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@ Symmetry in fields and in equations
@ Symmetries of the Navier Stokes

@ Breaking of symmetries



Flow behind a cylinder

== Re=1800
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Symmetries of Fields

We will say that a field u(x,t) is invariant under a
transformation 7 or that it has a T-symmetry if under the
act of the transformation it remains the same:

Tlu] =u

O
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Space translations

Tlu(x,t)] = u(x + €4, 1)
Example:
e u(x,t) = (0, sin( ), cos(y))

Q00

e continuous symmetry in x : x YUY, 2) = u +€m,y,z,t)
e discrete symmetry in
Y, 2, s u(x,y, 2) = u(x,y + 2nym, 2 + 2n,m, t)
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Time translations

Tu(x,t)] =u(x,t+7)
Example:

@ Time periodic flows have discrete symmetries
@ Constant in time flows have continuous symmetries
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Reflections

7/

20

T[(Ux(l’,y, 2 t),uy(x, Y, th)vuz(xvyv Z, t))]

(_u:v(_xa Y, z, t)v “y(_i’«"a Y, z, t)a uz(_'rv Y, z, t))
Example:
e u(x,t) = (sin(z) cos(y), — cos(z) sin(y), 0)

HHE



Tlu(x,t)] = Ru(R™'x,t) + ¢
Where R is the rotation matrix Example:
e u(x,t) = (y,—z,0)
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Galilean Transformations

Tu(x,t)] =u(x+ct,t)+c
Example:
o u(x,t) =—x/t
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Scalling Transformations

Tla(x,t)] = A*u(Ax, 1)
Example:
o u(x,t) = (y, —,0)(2* +y*)*/*"!




Symmetries of equations

We will say that an equation (e.g. the Navier-Stokes) is
invariant under a transformation 7 or that it has a
T-symmetry if for any solution u(x,t) of this equation
Tlu(x,t)] is also a solution.

Note that u(x,t) does not have to be a symmetric field.




Symmetries of equations

Lemma: If the initial conditions u(x,0) has one of the
spatial symmetries of the Navier-Stokes
Tlu(x,0)] = u(x,0),
then if u(x, ¢) remains smooth it retains this symmetry for
all times.

Tu(x,t)] = u(x,t)

Proof: If u(x,t) is a solution then (since 7 is one of the
symmetries of the Navier-Stokes) 7 u(x,t)] is also a solution that
has the same intitial conditions as u(x,t) (7 [u(x,0)] = u(x,0)).
Thus either there is non-uniqueness of solutions or

Tlu(x,t)] = u(x,t).

(Non-uniqueness occurs only for non-smooth u(x, t)).



Symmetries of the Navier-Stokes

@ Space translations: 2/ = x +/
o "if u(x,t) is a solution u(x + ¢,t) is also a solution.”



Symmetries of the Navier-Stokes

@ Space translations: 2/ = x +/
o "if u(x,t) is a solution u(x + ¢,t) is also a solution.”
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Symmetries of the Navier-Stokes

@ Space translations: 2/ = x +/
o "if u(x,t) is a solution u(x + ¢,t) is also a solution.”
L 8:1:u(x + ﬁ’ f) = %aw’u(xla t) = 81./11(X/7 t)

opu(z+l, t)+u(z+0,t)-Vu(z+L,t) = —VP+vV2iu(z+L, t)+f(x, )
duu(a, t)+u(z’,t)-V'u(',t) = =V P+uV%u(z’, ) +f(x'—0, 1)

which is the original Navier Stokes (if f(x,t) = f(x + ¢,t))

ie, u(x + £, t) satisfies the same equations as u(x, t)



Symmetries of the Navier-Stokes

@ Space translations: ' =z + /¢
@ Time translations: ' =t + T
o "if u(x,t) is a solution u(x,t + T') is also a solution.”



Symmetries of the Navier-Stokes

@ Space translations: 2’ = x +/

e Time translations: ¢’ =t+ T
e “if u(x,t) is a solution u(x, ¢+ T') is also a solution.”
o du(x,t+T) = %&/u(x,t’) = Opu(x,t)



Symmetries of the Navier-Stokes

@ Space translations: 2’ = x +/

o Time translations: ¢/ =t + T

@ Galilean transformations: x' =x —ct, ' =t, u =u+c
e “if u(x,t) is a solution u(x — ct,t) + ¢ is also a solution.”



