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Three dimensional turbulence

e Vorticity stretching

@ Forward energy flux

@ Kolmogorov Energy Spectrum
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3D Turbulence vs 2D Turbulence
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2D Navier Stokes, u, =0, d,u =0

Iw = Vx(u x w) + vV?w + Vxf
u, =0, O.u=0, =>w,=wy;=0
dw, = dp(u x W), — dy(u x W), +vV2w, + (Vxf),
Oz = By (—gw2) — Oy (uyw) + VY20 + fuy
0w, = —UzOrw, — W, 0pUy — UyOyw, — W Oyty + vViw, + fw
Orw + Uz Oy, + UuyOyw, = —w5(Ogtiy + Oyuy) + vV2w, + fu
w, +u - Vw, = —w, (V1) + vVw, + fo,

ow, +u-Vw, = VVQU)Z + fw




2D Navier Stokes, Stream function formulation

dw, +u-Vw, = vViw, + fw
Set u, = Oy1), uy = =01 so that V- u = 0,0y — 00,9 =0

w, = Oyuy — Oyuy
= _azam'(/] - aygyw
= V%

OV — 0y 0,V + 0,000, V) = vV — fo,

XV + J (¢, V) = vV — f,,
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Energy Conservation

6/

(VO V*Y) = (YOy 0, V1) +(1p0y1p0, V) = v{(YV2V2)— (4 fu)
1d 1 1
—§%<V¢ Vi) — §<8y¢28wvz¢> + §<8r¢28yv2¢>
= v(VYV2) — (¢ fo)

‘m (IVO2) + 5 (020,0:97T) — 1 (v0.079°T)

= v(|V*) — (¥ fu)

S (V) = (V%) + (o)




Energy Conservation

1%<|W|2> = —v(|V2P) + (W fu)

d
—&=— 7.
7 €+ Le

where

7<y ?) = wwz>— <|vw|2>

€= mmr ) = v(w?)
Te = (Y fuw) = (u-f)
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Enstrophy Conservation

o, +u - Vw, = V2w, + f,
(w,0pw;) + (wyu - Vw,) = y<wzv2wz> + (wz fu)

1d
L () =~ IVuaP) + ()
d
where
L, 2
Q= §<wz> Enstrophy
n = v{|Vw,|*) Enstrophy dissipation

Za = (wy fu) Enstrophy injection
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An infinity of invariants

9/

In fact for any function F'(w,) for which

_dF

Fl(w) = o

we have
(F'(w,) 0w, )+(F'(w.)u - Vw,) = v(F'(w,) VW, ) +(F'(w.) fu)

%w(wz» W VRE]) = —o(VE (ws) - Vaws) + (F/(ws) fu)

R (w2) = —(F(w2) V) + (F(w:)f)



An infinity of invariants

Forv =0 f, =0

=

@ The flow will move every infinitesimal area element with out
changing its area nor its vorticity.



Vortex shearing

Consider a vortex patch of size £ sheared by a larger scale eddy:
I ———
‘e //
| e
e ’-‘

=0 >

/w Pz = %ucw = ugl = upl

Uy < Ug—

el
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Consider the transfer of energy and enstrophy between three modes

k 2k
Q1 «Q 2

Q. = K2E}, Q.2 = k* /Ao, Qop = 4k*Eoy,
Q= Qg2 + Qo Ey = Egjo + Egg

1
KBy, = ZkQEk:/Q + 4k* Eoy,, Ey = Egjo + Egg

4 1

k/2 = 5Pk 2k = Lk
1 4

k/2 = pRk 2k = g5
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Implications of vorticity Conservation

No finite dissipation theorem Let
® Zg = (¢ fu) The energy injection rate (at wavenumber k)
@ 7o = (w, fw) The enstrophy injection rate

@ c= V< > the energy dissipation rate
°on= <|Vw2] > the estrophy dissipation rate (palinstrophy)
We have

= fur®c =D furlkPP =k} Y furthe = kjZe
k k k
and from energy and enstrophy balance

n = 1o = k‘JQch = k}%e



Implications of vorticity Conservation

No finite dissipation theorem

"7:

IN

Io

k3Ze

k:?ce

(w?)
<V><u w)
kfy<u V xw)
v ([u?) 2 (v xw )
K32 (26)2 (v(|Vw]?)) 2
k§y1/2(28)1/2771/2

k:fl/

n < kJQCVl/Q(Qg)l/in/Q
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Implications of vorticity Conservation

No finite dissipation theorem
n < k?u1/2(25)1/2n1/2

k:fce =n< 21{:?21/5

€ . 2Vk'}1-(€

° ilir(l) 5?214;]0 < lim 5T2kf =0, No finite energy dissipation

lim —1 li 2wk;E 0, No fini hy dissipati
° V%m —V%m =0, o hnite enstrophy dissipation



A dual cascade

dw +u - Vw = vV3w—aw + f

1d
5 7 IVUP) = v (IV26l*) — a{|VEI?) + (b fu)

d
%Ez—ey—ea—i—lg
and 14
La, oy _ 2\ _ 2
5 g (w%) = —(IVul?) — alw?) + (wfu)
d
20 =0, — 10+

(Note 7, # k?e,j that was used before)



