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Key points from last week

o Finite dissipation at the v — 0 limit
e Transfer of energy from large scales to small scales
@ Vorticity stretching

@ Power-law behavior of structure function
<]5u(7‘)\2> o r2/3

o Power-law behavior of Energy spectra E(k) o k—%/3



Ly
Lx

du+u-Vu=-VP+vVu+f
V-u=0
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Navier-Stokes in Fourier Space

1z

= : Y (k-up)(p-ug) 2~ %
e = — Z t <(P ‘ug)up — k k[ —v|k[ a+fi
p+a=k



Defining the notion of scale ¢ = k™!

The filtering operators 77,€< and 77,{3>

Let
u;(x) =P [ux)]  and  up(x) =Py [u(x)]
where
Pru(x)] = ) (t)e™™
k<K
and

Prlu()] = ) w(t)e’™

|k|>E

The field u; contains scales larger than £ = k~!
The field u,? contains scales smaller than ¢ = k1

_ .< >
u=u, +uk
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Defining the notion of scale ¢ = k™!

k|<k K[>k
Properties:
o P [Pr[ul] = P [u(x)], (ie it is a projector)
o Py [Py [ul] =Py [u(x)], (ie it is a projector)
o Py [Prlu]] =0 u; and u; are orthogonal
o Pr[Vu] = VP [u(x)], it commutes with derivatives



Scale by scale energy balance

7/
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du+u-Vu=-VP+vVu+f
(u-dpu) + (u- (u-Vu)) = —(u-VP) + v{u-V?u) + (u-f)

(u- Opu) + 1<u Vu*) = —(u-VP) +v(u-V?u) + (u-f)

2dt<| | > 1/<|Vu\2>—|-<u-f>

d
el <SR T
dtg €+




Scale by scale energy balance

For the filtered field u;;

(U )+ - (0 V) = (0 VP V) 6)
2dt<’ S12) + (up - (u- V) = +0(|Vug *) + (uj - )
2dt Z i+ Y Y (A [(p - ag)ip]) =

k| <k k| <k p+a=k
=Y kPl + ) tuic
<k <k

d
£5< + 10 = —€5 + I
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Scale by scale energy balance

d

Ek)
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Scale by scale energy balance

E(k)
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Scale by scale energy balance

E(k)
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Scale by scale energy balance

E(k)
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Scale by scale energy balance

if we time average




Scale by scale energy balance

Ed)
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Scale by scale energy balance
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Scale by scale energy balance
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Scale by scale energy balance
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Scale by scale energy balance

() = u<l§krk|2|ak|2>T

Ek)
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Large scale filtered Dissipation

() = v PE@=v | Bl

if E(k) oc k= for k such that ky < k < k, then

<6:>T X v fok ¢**dgq
= L[k - kf:a] if a#3

x vk3—, if a<3
x vlog(k), if a=3
X € if a>3
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Large scale filtered Dissipation

lim lim <€:>

v—0 k=00 T

. . < _
dim fim () =

IN

<

lig(l) klggo (& )r #

_ . . < _ . _
= i (i (6 ) =t e=c
k
li . 2
Jn | v 2 @B )
q=0
k
lim | lim v&* " E(q)
k—oo \ v—0 7=0

lim (lim z/k25>
k—oo \v—0
lim 0

k—o0

0

(if £ remains finite)

lim lim <e,f>

k—o00 v—0 T



Scale by scale energy balance

() = u<l§krk|2|ak|2>T

Ek)
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Scale by scale energy balance

() = u<l§krk|2|ak|2>T

Ek)
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Scale by scale energy balance

() = u<l§krk|2|ak|2>T

Ek)
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Scale by scale energy balance

nkT_<
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E()

2. > @

|k|<k p+q=k

[(p-1gq ﬁp])>




Scale by scale energy balance

(Ik)p = _<6§T> +

Ed)
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Scale by scale energy balance

(Ik)p = _<6§T> +

Ed)
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Scale by scale energy balance
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Scale by scale energy balance

