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Turbulence: Books

2 / 36 Turbulence



The Navier Stokes equations

∂t(ρu)+∇·[u(ρu))] = −∇P+∇·
(
µ(∇u + (∇u)T )− 2

3
µI(∇ · u)

)
+f

u(x, t) is the velocity field
ρ(x, t) is the density
P (x, t) is the pressure
µ is the dynamic viscosity
f represents (external) forcing terms
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The Navier Stokes equations

∂t(ρu)+∇·[u(ρu))] = −∇P+∇·
(
µ(∇u + (∇u)T )− 2

3
µI(∇ · u)

)
+f

Mass transport
∂tρ+∇ · (ρu) = 0

Equation of state
P = f(ρ, T, , . . . )
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The Incompressible Navier Stokes equations

∂t(ρu)+∇·[u(ρu))] = −∇P+∇·
(
µ(∇u + (∇u)T )− 2

3
µI(∇ · u)

)
+f

Mass transport
∂tρ+∇ · (ρu) = 0

Equation of state
P = f(ρ, T, , . . . )
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The Incompressible Navier Stokes equations

∂t(ρu)+∇·[u(ρu))] = −∇P+∇·
(
µ(∇u + (∇u)T )− 2

3
µI(∇ · u)

)
+f

Mass transport
ρ = constant

Incompressibility condition

∇ · u = 0
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The Incompressible Navier Stokes equations

∂tu + u · ∇u = −1

ρ
∇P +

µ

ρ
∇2u +

1

ρ
f

Mass transport
ρ = constant

Incompressibility condition

∇ · u = 0
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The Incompressible Navier Stokes equations

∂tu + u · ∇u = −∇P + ν∇2u + f

Mass transport
ρ = 1

Incompressibility condition

∇ · u = 0

ν = µ/ρ ≡ kinematic viscosity
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Breaking down the Navier Stokes equations

Navier Stokes equations

∂tu + u · ∇u = −∇P + ν∇2u + f

∇ · u = 0
time derivative

Non-linear terms: advection and pressure

Linear terms: viscous terms responsible for energy dissipation

Non-homogeneous terms: Forcing - energy injection

Divergence-free constraint
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Breaking down the Navier Stokes equations

Euler Equations

∂tu + u · ∇u = −∇P+ν∇2u+f

∇ · u = 0
time derivative

Non-linear terms: advection and pressure

Linear terms: viscous terms responsible for energy dissipation

Non-homogeneous terms: Forcing - energy injection

Divergence-free constraint
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Breaking down the Navier Stokes equations

Stokes Equations

∂tu+u · ∇u = −∇P + ν∇2u + f

∇ · u = 0
time derivative

Non-linear terms: advection and pressure

Linear terms: viscous terms responsible for energy dissipation

Non-homogeneous terms: Forcing - energy injection

Divergence-free constraint
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The Navier-Stokes

∂tu + u · ∇u = −∇P + ν∇2u + f

∇·u = 0
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The pressure

∂tu + u · ∇u = −∇P + ν∇2u + f

Take the divergence (∇·) of the Navier Stokes equation

∂t(∇·u) +∇·(u · ∇u) = −∇2P + ν∇2(∇·u) +∇·f

by incompressibility

���
��∂t(∇·u)+∇·(u · ∇u) = −∇2P���

���+ν∇2(∇·u) +��∇·f

∇2P = −∇·(u · ∇u)

To find the pressure we have to invert a laplacian
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Alternative forms of the Navier Stokes equations

∂tu + u · ∇u = −∇P + ν∇2u + f

using the vector identity

A× (∇×A) = −A · ∇A+
1

2
∇(A ·A)

∂tu = u×w −∇P ′ + ν∇2u + f

where w = ∇× u and P ′ = P + 1
2 |u|

2

vorticity equation

∂tw = ∇× (u×w) + ν∇2w +∇× f

where ∇×w = ∇×∇×u = ∇(∇ · u)−∇2u = −∇2u
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Alternative forms of the Navier Stokes equations

vorticity equation

∂tw = ∇× (u×w) + ν∇2w +∇× f

Vorticity field lines move with the flow

w

u

15 / 36 Turbulence



Domain D

L

L

L

z

y

x

For 99,99% of the course Lx = Ly = Lz = L.
In many cases we want L→∞
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Boundary Conditions on ∂D