A dual cascade

dw +u - Vw = vV2w — aw + fu

ord

VEET?) = (Uu- Vo) = —v(IVUE ) + a([VOER) + (0= fu)

d

dt

— €5 (k) + e (k) =

—€

> (k) — €5 (k) + I3 (k)

and

5 )+ (wu- Vi) =

—y<\Vw<\2> - a<\w<\2> + (WS fu)

dt

DOy + o (k) = —ng (k) — 15 (k) + Z5 (k)




A dual cascade
_

/ H\
es (k) = a/kE(k’)dk’, e (k) = u/kE(k’)kzdk’,
0 0

k k
(k) =a / E(KNEX K,  ni(k)=v / E(kKEAdK
0 0

if A < 0 then €5 (k) is dominated by small &
if A > —3 then €5 (k) and 5 (k) are dominated by large k

if A < —1 then 75 (k) is dominated by large k

E(k)




A dual cascade

Suppose &, both cascade forward, with €, and 7, finite in the

limit v — 0.
, Io(k)

) 1
|' Inertial Range '
) )

,

For k in the inertial range we have

Tolk)

llg(k) =e€,
HQ(k) ="M
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A dual cascade

For k in the inertial range we have

llg(k) = e

[e.e]

I
S
g
QM
=
S



A dual cascade

Suppose &, ) both cascade forward, with €, and 7, finite in the
limit v — 0.

'
|' Inertial Range 1
1

For k in the inertial range we have
e (k) < k™*n,
When we take the limit

lim lim IIg(k) =0

k—oo v—0

We can not have a forward Energy and Enstrophy cascade!



A dual cascade

Suppose &, 2 both cascade Inversly, with €, and 7, finite in the
limit o — 0.

, Io(k)
'

I
'
' Inertial Range .v
'

For k in the inertial range we have

lg(k) =—e
HQ(k) =N



A dual cascade

For k in the inertial range we have

Ma(k)| =

12

<

Na
(o.)

@ ¢*E(q)
q=0

k
@ ¢*E(q)
q=0

ak? Z E(q)
q=k

ke,

Tl (k)| < K%eq



A dual cascade

Suppose &, ) both cascade Inversly, with €, and 7, finite in the

limit a — O.
, Iolk)

Inertial Range
'

T~ s

For k in the inertial range we have
o (k)| < vk?e,
When we take the limit

lim lim IIo(k) =0

k—0a—0

We can not have an inverse Energy and Enstrophy cascade!



A dual cascade

Suppose & cascades forward, with ¢, finite in the limit v — 0 and
Q) cascades inversly, with 7, finite in the limit & — 0 and

y Ia(k
'
Inertial Range h 4

For k in the inverse inertial range 1, < k%€,

For k in the forward inertial range €, < k?n,

We can not have inverse Enstrophy and forward Energy cascade!



A dual cascade

Forward Enstrophy and Inverse Energy cascade is the only option!
. ; ! .

Io(k) = 311}% Ny, Finite
Me(k) = lime, =0
lo(k) = limn, =0
Ig(k) = ilLI%) €as Finite



Forward Enstrophy cascade




Forward Enstrophy cascade

, Za(k

IIo(k) = lim n,, Finite

v—0
More precisely
° <5uﬁ> = %771,7“3
e E(k) x 7712,/316_3 log™'/3(k/k*)
See: R.H. Kraichnan, J. Fluid Mech. 47 (3) (1971) 525-535. D. Bernard, Phys.

Rev. E 60 (5) (1999) 6184. E. Lindborg, J. Fluid Mech. 388 (1999) 259-288.
V. Yakhot, Phys. Rev. E 60 (5) (1999) 5544.



Forward Enstrophy cascade

, Za(k
'

o (k) = lim n,, Finite

v—0

Vorticity dissipation scale /7,

ug '
T = T
0, o 12116 k, oc v~ 1/21/6




Inverse Energy Cascade

, Za(k
'

Inertial Range A 4
v
'
'

IMg(k) = lim eq, Finite

a—0

3
e (k) = (Ypu- V) o % =n,>0

2
up o Y005, | (k) oc U oc 2/

<(5uﬁ> = gear
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Inverse Energy cascade

Inertial Range
v

IIg(k) = lim €4, Finite

a—0

Drag energy dissipation scale £,

2
Ul o €4 = o (eé/gfé/?’) X €q
6(11/2 a3/2
Ly ko o
@ n3/2 @ 6;11/2




Dual energy cascade in 2D

s Zo(k)
i Inertial R: 'v '
nertial Range R '
= '
'
'
'
'
'
' h h
' ' '
L
v
' K
'
'
'
'
' ' H
' '




Dual energy cascade in 2D

=
o n, = 0O(1)
° ¢, =0(1)

0 6, x vul/l2 x n b2 = v? < 0(1)
® 1 X au/l? o eo /02 = a® < O(1)
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What happens when ¢, > L?

. ' '
== ' ' '
= ' ' '
= k= 2X = ' '
2 ' '
' '
' '
' ' '
' '
' '
' ' '
1 kT 1
' ' '
' '
' '
' ' '

' ' 6

: . b ox 1
h
'
'

T T \

'



What happens when ¢, > L?

=
ke o v /2 L/
A spectral condensate! if @« =0
U? Ze L2
Te =v U?
¢ L? v









