interface. This
difference is accounted for by the choice of g(r) given in Eqn (2).

Within the drop

Having solved Eqn (5) and (6) outside the drop, we now consider
the interior of the drop, r < R. Here, we assume that the loading
on the membrane p(r) is due solely to the constant capillary
pressure within the drop, i.e. p ¼ 2glv sin q0/R. (Again, we are
able to neglect the effects of gravity since the drop is small.)
Eqn (6) may then be integrated once to give
dw glv R sinq0 r2
¼
j þ 2gsl r R2
dr

where the constant of integration has been set equal to zero to
ensure that w0 (0) ¼ 0. We may then use Eqn (8) to eliminate w
from Eqn (5) and obtain a differential equation for j. However,
to simplify this calculation, we introduce the change of variables
suggested in a related problem:17 f ¼ (jr + 2gslr2)/g0 lvR2 and
h ¼ r2/R2. This gives
d2 f
a h2
¼
2
dh
8 f2

Outside the drop, the only loading p(r) felt by the membrane is
due to the hydrostatic pressure in the liquid, rgw. However, the
drops used experimentally are typically small enough that this
pressure is insignificant in comparison to the effect of surface
tension. (In particular, the Bond number of the drop Bo ¼ rgR2/
glv  1.) We must therefore solve Eqn (6) with p(r) ¼ 0 for r > R.
With this simplification, Eqn (6) can be integrated once. Far
from the drop, we expect that the sheet should tend back to being
flat, i.e. w / 0 as r / N. However, we also require that in this
region srr /Tsh g0 lv  (gsl + gsv) where Ts is the unbalanced
stress due to the mismatch between surface energies at the
boundary. (Elsewhere in this issue,22 Huang et al. report experiments in which g0 lv s glv was achieved by using surfactants in the
liquid bath but not in the drop.) We must therefore have j / Tsr as
r / N. For this behaviour of j to be compatible with the
requirement that w / 0 we find that, in fact, w ¼ 0 throughout the
region r > R. Substituting w ¼ 0 into Eqn (5) we find that
j ¼ T s r þ Cg0lv

R2
r

(7)

The form of this stress function j is often named for Timoshenko
though it seems also to have been known to Lame.21 We also note
that the solution (7) has one unknown parameter, C, which we
will determine by matching this solution onto that within the
drop.
5780 | Soft Matter, 2010, 6, 5778–5782

(9)

where
a¼

 3
Ehsin2 q0 glv
glv
g0lv

(10)

is a non-dimensional parameter that incorporates the mechanical
properties of the system.
We require two boundary conditions to solve Eqn (9), since it
is a differential equation of second order. The first of these
boundary conditions arises from the requirement that the radial
stress srr should remain finite as r / 0; we therefore have that
f(0) ¼ 0

III.1. Outside the drop

(8)

(11)

To find a second boundary condition and hence make progress, we must consider how the solutions for r < R and r > R
match up at the contact line, r ¼ R.

III.3.

The contact line

We begin by considering the two force balances at the contact
line: the horizontal and vertical balances. (Shanahan5 showed
that these simple physical ideas are recovered from more detailed
energy arguments.) These force balances are obtained by
resolving the various forces shown in Fig. 2 (including the
‘surface tensions’ for the solid interfaces) into vertical and horizontal components. We recall that the validity of membrane
theory requires small gradients in the displacement w and so, for
consistency, we make use of this assumption in writing these
force balances mathematically.
Considering the vertical force balance at the contact line we
have


dw
2gsl þ srr
¼ glv sinq0
(12)
dr 
R

where evaluating a function at r ¼ R denotes the limit of that
function as r / R from above or below. However, we note from
Eqn (8) that this condition is automatically satisfied. We thus
turn now to the horizontal force balance, which gives
This journal is ª The Royal Society of Chemistry 2010
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(srr + gsl + gsv)|R  (srr + 2gsl)|R ¼ glvcosq0
+



(13)

This equation can be rewritten as
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j(R+)  j(R) ¼ glvR(cosq0  cosqe)

(14)

where cosqe ¼ (gsv  gsl)/glv is the equilibrium contact angle of
the liquid on a rigid solid with the same surface properties.
However, integrating the compatibility relation Eqn (5) over the
interval (R  3, R + 3) shows that the discontinuity of dw/dr at
r ¼ R does not cause a discontinuity in (rj)0 . Together with the
continuity of radial displacement, this shows that both j and
dj/dr must be continuous at r ¼ R. Using Eqn (14), we therefore
find that q0 ¼ qe.
Substituting the expressions for j from Eqn (7) and the
function f(h) into equations expressing the continuity of j and
dj/dr we find that
C ¼ fð1Þ  1 þ

glv
cosqe
g0lv

(15)

and
df
g
j ¼ 1  lv0 cosqe
glv
dh h¼1

(16)

Here Eqn (16) is the missing boundary condition allowing us
to solve Eqn (9) for f(h). This solution may then be used to
determine C (and hence the stress field outside the drop) by using
Eqn (15).

