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We report on the simultaneous measurements of the speed of sound and the density in liquid water
under negative pressure. Application of a focused acoustic wave to the bulk liquid is able to generate
negative pressures before nucleation of the vapor phase occurs. A method for time-resolved
Brillouin scattering is developed to measure the speed of sound during the passage of a 1 MHz
ultrasonic wave. This is coupled with a fiber optic probe hydrophone which allows the determination
of the density. Together, these methods give an ambient temperature equation of state of metastable
liquid water down to the acoustic cavitation threshold. Empirical equations of state of water are
based on experimental data at positive pressure; the validity of their extrapolation to negative
pressures had been tested only indirectly or with very weakly metastable liquid. We provide
thermodynamic data that prove the fidelity of recent equations of state down to —26 MPa. However,
this raises questions regarding the nature of the cavitation threshold observed in acoustic
experiments, which is far less negative than expected. © 2010 American Institute of Physics.

[doi:10.1063/1.3495971]

I. INTRODUCTION

There is no consensus on the equation of state of water.
Liquid water exhibits many anomalies, such as a well-known
density maximum at 4 °C and nonmonotonic behavior of
thermodynamic properties such as the isothermal compress-
ibility, which have yet to be fully explained. Highlights from
recent computer simulation work evidence the large number
of proposed models of water which attempt to account for
this anomalous behavior."™ In addition, numerous empirical
equations of state (EOSs) have been developed and many
faithfully represent liquid water under stable conditions, but
predict qualitatively different behavior than simulations do in
portions of the phase diagram that are less well character-
ized. This is particularly true for metastable states such as
stretched water. If water is stretched by application of suffi-
ciently large tensions, negative pressures can be attained.
There is, however, a dearth of experimental data at negative
pressures to support and test any proposed equations of state.
The lack of data for a liquid of such ubiquity and importance
as water is explained by the difficulty in obtaining the meta-
stable state and subsequently measuring appropriate thermo-
dynamic quantities. The aim of this work is to provide new
thermodynamic data at negative pressures.

For a first order phase transition, an energy barrier must
be overcome before the stable phase nucleates. In classical
nucleation theory (CNT), this barrier arises from the balance
between the energy cost of an interface separating the phases
and a volumetric term favoring the production of the stable
phase.6 Due to this energy barrier, liquids can be stretched
beyond the liquid-vapor equilibrium for a finite amount of
time, in which case the liquid phase is metastable. However,
in order to obtain this metastable state, extreme care must be
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taken to avoid surfaces and impurities which may reduce the
barrier to nucleation, and consequently, the lifetime of the
metastable state. Even without heterogeneous nucleation, a
pure liquid has an absolute limit of stability, the liquid-gas
spinodal line, beyond which the liquid phase is thermody-
namically unstable. At the spinodal, the isothermal com-
pressibility kr=—1/V(dV/JP)y diverges. In practice, thermal
energy is sufficient to overcome the barrier to nucleation
well before one reaches the spinodal. Thus, one does not
have direct experimental access to the spinodal, but rather
one measures a threshold which corresponds to a certain
probability of cavitation within a specified experimental vol-
ume and time.*’ The cavitation threshold is thus a measure
of the tensile strength of the liquid.

In water, knowledge of the cavitation threshold is of par-
ticular importance as its location is indicative of the
spinodal8 and may thereby aid in distinguishing between pro-
posed EOS. For example, all molecular dynamics simula-
tions find a spinodal that is monotonic with temperature,9
whereas it has a minimum for extrapolations made from
positive pressure data.'”

This work was originally motivated by a longstanding
discrepancy between experimental reports of the liquid-
vapor cavitation threshold. Evaluating the disparity between
experiments is complicated by the fact that the choice of
measured variable, usually the cavitation pressure P,, or
density p.,,, depends on the method by which water is sub-
jected to tension and conversion between them relies on the
use of an extrapolated EOS. A recent review'! summarizes
the variety of methods that have been used to generate ten-
sion in water, and in recent experimental work'? we provide
a direct comparison between two of these methods. Knowl-
edge of the EOS at negative pressures would enable com-
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parison of existing reports of the cavitation threshold and
verify the disparity; if it is real or if it is a product of an
erroneous extrapolation.

