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The Navier Stokes equations

| St

Claude-Louis Navier

Sir George Stokes

Isaac Newton
1785-1836 1819-1903 1642-1727

dr(pu)+V-lu(pu))] = —~-VP+V- (M(Vu + (Vu)h) - ;MI(V . u)> +f

u(x,t) is the velocity field

p(x,t) is the density

P(x,t) is the pressure

w is the dynamic viscosity

f represents (external) forcing terms
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The Navier Stokes equations

| St

Claude-Louis Navier

Sir George Stokes

Isaac Newton Leonhard Euler
1785-1836 1819-1903 1642-1727 1707-1783

O(pu)+V-[u(pu))] = —VP+V-: (M(Vu + (Vu)h) - %MI(V . u)> +f
Mass transport
Op+V-(pu)=0

Equation of state
P:f(p7T77"')



The Incompressible Navier Stokes equations

| St

Claude-Louis Navier

Sir George Stokes

Isaac Newton Leonhard Euler
1785-1836 1819-1903 1642-1727 1707-1783

O(pu)+V-[u(pu))] = —VP+V-: (M(Vu + (Vu)h) - %MI(V . u)> +f
Mass transport
Op+V-(pu)=0

Equation of state
P:f(p7T77"')



The Incompressible Navier Stokes equations

| St

Claude-Louis Navier

Sir George Stokes

Isaac Newton
1785-1836 1819-1903 1642-1727

dr(pu)+V-lu(pu))] = —~-VP+V- (M(Vu + (Vu)h) - ;MI(V . u)> +f

Mass transport
p = constant

Incompressibility condition

V-u=0
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The Incompressible Navier Stokes equations

| St

Claude-Louis Navier

Sir George Stokes

Isaac Newton
1785-1836 1819-1903 1642-1727

1 1
du+u-Vu=—-VP+ v2u+
p p p

Mass transport
p = constant

Incompressibility condition

V-u=0
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The Incompressible Navier Stokes equations

| St

Claude-Louis Navier

Sir George Stokes

Isaac Newton
1785-1836 1819-1903 1642-1727

du+u-Vu=-VP+vViu+f
Mass transport
p=1
Incompressibility condition

V-u=0

v = u/p = kinematic viscosity
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Breaking down the Navier Stokes equations

Claude-Louis Navier Sir George Stokes
1785-1836 1819-1903

Navier Stokes equations
du+u-Vu=—-VP+vVu+

. oL V-u=0
time derivative

Non-linear terms: advection and pressure

°

°

@ Linear terms: viscous terms responsible for energy dissipation
° : Forcing - energy injection

°

Divergence-free constraint
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Breaking down the Navier Stokes equations

Leonhard Euler
1707-1783

Euler Equations
Jdu+u-Vu=-VP

) o V-u=0
time derivative

Non-linear terms: advection and pressure

°

°

@ Linear terms: viscous terms responsible for energy dissipation
° : Forcing - energy injection

°

Divergence-free constraint



Breaking down the Navier Stokes equations

Sir George Stokes
1819-1903

Stokes Equations
dru = +uvViu+

. oL V-u=0
time derivative

Non-linear terms: advection and pressure

°

°

@ Linear terms: viscous terms responsible for energy dissipation
° : Forcing - energy injection

°

Divergence-free constraint
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The Navier-Stokes

du+u-Vu=-VP+vViu+f

Vau=0
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du+u-Vu=-VP+vViu+f

Take the divergence (V-) of the Navier Stokes equation
o(V-u) 4+ V-(u-Vu) = =V?P +vV3(V-u) + V£
by incompressibility
QT V-(u- Vu) = —V2PLuViTa) +

V2P = —V-(u-Vu)