L

L

L

z

y

x

No-slip
u = 0

Free slip
u · en = 0 & w × en = 0

Periodic

u(x, y, z, t) = u(x+ nxLx, y + nyLy + z + nzLz, t)
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Fourier Space (Finite box)

L

L

L

z

y

x

u(x, t) =
∑

ũk(t)eik·x, ũk(t) =
〈
ue−ik·x

〉
where

〈f(x)〉 =
1

LxLyLz

∫
f(x)dV

and

k =

(
2πnx
Lx

,
2πny
Ly

,
2πnz
Lz

)
, with nx, ny, nz ∈ Z

18 / 36 Turbulence



Fourier Space (finite and infinite space)

ũ(k, t) =
1

L3

∫
ue−ik·xdV, ũ(k, t) =

1

(2π)3

∫
ue−ik·xdV

u(x, t) =
∑
k

ũ(k, t)eik·x, u(x, t) =

∫
ũ(k, t)eik·xdk3

k ∈ N3 k ∈ R3

Energy Spectrum:

Finite Box

E(k) =
L

2

∑
k≤|k|<k+1

|ũk|2

Infinite space

E(k) =
1

2

∫
|ũ|2δ(k − |k|)dk3
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Navier Stokes in Fourier Space

〈
(∂tu + u · ∇u) e−ik·x

〉
=
〈(
−∇P + ν∇2u + f

)
e−ik·x

〉
∂tũk +

〈
(u · ∇u)e−ik·x

〉
= −∇P̃k − ν|k|2ũk + f̃k

〈
(u · ∇u)e−ik·x

〉
=

〈([∑
q

ũqe
iq·x

]
· ∇

[∑
p

ũpe
ip·x

])
e−ik·x

〉

=

〈(∑
p,q

ũq · (ip)ũp

)
ei(q+p−k)x

〉
=

∑
p+q=k

ip · ũqũp
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Navier Stokes in Fourier Space

〈
(∂tu + u · ∇u) e−ik·x

〉
=
〈(
−∇P + ν∇2u + f

)
e−ik·x

〉
∂tũk +

〈
(u · ∇u)e−ik·x

〉
= −∇P̃k − ν|k|2ũk + f̃k

〈
(u · ∇u)e−ik·x

〉
=
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q

ũqe
iq·x

]
· ∇
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ũpe
ip·x
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e−ik·x
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ũq · (ip)ũp

)
ei(q+p−k)x
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p+q=k

ip · ũqũp
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Navier Stokes in Fourier Space: Pressure term

〈
e−ik·x∇ · (u · ∇u)

〉
=
〈
−
(
∇2P

)
e−ik·x

〉
ik ·

∑
p+q=k

i(p · ũq)ũp = |k|2P̃k

P̃k = −
∑

p+q=k

(k · ũp)(p · ũq)

|k|2

Navier Stokes:

∂tũk = −
∑

p+q=k

i

(
(p · ũq)ũp − k

(k · ũp)(p · ũq)

|k|2

)
− ν|k|2ũk + f̃k

and
k · uk = 0
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Volume averaged quantities

〈f(x)〉 =
1

LxLyLz

∫
f(x)dV

Identities

〈∇ · a〉 =
1

V

∫
∂D

(a · n)dS,

〈∇×a〉 =
1

V

∫∫
∂A
∇×adAdz =

1

V

∫ ∮
∂C

a · d`dz,

In periodic domains this implies

〈∇ · a〉 = 0

〈∇×a〉 = 0
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Volume averaged quantities

in periodic domains we thus have

〈∂if〉 = 0

〈(∇f)g〉 = 〈∇(fg)〉 − 〈f(∇g)〉 = −〈f(∇g)〉〈
(∇2f)g

〉
= 〈∇(g∇f)〉 − 〈(∇f)(∇g)〉 = −〈(∇f)(∇g)〉

〈a · ∇b〉 = 〈∇i(aibj)〉 − 〈b∇ · a〉 = −〈b∇ · a〉
. = 0 if ∇ · a = 0

〈a · ∇×b〉 = 〈∇·(b× a)〉+ 〈b · ∇×a〉 = 〈b · ∇×a〉〈
a · ∇2b

〉
= −〈a · ∇×∇×b〉 = −〈(∇×b) · (∇×a)〉
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Conservation laws: Momentum