Symmetries of the Navier-Stokes

@ Space translations: 2’ = x +/

@ Time translations: t' =¢t+ T

@ Galilean transformations: x' =x —ct, ' =t, u =u+c
e “if u(x,t) is a solution u(x — ct,t) + ¢ is also a solution.”
o Oi(u(x—ct,t)+c)= (%—i) dpu(x',t') + (%) Vyu(x',t)
o dyu(x/,t') = Opu(x’,t') — cV'u(x',t')



Symmetries of the Navier-Stokes

@ Space translations: 2’ = x +/
@ Time translations: t' =¢t+ T
@ Galilean transformations: x' =x —ct, ' =t, u =u+c

e “if u(x,t) is a solution u(x — ct,t) + ¢ is also a solution.”
d(u(x—ct,t)+c) = (%—i) dpu(x,t') + (%) Vyu(x',t)
ou(x',t') = dpu(x/,t') — cV'u(x',t)
(u+c) Vu+c)=u-Vu+c- Vu

od +d' - Vu' = -VP + vV +f
v’ — VU +u-Vu+ce-5u=-VP+vViu+f
if f(x,t) =f(x — ct,t)



Symmetries of the Navier-Stokes

Space translations: ' =z + ¢
Time translations: ' =t 4+ T
Galilean transformations: x' =x —ct, ' =t, u =u+c

°
°
°
@ Rotations v’ = Ru, x' = R~ x



Symmetries of the Navier-Stokes

Space translations: ' =z + ¢
Time translations: ' =t 4+ T
Galilean transformations: x' =x —ct, ' =t, u =u+c
Rotations v/ = Ru, x' = R~ !x
o “if u(x,t) is a solution Ru(R~'x,t) is also a solution.”



Symmetries of the Navier-Stokes

Space translations: ' =z + ¢
Time translations: ' =t 4+ T
Galilean transformations: x' =x —ct, ' =t, u =u+c
Rotations v/ = Ru, x' = R~ !x
o “if u(x,t) is a solution Ru(R~'x,t) is also a solution.”



Symmetries of the Navier-Stokes

@ Space translations: 2’ = x +/
@ Time translations: ' =t 4+ T
@ Galilean transformations: x' =x —ct, ' =t, u =u+c
@ Rotations v = Ru, x’ = R 1x
e Parity (reflections): u’ = —u, x' = —x
e “if u(x,t) is a solution —u(—x,t) is also a solution.”



Symmetries of the Navier-Stokes

Space translations: ' =z + ¢
Time translations: ¢/ =t + T
Galilean transformations: x' =x —ct, ' =t, u =u+c
Rotations ' = Ru, x' = R™'x
Parity (reflections): v’ = —u, x' = —x
Scaling x' = x/\, t' = t/\*, v’ = A\u
e “if u(x,t) is a solution Au(x/\, t/\%) is also a solution.”

ou' +u -Vu' = VP +uvViu +f



Symmetries of the Navier-Stokes

Space translations: ' =z + ¢
Time translations: ¢/ =t + T
Galilean transformations: x' =x —ct, ' =t, u =u+c
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e “if u(x,t) is a solution Au(x/\, t/\%) is also a solution.”

ou' +u -Vu' = VP +uvViu +f

N29u + 2 P u . Viu= -\ IVP + v\ 2V2u+ f



Symmetries of the Navier-Stokes

@ Space translations: 2’ = x +/
Time translations: ¢/ =t + T
Galilean transformations: x' =x —ct, ' =t, u =u+c
Rotations ' = Ru, x' = R™'x
Parity (reflections): v’ = —u, x' = —x
Scaling x' = x/\, t' = t/\*, v’ = A\u
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N29u + 2 P u . Viu= -\ IVP + v\ 2V2u+ f

Isasolutionif —a=28—-1and28—-1=03-2



Symmetries of the Navier-Stokes
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Symmetries of the Navier-Stokes

Space translations: ' =z + ¢
Time translations: ¢/ =t + T
Galilean transformations: x' =x —ct, ' =t, u =u+c
Rotations ' = Ru, x' = R™'x
Parity (reflections): v’ = —u, x' = —x
Scaling x' = x/\, t' = t/\*, v’ = A\u
e “if u(x,t) is a solution Au(x/\, t/\%) is also a solution.”

ou' +u -Vu' = VP +uvViu +f
N29u + 2 P u . Viu= -\ IVP + v\ 2V2u+ f

Isasolutionif —a=28—-1and28—-1=03-2
B=—-1land a =2

In the absence of viscosity there is a scaling symmetry for any 3
anda=1-0



Symmetries of the Navier-Stokes

@ If u(x,0) has one of the spatial symmetries of the Navier
Stokes equations then u(x, ¢) will retain this symmetry at all
times

@ Most of the symmetries of the Navier Stokes equations break
down when non-constant forcing is considered

@ Most of the symmetries of the Navier Stokes equations break
down when non-infinite domain sizes are considered