To find the pressure we have to invert a laplacian



Alternative forms of the Navier Stokes equations

du+u-Vu=-VP+vVu+f

using the vector identity
1
Ax(VxA)=-A- VA+§V(A -A)

du=uxw-—VP +vVu+f

where w = V x u and P’ = P + |u|?
vorticity equation

Ow =V x (uxw)+vViw+Vxf

where Vxw = VxVxu = V(V-u) - V?u= -V
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Alternative forms of the Navier Stokes equations

vorticity equation

ow =V x (uxw)+vViw+Vxf

Vorticity field lines move with the flow




Ly

Lx
For 99,99% of the course L, = L, = L, = L.
In many cases we want L — co




Boundary Conditions on 0D

Iz

Ly

Lx
@ No-slip

u=20
@ Free slip
u-e, =0 & wxe,=0

@ Periodic

u(z,y,2,t) =u(x+nyLy,y +nyLy + 2+ n,L;,t)



Fourier Space (Finite box)

Ly
Lx

u(x,t) = Z e (1)e’, ug(t) = <ue*“"x>
where

(f(x)) = LleyLz/f(x)dv

and

K <27T7’Lm 2mn, 2mn,

) , , with ng,n,,n, € Z
Lx Ly LZ > T Y z



Fourier Space (finite and infinite space)

1 1 ‘
=7 / ue~Kxqy, a(k,t) = @ / ue~kxqy
u(x,t) = Zﬁ(k t)elkx, u(x,t) = /ﬁ(k,t)eik‘xdk3
k
k e N? k € R?

Energy Spectrum:

@ Finite Box

B =5 Y laf

E<|k|<k+1
@ Infinite space

1
B(b) = 5 [ [aPa(k - lkar?



Navier Stokes in Fourier Space

<(8tu +u-Vu) e_ik.x> = <(—VP + vV + f) e_ik'x>

Oty + <(u : Vu)e”k'x> — —V B, — vkl + i



Navier Stokes in Fourier Space

<(8tu +u-Vu) e_ik.x> = <(—VP + vV + f) e_ik'x>

Dyt + <(u : Vu)e*ik-X> = VB — |k + fi
<(u ' Vu)e_ik'x> = < < [Z Tge'd™| -V [Z ﬁpeip'x]> e_ik'x>
q P

_ <<Zuq (ip)i ) - k>>




Navier Stokes in Fourier Space: Pressure term

<e_ik'XV “(u- Vu)> = <_ (V2P) e—ik~x>

pt+a=k
5 (k-1p)(p-uq)
P =—
D3
Navier Stokes:
k-1 . -
8tﬁk = Z 7 <(p . ﬁq)ﬁp _ k( up)%) uq)) . V’k’Qﬁk + fk
p+a=k ‘k‘

and
k-u,=0



Volume averaged quantities

16 = g [ fo0av
Identities

1
(V-a) = V/BD(a-n)dS,

1 1
Vxa :/ andAdz:/j{ a-dldz,
< ) V' JJoa V] Jac

In periodic domains this implies



Volume averaged quantities

in periodic domains we thus have
o (9,f) =0
° (VF)g) = (V(f9)) = (f(Vg)) = ={f(Vg))
o ((V2f)g) = (V(gV ) = {(V)(Vg)) = —{(V)(Vg))

o (a-Vb) = (V;(a;b;)) — (bV -a) = —(bV - a)
=0 if V-a=0

e (a-Vxb)=(V:(bxa))+ (b-Vxa)=(b-Vxa)

o (a-V?b) =—(a-VxVxb)=—((Vxb) - (Vxa))



Conservation laws: Momentum

du+u-Vu=-VP+vVu+f

oru+ u-Vu = _-VP+vViu+f
O (u)+ (u-Vu) = —(VP) + v(V?u) + (f)
dh(a)+  (Vi(uuj)) — (uV-u) = —(VP)+v(V?u)+ (f)
O(u)+  (Vibwry)) — (uV-a] = —(VP] + v (V) + (#f
at(u> =0

(here (f) = 0 is assumed)



Conservation laws: Energy

du+u-Vu=-VP+vVu+f

<u opuy + < -(u-Vu)) = —<u~VP>+1/<u-V2u>+<u-f>
2dt<! uf®) + <u VluP)) = —(u-VP)+w(u-V?u)+ (u-f)
§%<| uf? > <(Vz'ui|ll|2)> = —(V-(uP))+ (PV-u)