Furthermore, as heterogeneous nucleation is difficult to
avoid, interpretation of an experimental threshold is a peril-
ous task. In contrast, it is expected that trace impurities have
a minimal effect on continuous thermodynamic state vari-
ables, making comparison of experimental data throughout
the negative pressure region a more trustworthy test of an
EOS. In this communication, we measure two independent
quantities from which the EOS can be obtained: the density p
and the speed of sound c*>=(dP/dp)s at a known tempera-
ture. Before describing these measurements, we first briefly
review the state of affairs with attention to those experiments
that provide a measure or test of the EOS at negative pres-
sures other than simply the cavitation threshold.

To our knowledge, the most extensive PVT measure-
ments of water under mechanical tension were made by
Meyer13 almost a century ago. He used a combination
Berthelot-Bourdon apparatus. A Berthelot tube consists of a
sealed tube containing both liquid and vapor that is heated
until all of the vapor condenses; the liquid can then be placed
under tension by isochoric cooling.14 The unwinding of a
calibrated Bourdon tube gives a measure of the pressure. The
liquid volume change upon the appearance of a vapor bubble
is determined by measuring the bubble volume in a cali-
brated glass capillary and measuring the correction due to the
contraction of the glass by submerging the entire apparatus
in another liquid-filled vessel. Meyer was able to estimate
kT; however, he could only obtain very weakly metastable
states (—3.4 MPa) and found no significant deviation from
the value at ambient pressure. Using the same method, how-
ever, he was successful in detecting curvature in P(V) for the
case of diethyl ether.”

Like Reynolds16 and Briggs17 before them, Winnick and
Cho'® used a centrifugal method to create a column of water
under tension. In addition, they used the position of the me-
niscus to determine the density averaged over the column,
and were able to make measurements down to roughly
—10 MPa before cavitation occurred. However, interpreta-
tion of the results is difficult owing to the fact that the den-
sity is a function of position within the column and analysis
necessitates a relation between P and p, implying that one is
only able to test the consistency of the EOS employed. The
original analysis has since been called into questionlg and
revised® to conclude that more precise data and larger ten-
sions are required.

Henderson and Speedy21 were able to stretch water fur-
ther, down to —20 MPa, before cavitation occurred. They
used an apparatus similar to Meyer’s to measure P(T) curves
and estimated V using an extrapolated EOS in order to de-
termine the temperature of maximum density (TMD). Ex-
perimental measurement of the locus of TMD is particularly
interesting in view of the stability limit conjecture,IO but it
can serve as a test of any EOS. The results are consistent
with a number of EOS; Henderson and Speedy21 concluded
that their data were not sufficiently extensive.

The only known method to reach significantly higher
tensions is the isochoric cooling of mineral inclusions. It is
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unclear why this method, and no other, is able to sustain such
high tensions. The inclusion is akin to a microscopic-sized
(=10 wm) Berthelot tube. The measured variables are the
temperature of disappearance of the vapor bubble, which is
used to determine the density of the isochore using positive
pressure data, and the temperature of cavitation. Measure-
ments of the cavitation threshold*>** show considerable scat-
ter, but have attained cavitation pressures down to
—140 MPa. In one experiment, Alvarenga et al.** measured
the speed of sound in inclusions using Brillouin scattering,
concluded that nucleation occurs long before K}l is zero, and
used an extrapolated EOS to find cavitation pressures that are
consistent with predictions from CNT. No other thermody-
namic data have been reported.

Il. EXPERIMENTAL

Here we stretch water using an acoustic method. The
acoustic wave compresses the liquid during the positive por-
tion of oscillation and stretches it during rarefaction. The
principal advantage of this method is that only a small vol-
ume of water is put under tension, for a short period of time,
and far from any walls, thus reducing the influence of het-
erogeneous cavitation nuclei. As in previous studies,” we
use a piezoelectric transducer in the form of a hemispherical
shell (inner/outer diameters of 16/20 mm) to focus a high
amplitude ultrasonic wave in water. The transducer is driven
in bursts of 2 cycles at its resonance frequency of 1.06 MHz
with a repetition rate of 300 Hz. The density and the speed of
sound are measured during the passage of the acoustic wave
at the focus of the transducer using two independent optical
methods:

(1) a fiber optic probe hydrophone (FOPH), and
(ii))  a time-resolved Brillouin scattering apparatus.

