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Statistical steady state

Flow reaches a random state

We look for a P[u]
Respects symmetries of the Navier-Stokes (Euler?)

Nonlinearities conserve Energy and Helicity

There is energy/helicity injection and dissipation
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What if we forget dissipation?

Euler-equations
If ν = 0 dissipation can still occur by the formation of singularities.

The Galerkin Truncated Euler-equations

d

dt
uskk =

|k|,|q|,|p|≤kmax∑
p+q=k,sq,sp

C
sk,sq,sp
k,q,p u
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Equilibrium Dynamics

(Lee 1952; Hopf 1952; Kraichnan 1967, 1973; Orszag 1977)

d

dt
uskk =

|k|,|q|,|p|≤kmax∑
p+q=k,sq,sp

C
sk,sq,sp
k,q,p u

sq
q u

sp
p

Liouville’s condition

∂

∂uskk

|k|,|q|,|p|≤kmax∑
p+q=k,sq,sp

C
sk,sq,sp
k,q,p u

sq
q u

sp
p

 = 0

Density of states constant along trajectories

+Ergodicity assumption ⇒

P[u] is determined by the invariants of the system (E ,H)
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Equilibrium Dynamics

Micro-Canonical Ensamble

P[u] = 1

Z
δ

E − 1

2

∑
sk,|k|≤kmax

|uskk |
2

 δ
H− 1

2

∑
sk,|k|≤kmax

skk|uskk |
2



Canonical Ensemble

P[u] = 1

Z
exp

1
2
β

∑
sk,|k|≤kmax

|uskk |
2 +

1

2
γ

∑
sk,|k|≤kmax

skk|uskk |
2


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Micro-Canonical Ensamble (Neglecting Helicity)

P[u] = 1

Z
δ

E − 1

2

∑
sk,|k|≤kmax

|uskk |
2


〈
|uskk |

2
〉

=
1

Z

∫
|uskk |

2δ

E − 1

2

∑
sq,|q|≤kmax

|usqq |2
∏

q

du
sq
q

=
1

NZ

∫ ∑
k|,sk

|uskk |
2

 δ

E − 1

2

∑
sk,|k|≤kmax

|uskk |
2

∏
q,sq

du
sq
q

=
2E
NZ

∫
δ

E − 1

2

∑
sk,|k|≤kmax

|uskk |
2

∏
q

du
sq
q = 2E/N

E(k) =
1

2

∑
k≤|q|<k+1

〈
|uskk |

2
〉
∝ k2
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Canonical Ensamble

P[u] =
1

Z
exp

1
2

 ∑
sk,|k|≤kmax

(β + skkγ)|uskk |
2


〈
|uskk |

2
〉

=
1

Z

∫
|uskk |

2P[u]
∏
q

du
sq
q

=
1

(β + skγk)
,

(∫ +∞

−∞
e−ax

2
dx =

√
π

a

)
〈
usk−k · w

sk
k

〉
=

skk

(β + skγk)
,

(∫ +∞

−∞
x2e−ax

2
dx =

√
π

4a3

)
〈ek〉 =

1

2

〈
|u+k |

2 + |u−k |
2
〉
=

β

(β2 − γk2)
,

〈hk〉 =
k

2

〈
|u+k |

2 − |u−k |
2
〉
=

γk2

(β2 − γ2k2)
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Canonical Ensamble

〈ek〉 =
1

2

〈
|u+k |

2 + |u−k |
2
〉
=

β

(β2 − γk2)
,

〈hk〉 =
k

2

〈
|u+k |

2 − |u−k |
2
〉
=

γk2

(β2 − γ2k2)

E(k) =
4πk2

(β2 − γ2k2)
, H(k) =

4πγk4

(β2 − γ2k2)

E =
∑
k

β

(β2 − γk2)
, H =

∑
k

γk2

(β2 − γk2)
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Canonical Ensamble

〈ek〉 =
1

2

〈
|u+k |

2 + |u−k |
2
〉
=

β

(β2 − γk2)
,

〈hk〉 =
k

2

〈
|u+k |

2 − |u−k |
2
〉
=

γk2

(β2 − γ2k2)

E(k) =
4πk2

(β2 − γ2k2)
, H(k) =

4πγk4

(β2 − γ2k2)

kmax < |β/γ|

10 / 12 Turbulence



Canonical Ensamble

E(k) =
4πk2

(β2 − γk2)
, H(k) =

4πγk4

(β2 − γk2)
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