∂tu + u · ∇u = −∇P + ν∇2u + f

∂tu+ u · ∇u = −∇P + ν∇2u + f

∂t〈u〉+ 〈u · ∇u〉 = −〈∇P 〉+ ν
〈
∇2u

〉
+ 〈f〉

∂t〈u〉+ 〈∇i(uiuj)〉 − 〈u∇ · u〉 = −〈∇P 〉+ ν
〈
∇2u

〉
+ 〈f〉

∂t〈u〉+ ���
���〈∇i(uiuj)〉 −���

��〈u∇ · u〉 = −��
�〈∇P 〉 + ν

�
��
�〈

∇2u
〉

+
�
�〈f〉

∂t〈u〉 = 0

(here 〈f〉 = 0 is assumed)
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Conservation laws: Energy

∂tu + u · ∇u = −∇P + ν∇2u + f

〈u · ∂tu〉+ 〈u · (u · ∇u)〉 = −〈u · ∇P 〉+ ν
〈
u · ∇2u

〉
+ 〈u · f〉

1

2

d

dt

〈
|u|2

〉
+

1

2

〈
(u · ∇|u|2)

〉
= −〈u · ∇P 〉+ ν

〈
u · ∇2u

〉
+ 〈u · f〉

1

2

d

dt

〈
|u|2

〉
+

1

2

〈
(∇iui|u|2)

〉
= −〈∇ · (uP )〉+ 〈P∇ · u〉

+ν〈∇i(uj∇iuj)〉 − ν〈∇jui∇jui〉
+〈u · f〉
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Conservation laws: Energy

∂tu + u · ∇u = −∇P + ν∇2u + f

〈u · ∂tu〉+ 〈u · (u · ∇u)〉 = −〈u · ∇P 〉+ ν
〈
u · ∇2u

〉
+ 〈u · f〉

1

2

d

dt

〈
|u|2

〉
+

1

2

〈
(u · ∇|u|2)

〉
= −〈u · ∇P 〉+ ν

〈
u · ∇2u

〉
+ 〈u · f〉

1

2

d

dt

〈
|u|2

〉
+

1

2��
���

��〈
(∇iui|u|2)

〉
= −���

���〈∇ · (uP )〉 + 〈P���∇ · u〉

+ν((((
(((〈∇i(uj∇iuj)〉 − ν〈∇jui∇jui〉

+〈u · f〉
1

2

d

dt

〈
|u|2

〉
= −ν〈∇jui∇jui〉+ 〈u · f〉

d

dt
E = −ε+ I
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Energy Dissipation rate ε

Let Sij = (∂iuj + ∂jui)/2 and Ωij = (∂iuj − ∂jui)/2
The local energy dissipation rate is then given by

2νSi,jSi,j

In periodic domains we have

ε = 2ν〈(∂iuj + ∂jui)(∂iuj + ∂jui)〉/4
= ν

〈
(∂iuj)

2 + 2∂jui∂iuj + (∂jui)
2
〉
/2

= ν
〈
(∂iuj)

2
〉

+ 〈∂j(ui∂iuj)〉
= ν

〈
(∂iuj)

2
〉

+���
���〈∂j(ui∂iuj)〉

= ν
〈
(∂iuj)

2
〉

= ν
〈
(∂iuj)

2 − 2∂jui∂iuj + (∂jui)
2
〉
/2

= 2ν〈Ωi,jΩi,j〉 = ν
〈
|w|2

〉
(1)
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Conservation laws: Helicity