In the following sections, we separately describe the method
of each measurement. Particular attention is paid to the chal-
lenging exercise of performing Brillouin scattering measure-
ments during the passage of an acoustic wave, a task for
which we have developed a relatively simple optical appara-
tus and careful timing control.

In both experiments, the volume of liquid involved is set
by the size of the illuminated spot centered at the acoustic
focus. The acoustic focus is a prolate ellipsoid with semimi-
nor axes of 0.75 mm and a semimajor axis of 1.5 mm. The
beam used for Brillouin scattering is focused to 35 wm, and
the fiber probe has a core diameter of 50 wm. In both cases,
this allows measurements over a region of the liquid where
the pressure varies by less than 1% in space. Four notches
machined into the edge of the transducer allow for optical
access. These are used in the Brillouin experiment, whereas
the fiber hydrophone is placed along the axis of cylindrical
symmetry (see Fig. 1). The transducer is contained in a glass
cuvette filled with ultrapure water produced by a commercial
reverse-osmosis and UV lamp purification system. No addi-
tional degassing is done since the cuvette is closed but not
hermetically sealed. The glass cuvette is surrounded by a
copper enclosure followed by an insulating one, both with
optical access, and the ensemble is temperature controlled.
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FIG. 1. (a) Side view schematic of the fiber optic probe hydrophone used for measurement of the density during passage of an acoustic wave. (b) Optical
apparatus for the measurement of the speed of sound by Brillouin scattering, as seen from above. Optical components include a 1/2-wave plate (WP), simple
lenses (L), mirrors (M), apertures (A), two objectives (OBJ), and an APD detector.

Over a 6 week period, the average temperature between ex-
perimental runs was kept at 23.30 £ 0.05 °C.

A. Brillouin scattering in an acoustic wave

Brillouin scattering is the inelastic scattering of light by
thermal density fluctuations in a medium. The spectrum of
scattered photons consists of an elastic Rayleigh peak sur-
rounded by Brillouin satellites whose shift in frequency cor-
responds to the energy of emitted (Stokes) or absorbed (anti-
Stokes) phonons. These spectra contain valuable information
about the elastic properties of the medium.”*?” There have
been numerous studies of Brillouin scattering in water, in-
cluding in the supercooled regime,zg’29 under high pressure
and temperature,30 as well as at high temperature in
inclusions.”* In this work, we use Brillouin spectra time-
resolved during the passage of a 1 MHz acoustic wave to
determine the speed of sound in water under negative pres-
sure at ambient temperature.

The frequency-shift fz of the Brillouin satellites with
respect to the elastic peak is related to the speed of sound ¢
in a medium of index of refraction n at a wavelength A,

2nc . (0)
fg=—""sin| — |,

A 2 m

where @ is the angle corresponding to a particular scattering
wave vector. Precise measurements of fg at this wave vector
require the use of small in-plane numerical apertures. The
Brillouin linewidth arises from damping terms and can be
used to measure the absorption of sound.?® Under ambient
conditions of this experiment, fg is 5.30 GHz and the full
width at half maximum is approximately 300 MHz. The op-
tical setup illustrated in Fig. 1(b) shows our experiments
which were performed at 90°.

A 290 mW single longitudinal mode (SLM) 532 nm
diode-pumped solid-state laser’! is focused to a spot size of
approximately 35 um, coinciding with the acoustic focus.
An aperture filters the beam, which is linearly polarized in
the vertical direction before it enters the cuvette in order to
maximize the Brillouin signal at the detector. A simple lens
images the illuminated area to the plane of an adjustable
vertical slit. A high-transmission 525 %25 nm bandpass fil-
ter inserted into the optical train reduces the background

thought to be due to Raman scattering which, although
smaller in peak intensity, can contribute a non-negligible
amount of total intensity. A 10X objective collimates the
beam before it enters a nominally 4 GHz free spectral range
(FSR) piezo-scanned confocal Fabry—Perot interferometer
(FPI) containing its own focusing lens.*' The FPI is a com-
mon commercially available unit used with custom mirrors
for increased transmission, which results in a finesse greater
than 50. Light is extracted using a matching lens inserted
into the housing of the FPI and refocused by a 32X objective
to a 20 wm diameter avalanche photodiode (APD) exhibit-
ing a dark count rate of 1 Hz. A photon counter is used to
appropriately gate the APD to acquire counts only during an
interval of 150 ns and at a variable delay Ar after triggering
the transducer. The width of this window, hereafter referred
to as the data channel, encompasses amplitudes within 10%
of the peak of a focused 1 MHz acoustic wave. A DAQ
counterboard serves as a second and slower channel, which
is gated open for 1.75 ms between bursts to the transducer.
This provides a reference at ambient pressure.