Inertial Range




Scale by scale energy balance

M) —< Y Y @ -aq>apn>

|k|<k p+q=k

Inertial Range




Scale by scale energy balance

M= (15 X @l agan)) <

|k|<k p+q=k

Inertial Range




Scale by scale energy balance

1 Inertial Range 1

In the limit ¥ — 0 a range of scales develops where
e forcing effects can be neglected
@ viscosity effects can be neglected
@ Energy flows in a constant rate from large to small scales

@ Independent of how the system is forced in the large scales and
how energy is dissipated in the small scales it Fourier modes
are restricted to satisfy the constant energy flux relation
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Back to Real Space

Correlation Functions

I (r) = (u'(x + 1) - v/ (x))

@ Spatial Average
@ Temporal average

@ Ensemble average



Real Space Proprties

@ Homogeneous

(Nv=1s

System is statistically invariant under space translations

o Ergodic
(N = (s

System is statistically invariant under time translations

In general we will assume statistically homogeneous and ergodic
flows
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Real Space Proprties

Implications of Homogeneity and time invariance

e Ergodicity time invariance

(u(x,t1) - u(x,t2)) = f(t1 — t2)

@ Homogeneity

(u(x1,?) - ulxz, 1)) = f(x1 — x2)

@ Isotropy
(u(x1,t) - u(xz,t)) = f(|x1 — x2f)



Correlation Function

I(r) = (u(x+r)-ux))

lim I'(r) = (Jul?) = 2¢, lim T'(r) =0

r—0

I'(r)
[\~]
S




Correlation Function &

Second order Structure function

So(r) = {|6ul*)

= <\u xX+r x)]2>
= (Ju(x+ )\2—211 (x+ ) ( ) + [u(x)*)
= 2(lu(x+1)[*) — 2(u( u(x))

= 4& —2(u(x+r)- (x)>

Sy(r) = 4€ — 2I(r)



Correlation Function & Structure function




Correlation Function & Structure function

Sa(r) = (|oul*) = 4€ — 2T'(r)

I'(r) = (u(x+r) - ux)),
}i_l)T%]F(T‘) = <|u|2> = 2¢&, Tlggof(r) =0




Correlation Function & Structure function

I'(r) = (u(x+r) - ux)), Sa(r) = <\5u|2> =4& — 2I'(r)

3

7“<<€l,—>6uo<r—>52(7“)o<7“2, E,,<<7“<<€f—>520<7“2/




Generalized Structure functions

Longitutonal and transverse Structure functions

Sa(r) = <|6u\2>

X2

X1
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Generalized Structure functions

Longitutonal and transverse Structure functions

SY(r) = (Jow?y  Si(r) = (JouL]?)
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Generalized Structure functions

Longitutonal and transverse Structure functions
Sy(r) = (Jdw’)  S5(r) = (|url?)

Shry = (Jou-#?) Sy (r) = (|ou x #[?)
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Generalized Structure functions

Higher order Structure functions
Sh(r) = (o) Sy (r) = (jdur]")

Sh(r) = (jdu-£") Sy (r) = (|oux #[")

X2¢"

u I 115
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Fourier Space and Real Space

o Energy Spectrum:

R =5 Yl

k<|k|<k+1

@ Correlation Function

I'(r) = (u(x+r) - ux))
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Fourier Space and Real Space

(™) = (™ fut+r)-ux))
- V12//e_ikru(x—i—r)-u(x)dr?’dx?’

1 .
_ V2//ZZﬁpﬁqez(p(r+x)+qx—kr)dx?)dr?)
a p
_ LQ / / 37T i PR PR g3
v a p
= Zzﬁpﬁqfspﬁq‘snk
a p

= ) Ol plpk
P
= |ig|? = 2 x Energy density in Fourier Space
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Fourier Space and Real Space

L

El) = 5 > P

k<|k|<k+1

12

2m|k|?

v

Vv

2m|k|?
= 2n|k[?

27 |k|?

||
(e7™r(r))
/e‘ikrF(r)dr?’

/ e—ikr cos 9F(7“>?”2d7”d¢ sin(@)d(g

E(k) =

4 2
;;/F(r)k:r sin(kr)dr

Wiener-Khinchin Formula
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