H =
1

2
〈u ·w〉

∂tu = u×w −∇P +ν∇2u + f

∂tw = ∇×(u×w) +ν∇2w +∇×f

d

dt
〈u ·w〉 = 〈u · ∂tw〉+ 〈w∂tu〉

= 〈u · ∇×(u×w)〉+ ν
〈
u · ∇2w

〉
+ 〈u · ∇×f〉+

〈w · (u×w)〉+ 〈w · ∇P 〉+
〈
w · ∇2u

〉
+ 〈w · f〉
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Conservation laws: Helicity

H =
1

2
〈u ·w〉

∂tu = u×w −∇P +ν∇2u + f

∂tw = ∇×(u×w) +ν∇2w +∇×f

d

dt
〈u ·w〉 = 〈u · ∂tw〉+ 〈w∂tu〉

= ((((
((((

(
〈u · ∇×(u×w)〉 + ν

〈
u · ∇2w

〉
+ 〈u · ∇×f〉+

((((
(((〈w · (u×w)〉 +���

��〈w · ∇P 〉 + ν
〈
w · ∇2u

〉
+ 〈w · f〉

1

2

d

dt
〈u ·w〉 = −ν〈w · ∇×w〉+ 〈w · f〉

d

dt
H = −εH + IH
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Conservation laws: Helicity

Consider two infinitesimal vorticity tubes

H =
1

2

∫
V1

u ·wdx3 +
1

2

∫
V2

u ·wdx3

=
1

2

∮
C∞

∫
S1

u ·wdsd`+
1

2

∮
C∈

∫
S2

u ·wdsd`

=
1

2
Φ1

∮
C∞

u · d`+
1

2
Φ2

∮
C∈

u · d`

=
1

2
Φ1

∮
A∞

w · ds +
1

2
Φ2

∮
A∈

w · ds

= Φ1Φ2

=

=

=

(2)
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Helicity in Fourier Space

ũk =
1

L3

∫
eikxudx3, u(x) =

∑
k

e−ikxũk

ũk = u+k h+
k + u−k h−k

h±k =
k× (k× ê)√
2|k× (k× ê)|

± i k× ê√
2|k× ê|
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Helicity in Fourier Space

ũk = u+k h+
k + u−k h−k

h±k =
k× (k× ê)√
2|k× (k× ê)|

± i k× ê√
2|k× ê|

ik× h±k = ±kh±k , ik · h±k = 0

hs
k · (hs′

k )∗ = hs
k · h−s

′

k = hs
k · hs′

−k = δs,s′
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Helicity in Fourier Space

ũk = u+k h+
k + u−k h−k

Energy:

E =
1

2

∑
k

[
|u+k |

2 + |u−k |
2
]

Helicity:

H =
1

2

∑
k

k
[
|u+k |

2 − |u−k |
2
]
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Navier Stokes in helical modes

Let sk = ±1, sq = ±1, sp = ±1.
Then

∂t

〈
hsk
−ke

−ik·x ·w
〉

=
〈
hsk
−ke

−ik·x ·
(
∇× (u×w) + ν∇2w +∇× f

)〉
Navier Stokes:

∂tu
sk
k =

 ∑
p+q=k,sq,sp

C
sk,sq,sp
k,q,p u

sq
q u

sp
p

− ν|k|2uskk + fskk

where

C
sk,sq,sp
k,q,p usqusp =

1

2
(sqq − spp)

〈
hsk
−k · h

sq
q × h

sp
p

〉
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Number of Degrees of Freedom of N wavenumber modes

ũk = u+k h+
k + u−k h−k

∂tu
sk
k =

 ∑
p+q=k,sq,sp

C
sk,sq,sp
k,q,p u

sq
q u

sp
p

− ν|k|2uskk + fskk

If N wavenumbers are sufficient to resolve a given problem then
the number of degrees of freedom NF are

(2) u+k , u
−
k two modes

(2) u±k is complex

(1/2) u±−k = (u±k )∗ realizability condition

NF = 2 × 2 × 1

2
× N = 2N
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