A spectrum is generated by scanning the FSR of the FPI
with a linear voltage ramp composed of 500 discrete levels.
At each step, a burst is sent to the transducer and the two
time gates are opened following an appropriate delay. Owing
to a weak scattered signal, the photon count rate at the Bril-
louin peak is 6500 s~!. Thus, the majority of the 150 ns
windows contain no counts. In order to construct a full spec-
trum with roughly 50 counts at the peak, 5X 10* scans are
required. However, the slower reference channel has a suffi-
ciently long window to allow for the acquisition of a full
spectrum after each scan of the FPIL

Two important considerations when using piezo-scanned
instruments are the nonlinearity of the voltage-to-distance
conversion and the well-known piezo-drift. The nonlinearity
will be addressed in the analysis below. The drift phenom-
enon implies that returning to an original applied voltage
does not ensure that the original position is recovered. This
phenomenon must be contended with for any piezo-scanned
FPI,32 and we find it to be critical even for a confocal FPI
since the accumulated drift is unpredictable and may be on
the order of the FSR for long experiments. To compensate
this drift, a feedback is used to apply a changing offset to the
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voltage ramp such that the Brillouin peak of the reference
channel is at a fixed position within the ramp. The feedback
is updated approximately every 10 s. We note that the laser
mode may also slowly drift. In any single experiment, it is
not possible to distinguish between the laser and piezo-
related drifts, but the feedback compensates both. From the
observation that the drift depends highly on the scan condi-
tions, we deduce that the piezos are the main source.

One experimental run results in a single data spectrum at
a fixed Ar and takes roughly 15 h to acquire. The limiting
factor in the speed of an experimental run is the maximum
duty cycle of the high-voltage amplifier used to generate
bursts to the piezoelectric transducer; here it is 0.1%. Spe-
cialized hardware, notably a multichannel photon counter
with a sufficient readout speed, could significantly reduce the
total experimental time by acquiring several spectra in par-
allel; we are not aware of any suitable commercial instru-
ments at this time.

A primary difficulty of such a time-resolved Brillouin
experiment is in aligning the incident laser beam with the
acoustic focus. It is possible to use the diffraction of the
beam by the acoustic wave for two directions and an auxil-
iary laser for the direction parallel to the excitation beam
[shown in Fig. 1(b)]. However, it was found that location of
the focus using the Brillouin signal itself yields a better ac-
curacy. Thus, Brillouin maps of the acoustic field in three
spatial dimensions and in Ar were made with at least three
measurements in each dimension. In this manner, the acous-
tic focus is found with an estimated accuracy of 50 wm.
This position is found to be consistent with the acoustic fo-
cus located using the FOPH, a much quicker procedure.

B. Fiber optic probe hydrophone

The time-varying density of water during passage of an
acoustic wave is measured using a FOPH modeled on one
originally developed by Staudenraus and Eisenmenger.33 A
detailed description of the FOPH apparatus applied to mea-
surements of the density up to the cavitation threshold is
outlined in a separate communication.** Briefly, modulation
of the light intensity reflected from the cleaved facet of an
optical fiber gives the modulation in the refractive index n(z)
of the liquid at the fiber tip,