IV. Results

to solve the differential Eqn (9) with boundary conditions (11)
and (16). This solution must be obtained numerically, using, for
example, the MATLAB routine bvp4c. Once obtained, f(1) may
be calculated and the value of C in Eqn (7) determined using
Eqn (15).
The quantities of primary interest here are the stresses within
the membrane. However, the form of the membrane Eqn (5) and
(6) suggests that the relevant physical quantities are the effective
stresses S ¼ s + g(r). Alternatively, we may think of the
membrane as being prestressed by the presence of the interfacial
energies gsl and gsv. It is then natural to incorporate this prestress
into the additional stress induced by the deformation of the
membrane.
In Fig. 3 we plot the effective stresses Srr and Sqq throughout
the membrane for parameter values typical of previous experiments.12 This shows that while Srr > 0 everywhere, the azimuthal
stress Sqq < 0 in the vicinity of the drop. This region of negative
azimuthal stress is significant because it corresponds to an
azimuthal compression (once the prestress from the interfacial
energy has been accounted for). We therefore identify the values
of r for which Sqq < 0 with the region in which wrinkling occurs.
To test the applicability of our theoretical model to the
understanding of previous experiments we consider now how the
size of the wrinkled region depends on the material properties of
the system. To simplify matters, we shall henceforth set qe ¼ p/2,
as is observed experimentally. From Eqn (7) and Eqn (15), we see
that if wrinkling occurs wherever Sqq < 0 then the wrinkle length
is given by
Lw
¼ ½fð1Þ  11=2 1
R

(17)

The analysis in the last section has yielded the equations and
boundary conditions necessary to find the stress function j
throughout the membrane. Within the drop, r < R, it is necessary

We observe that when qe ¼ p/2 the only parameter remaining
in the problem is a, which was defined in Eqn (10). In particular,
this means that experiments in which no surfactant was used but

Fig. 3 The effective stress profiles within the membrane for a ¼ 104,
qe ¼ p/2. Note that the radial stress Srr (-- . -) is positive everywhere while
the azimuthal stress Sqq (—
—) is negative for some values of r. The region
outside the drop for which Sqq < 0 is highlighted by the two vertical
dashed lines; the length of the wrinkles Lw is the extent of this region. In
the model developed here, Sqq and Srr depend on gsl and gsv only through
the equilibrium contact angle, qe.

Fig. 4 Experimental results for the measured wrinkle length in experiments with surfactant22 () and without surfactant12 (,) as a function of
the parameter a, defined in Eqn (10). The dashed line gives the empirical
relationship (Eqn (1)), which was obtained previously12 by fitting experimental data obtained in the absence of surfactant g0 lv ¼ glv. The results
of the model presented here is shown by the solid curve.
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the membrane thickness was varied12 may be compared to recent
experiments, reported in this themed issue,22 in which various
amounts of surfactant were used to lower the surface tension of
the liquid bath but the membrane thickness held constant. This
comparison is shown in Fig. 4 along with the empirical fit Eqn (1)
proposed previously12 and the theoretical prediction based on
Eqn (17). We also note that the two solid surface energies, gsv and
gsl, do not enter into the problem except via the combination
gsv  gsl, which may be eliminated in favour of glv cosqe. We
expect that the values of gsv and gsl will not be altered by the
addition of surfactant (because the surfactant will adsorb preferentially to the liquid–vapour interface) and so the equilibrium
contact angle remains qe ¼ p/2.
We draw two conclusions from the comparison between
experimental and theoretical results presented in Fig. 4. Firstly,
experiments with surfactant and experiments without surfactant
appear to collapse onto a single master curve parametrized by a.
This lends support to the model developed here because the
parameter a is a result of the theoretical analysis. Secondly, we
see that the order of magnitude of the predicted Lw is in agreement with that observed experimentally, even though this
prediction is consistently below the experimental value. We shall
discuss the likely reasons for this discrepancy in the next section.

V. Conclusions
In this article we have presented a simple, physical model to
explain the observation of a finite penetration length of wrinkles
observed in earlier experiments.12 This model has shown that it is
vital to incorporate the surface energies into the equations of
membrane theory. Furthermore, the membrane theory that
results from this shows that a difference in liquid–vapour surface
energy between the liquid bath and drop22 has a similar effect to
changing the material properties of the membrane (namely E and
h). In particular, we were able to collapse the results of two sets of
experiments (one with varying thickness, h, the other with
varying surface energy ratio g0 lv/glv) by using the single parameter a defined in Eqn (10). This collapse also extends the
parameter range covered in previous experiments12 and demonstrates that the empirical law (Eqn (1)) is only valid at small a.
Our model also predicts that the value of the surface energies gsv
and gsl are not individually important, though the equilibrium
contact angle, qe, is.
However, we have also shown that the simple criterion that
wrinkling occurs wherever Sqq < 0 is not able to produce an
accurate quantitative prediction for the length of the wrinkles,
Lw. This is because the presence of wrinkles alters the stress field
within the membrane: the wrinkling observed here is far from
threshold. From previous, related studies,23 we expect that the
effect of the wrinkles will persist some distance into the otherwise

5782 | Soft Matter, 2010, 6, 5778–5782

unwrinkled part of the membrane. This should be expected to
increase the length of the wrinkles and so the calculation presented here only gives a lower bound for the length of the
wrinkles. This is in agreement with what is found from the
comparison of experiment and theory. We shall study elsewhere
how the presence of wrinkles modifies the calculation.
This article replaces the version published on 27 August 2010,
which contained errors in Section III.1. srr /Tsh g0 lv  (gsl + gsv).
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