+(Vi(u;Viug)) — v(V;u;Vjuy)
+(u-f)



Conservation laws: Energy

du+u-Vu=-VP+vVu+f

(u o) + < ‘(u-Vu)) = —(u-VP)+v{u-Viu)+ (u-f)

§%<| |> <(u Vlu| >> = _<U'VP>—|—1/<u-V2u>+<u-f>

S (uP) + 3 (T} = (T ] + (Prw)

+v (Vi NV5 j —u(VjuiVjui>

+(u-f)
1d, .,
2d (lu]?) = —(Vju;Vju;) + (u - f)
d
Yo T
dtg €+




Energy Dissipation rate ¢

Let Sij = (8111,3 + 8Ju,)/2 and Qij = (&-uj — 8]ul)/2
The local energy dissipation rate is then given by

In periodic domains we have

e = 2u((0iuj + 0ju;)(Oiuj + Oju;)) /4
v {(95u;)? —i—2(9 juiOiu; + (Ojus)?) /2

= v ((9uy) > (uza u;j))
((

= v ((0))*) + (93(wdr;))

= v (@u)?)

= v {( diug)? — 20ju;0pu; + ((9jui)2>/2

= [20(9,005) = v(jw?) 1




Conservation laws: Helicity

1
’H:§<u-w>

du =uxw-—VP 4+vVu+f
ow =Vx(uxw) +vVw+ Vxf

—(u-w) = (u-ow)+ (woku)

= (u-Vx(uxw))+v{u-Vw)+ (u- Vxf) +
(W (uxw))+ (w-VP)+(w- V) + (w-f)



Conservation laws: Helicity

1
7—[:§<u-w>

du =uxw-—VP +vViu+f
ow =Vx(uxw) +vVw+ Vxf

—(u-w) = (u-ow)+ (woku)

= (u-VUxfuxw)) +v(u-V’w) + (u- Vxf) +
(W laxW)) + (Ww-VP) +v({w- V) + (w-f)

1d

S W) = —ulw e Vxw) o+ (wf)
d
%H:_EH_FIH



Conservation laws: Helicity

@,
D,
<

Consider two infinitesimal vorticity tubes

1 1 )
H = / u-wdx3+2/ u - wdz?

2 V1 V2
1 1

= f /u-wdsdﬂ—l—j{/u-wdsdﬁ
2 0o ¥ 51 2 Ce J S

1 1
= @17{ u-dﬂ—k@g?{ u-df
2 Coo 2 Ce

1 1

= @17{ w-ds+ =y w - ds
2 " Jas 2 7 Jac

= 1Py
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Helicity in Fourier Space

+  kx(kxe) Iy kxeé

= 2
KTV2k x (kx @) v2lk x @
ik x hi = +khif, ik -hi =0

hj - (hi@{’)* — hls(.hl:s' _ hf(.hs_'k =0
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Navier Stokes in helical modes

Let sy = £1, sq = £1, sp = £1.
Then

8t<hs_kke*ik'x . w> = <hs_“ke*ik'X (VX (uxw)+ vViw 4+ V x f)>

Navier Stokes:

Sk _ Sk>Sq,5p, Sq, Sp 2,5k Sk
Opup s = E Cran Tuqiup | — vik[Tuk + fig

erq:k,Sq,Sp

where

1
Sk7s 78 S S S
Crap Pusay’e = i(sqq — Spp)<h_kk -hg' % hpp>



Number of Degrees of Freedom of N wavenumber modes

ﬁk:uihi+u;h;

Sk __ Sk»Sq,5p , Sq, Sp 2 Sk Sk
Opuy s = Z (JI“Lp ugq'up | — vlk[Fugs + fi

p+q:k75(17sp

If N wavenumbers are sufficient to resolve a given problem then
the number of degrees of freedom N are

o (2) wuy,u. two modes

e (2) ulf is complex

e (1/2) uj_[k = (ulf)* realizability condition