n(t) - nf)2

n(t) + ng

R(1) = ( 2)
where n; is the index of the pure silica fiber core. The central
component of the FOPH is a 3 dB 2X2 step-index fiber
optic coupler, with a 808 nm laser diode located at one input
port, the bare fiber tip (cleaved at 90°) of one output port
located at the acoustic focus in the liquid, and a silicon pho-
todiode at the other input to measure the light reflected back
into the coupler. Figure 1(a) shows a sketch of the apparatus.
To calculate the density from the refractive index, a semi-
empirical formula based on the Lorentz—Lorenz relation® is
used. When extrapolated over the range of densities obtained
here, this relation is linear to better than 1%. Two corrections
to this basic model are allowed for. First, a stray-light term is
included to account for any reflection from the unused arm
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of the coupler and the nonzero crosstalk of the coupler itself.
This quantity is measured using a series of calibrated micro-
scope immersion oils.* Second, and of more consequence, a
correction is made to allow for the compressibility of the
optical fiber. The latter amounts to a pressure-dependent fiber
index, dng/ dP. This correction can be approximated by

ong d
P 2

b 3
dP on 3)

n(t) = ng(0) + [n(1) = n(0)]
where =0 corresponds to no acoustic wave. For the pur-
poses of this correction term, r=0 values are used for the
speed of sound ¢ and the refractive index of water as a func-
tion of density.35 We note that dn;/ JP will be estimated in the
experiments presented here by using the positive pressure
equation of state data.

C. Combination

Before each experimental run, the ultrapure water was
replaced and the transducer drive voltage was set to a con-
stant value corresponding to 80% of the cavitation threshold.
Here we define the cavitation threshold as the point at which
the probability of cavitation—detected from the echo of the
resulting vapor bubble—is one half. Owing to the double-
exponential form of the probability of a thermally driven
cavitation process, at 80% of the threshold there are essen-
tially no bubbles. The statistics of cavitation in water was the
subject of a previous study,25 where it was shown that the
acoustic cavitation threshold is extremely reproducible and
depends only weakly on the gas content. The Ar was set to be
consistent with the time-of-flight of an acoustic wave across
the radius of the transducer. Dedicated software synchro-
nized all timed events and recorded intermediate Brillouin
spectra roughly every 10 s. FOPH measurements were made
systematically at the end of each run.

lll. RESULTS AND ANALYSIS

The raw output from FOPH and Brillouin scattering ex-
periments are the reflection as a function of time R(f) and a
series of time-resolved spectra. To determine the speed of
sound and density at an instant in the acoustic wave, both
data are required. First, we describe the analysis of each
measurement independently. Following, we use both mea-
surements to compare to well-known positive pressure ¢(p),
and thereby extract the correction term dn¢/ JP for the com-
pressibility of the fiber hydrophone. Finally, we use this cor-
rection to determine the behavior at negative pressures.

A. Brillouin spectra

Any spectrum acquired using a piezo-scanned FPI must
have the frequency axis calibrated to account for the nonlin-
ear relation between the applied voltage and the FPI reso-
nance frequency. One way to do so is to use a set of refer-
ence peaks of known frequency. During our experiment, we
repeatedly scan the FPI over a little more than one free spec-
tral range and thus have four peaks in each reference scan; a
Stokes and anti-Stokes Brillouin peak (B;,B,) and two elas-
tic peaks (E;,E,) from each end of the FSR. Below, we
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FIG. 2. Results from a single Brillouin run. The data spectrum (closed
circles) is acquired during a window of 150 ns around the maximum tension
and the reference spectrum (open circles) between acoustic bursts. The latter
has been scaled here and both have been fit by the form in Eq. (4).

outline a procedure that uses the reference scans to generate
a conversion to calibrate the frequency scale.

The four peak positions in each reference scan are lo-
cated using a six Lorentzian peak fit form with 12 fitting
parameters,

Ip. Ig.
=3 —D Lyt
i=1.2 _fBi)2 i=1,2 U‘fﬁi)z
+4—F l+4——7—
FBi FEi
Iy Iy
1 + 2
(F-FSR—fy )"~ (f+FSR—f5 )"’
l+d—F—— l+d—F——
FBI FBz

(4)

where [ is the peak intensity and I" is the full width at half
maximum of each peak. The first sum corresponds to the
Brillouin satellites whose fundamental lineshape is
Lorentzian®®° apart from a small asymmetric term,**?’
which we neglect here. The second sum corresponds to the
elastic peaks, which are approximately Lorentzian since the
laser linewidth of 1 MHz is broadened by the modest finesse
of the FPI. Here, the Brillouin satellites are sufficiently wide
that the tail of the peak in the next FSR beyond the scan
influences the baseline (see Fig. 2). To account for this, we
include two additional peaks which are shifted copies of the
Brillouin satellites [last two terms in Eq. (4)]. To reduce the
effect of the error in individual fits, the position of each of
these peaks as a function of the scan number n is then
smoothed by fitting to a third-order polynomial. Finally, the
smoothed positions are fitted with a second-order polynomial
in the voltage f=a(n)+pB(n)V+y(n)V?, where the coeffi-
cients are determined using fg =0 and fE2=FSR,38 and by
forcing the Stokes and anti-Stokes shifts to be equal, fB1
=FSR- fBz. The result of such a procedure is to produce a
voltage-to-frequency conversion for each scan; it is general
enough that it allows for the possibility of a conversion that
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FIG. 3. Change in Brillouin shift (filled circles) and in density (solid line)
during passage of a 1 MHz acoustic wave in water.

varies slowly with the offset voltage applied to the piezos.
All other constants in Eq. (1) are known for the reference
channel, so fz may be used to find the precise 6 of the setup;
here it is 90.16°. The same coefficients are then applied to
the data channel and the individual scans are summed. Fig-
ure 2 shows the resulting data spectrum acquired at the maxi-
mum tension compared to the reference spectrum acquired
during the same experiment. The corrected data spectrum,
which has roughly 50 photons at the Brillouin peak, is then
fit to the form in Eq. (4). The quantity of interest is the shift
in f between the data channel and the reference channel,

AfB = %(thliatz\ —+ fBgata —fBrief —fBgef) . (5)

An uncertainty of 5 MHz in Afg results from the error in
finding the peak position in a Brillouin satellite with Poisso-
nian noise. Figure 3 shows the resulting Afy measured over
1 cycle at the acoustic focus.

B. FOPH

To determine the density of water from the reflection
measured by the FOPH, we first calculate the index of re-
fraction using Egs. (2) and (3), assuming the compressibility
of the fiber dn;/JP is known. A semiempirical formulation is
then used to relate the index and density.35 In using the latter,
we assume that the temperature is constant within the acous-
tic wave. However, strictly speaking, it follows an
isentropic.34 Using an extrapolated EOS,” we estimate the
temperature change within the acoustic wave to be <0.6 °C
over the range of densities measured here. This introduces a
worst-case error in the density of +0.04 kg m~, smaller
than our measurement uncertainty which we estimate to be
+0.7 kg m™ from statistical reproducibility of the thresh-
old. Finally, to compare the instantaneous FOPH measure-
ment to Brillouin spectra, which are acquired over a 150 ns
integration time, the FOPH signal is processed by a boxcar
moving average with the same time window. Figure 3 shows
the resulting modulation in the density during the acoustic
wave. The measured waveforms are not sinusoidal due to the
nonlinear response of the high-voltage amplifier to a 2-cycle
burst, which is further exaggerated by nonlinearities in the
sound wave.
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FIG. 4. Speed of sound as a function of density for both water under tension
(left) and under pressure (right). Filled circles are the data taken with the
transducer drive at 80% of the cavitation threshold, and open circles are with
higher excitation. Solid/dashed lines are calculated from the IAPWS
and HGK EOS, respectively.

C. Positive pressure

To determine ¢ at a point in time during the acoustic
wave using Eq. (1), one needs both the shift Afy from the
Brillouin experiment and the corresponding index of refrac-
tion n from the FOPH. One can then determine c(p), which
is well-known at positive pressures. However, as discussed
in detail in Ref. 34, precise literature values for the com-
pressibility of the fiber are lacking. Instead, we use our ex-
perimental data taken at positive pressure to determine
dng/ JP. Data during the compression phase of the acoustic
wave in Fig. 3 are fit to known® ¢(p) with two adjustable
parameters: dn¢/ JP and a time delay between the FOPH and
Brillouin experiments that allows for a small synchronization
offset. The resulting best-fit is shown on the right hand side
of Fig. 4, where dng/dP is (10.6+3) X 10~® MPa~!. This
value lies within the range reported for pure silica: from 5 to
14.2X 107° MPa™' (see references within Ref. 34).

D. Negative pressure

For data during the rarefaction phase of the acoustic
wave, c¢(p) is found using the compressibility of the fiber
determined above. Results are shown as filled circles in the
left hand side of Fig. 4. These experiments were performed
at 80% of the cavitation threshold and reached a density of
987.15 kg m™ around the acoustic wave minimum. For
comparison, one can use a common empirical EOS™ to cal-
culate the corresponding average pressure over the
150 ns count window: —22 MPa. To access higher tensions,
one can increase the drive to the transducer to approach the
cavitation threshold. There are two practical inconveniences
to this: cavitation events can destroy the end face of the fiber
(which must then be recleaved), and bubbles have a large
elastic scatter which overwhelms the Brillouin signal. We
have incrementally increased the drive to the transducer to
95% of the threshold, shown as open circles in Fig. 4, using
the same analysis procedure but removing scans where at
least one bubble was present. Bubbles are easily identified by

J. Chem. Phys. 133, 174507 (2010)

Pressure (MPa)

Z_1 L 1 L 1 L 1 L 1 L 1

986 988 990 992 994 996

Density (kg/m®)

FIG. 5. Equation of state of water at 23.3 °C over the range of negative
pressures accessible to acoustic experiments. The experimental result ob-
tained using Eq. (6) (dashed-dotted line) is compared to the theoretical pre-
dictions from the IAPWS and HGK EOS, which are indistinguishable on
this scale (solid line).

the large elastic scatter arising from the reflection of the laser
beam at the liquid-vapor interface. In this case, the minimum
speed of sound and density reached were 1449.9 m s~! and
985.2 kg m™3, corresponding to an average pressure of
—26 MPa. We note that slightly more negative pressures can
be obtained using a higher frequency sound wave.** This is
due to the smaller volume and shorter duration of the applied
tension which, as predicted by nucleation theory, results in a
more negative cavitation threshold. However, the very mod-
est gain in pressure must be weighed against the increased
experimental difficulty of operating in small volumes and
short times.

IV. DISCUSSION

Shown in Fig. 4 are c(p) calculated from the IAPWS
(Ref. 39) and HGK (Ref. 41) scientific equations of state.
Both of these empirical equations have a physical basis and
are framed in terms of the Helmholtz free energy as a func-
tion of temperature and density. The former is the most re-
cent international formulation. The older HGK EOS is in-
cluded for comparison as it was used in earlier works
involving water under negative pressure.22 The difference be-
tween them in the stable liquid region is within their stated
estimates of certainty. It is important to note that the use of
any EOS for metastable water at negative pressures consti-
tutes an extrapolation for which little supporting data exist.
Now, the experimental results in Fig. 4 provide support for
the extrapolation of both of these EOSs over the full range of
accessible tensions. The slight curvature seen at the most
negative pressures appears to favor the IAPWS formulation.
We note that the analysis to determine the fiber compressibil-
ity uses positive pressure data® derived from IAPWS. How-
ever, if the HGK EOS is used instead, the experimental data
shift by less than the indicated error bars.

One can go a step further and integrate the speed of
sound and density data to determine the EOS in the usual
P(p) plane. Figure 5 shows both isotherms from the two
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FIG. 6. Equations of state of water at 23.3 °C from the IAPWS (solid line)
and HGK (dashed line) formulations extrapolated to their spinodal pres-
sures. The range of pressures reached in acoustic experiments is limited to
the right hand side of the vertical line.

empirical EOS and one determined from our results. We
have obtained the latter by fitting the ¢(p) data to a second-
order polynomial and neglecting the difference between an
isotherm and an isentropic, which we justify for pressures
obtained here with arguments made in Sec. III B,

A A v o
c= o0 p T—ao aip+ap”.

This matches the theoretical predictions to be better than 2%
over the range of measurement, confirming that the extrapo-
lated EOS faithfully represents water stretched down to
—26 MPa. Furthermore, these results provide a constraint at
negative pressures that must be applied to any new EOS.*

This conclusion was not a priori evident. In fact, to ex-
plain the discrepancy between experimental reports of the
liquid-vapor cavitation threshold, some of which measure
Peay and others P,,, it was suggested that the use of an EOS
extrapolated beyond its limits of validity could erroneously
introduce a difference.”” This no longer appears plausible,
certainly for cavitation thresholds near —30 MPa. One must
keep in mind, however, that the approximation and polyno-
mial fit made above are not reliable beyond this limit. How-
ever, we are unable to access higher tensions because the
liquid systematically cavitates. This raises two key questions:
(1) how can the discrepancy in cavitation thresholds be ex-
plained and (2) how can the EOS of water under larger nega-
tive pressures be measured experimentally.

Using the FOPH, we have measured the cavitation den-
sity and statistics'? from which we can now confidently cal-
culate P.,,=-28.7*1.5 MPa at 23.3 °C. This is consistent
with the majority of reports of the cavitation pressure in pure
water.'! In contrast, our cavitation threshold (vertical line in
Fig. 6) is far from the calculated spinodal. In fact, the diver-
gence of kyp in the TAPWS and HGK EOSs predicts
P,=—-160 and —140 MPa, respectively. Indeed, only in min-
eral inclusions have such high tensions been observed in
water, and P, near —140 MPa at 39.9 °C have been
reported.22 One might then question whether heterogeneous
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nucleation is at play in all other experiments including the
present one; however, this is contrary to the remarkable re-
producibility of the threshold for acoustic cavitation, a
method in which the full statistics of cavitation are easily
accessible and well studied.”*’ One can only speculate on
other reasons for the discrepancy in the cavitation thresholds.
We have recently proposed12 that fundamental impurities,
such as hydronium ions naturally present in neutral water,
could be centers for nucleation, which would be absent or
inactivated in some quartz inclusions. Alternatively, due to
the high pressure and temperature needed to synthesize
quartz inclusions, silica could be present in water and in-
crease its tensile strength. We have also considered how the
presence of a metastable liquid-liquid critical point at nega-
tive pressure could cause the cavitation threshold to depend
on the thermodynamic path followed to place water under
tension. However, the latter proposal is doubtful in light of
recent work. Indeed, there is currently no satisfactory expla-
nation for the apparently low cavitation threshold in all ex-
periments other than inclusions.

The experimental reality appears to be that only in min-
eral inclusions can higher tensions be observed. Thus, to
measure the EOS of water at more negative pressure, further
experiments must be performed by applying tension in this
way. The difficulty with this method lies in making measure-
ments of at least two independent variables from which the
EOS may be determined, as was done here for the acoustic
method. In inclusion studies reported to date, one must rely
on the assumption that the host material does not deform and
thus that the experiment is done under isochoric conditions.
The development of techniques to simultaneously measure
two independent variables in inclusions would eliminate the
need for this assumption. We suggest that this would be fruit-
ful in further elucidating the EOS of water under tension and
may shed light on why a larger range of metastability can be
achieved when water is stretched in mineral inclusions.

Another possibility is to extend current measurements to
other temperatures, and in particular, to near the freezing
point where other expelriments'2 have hinted at a small de-
viation from extrapolated EOS. This would necessitate ther-
mal insulation of the optical cell to prevent condensation on
the surrounding optics and is not expected to reach signifi-
cantly lower pressures.

In this work, we measured the speed of sound using the
Brillouin shift. In addition to the shift, the peak width and the
relative intensity of the Brillouin and Rayleigh peaks contain
valuable information about additional thermodynamic quan-
tities. The elastic component of molecular scattering in water
is very srnall,44 with a minimum at 4 °C, and water is noto-
riously difficult to keep pure enough to measure this compo-
nent in a background of elastic scatter from impurities. In the
experiments described here, the elastic scatter varies from
scan to scan, presumably due to particulate matter that passes
through the optical focus. We also observe a slow increase in
the average elastic peak height during the experiment, the
origin of which is unknown. Here a small amount of stray
light is necessary to the analysis in order to have four clear
peaks within the FSR with which to calibrate the frequency
scale; however, this renders impossible the determination of
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the relative peak intensity. Nevertheless, the fundamental
linewidth of the Brillouin satellites is accessible after correct-
ing for experimental broadening effects arising from the nu-
merical aperture of the collection optics, the finite finesse of
the FPI, and the feedback to compensate the piezo-drift. The
last two are contained in the linewidth of the elastic peaks
after summing all scans, from which we find an effective
finesse of approximately 50. The first effect can be estimated
from the *£3° collection angle, which was chosen to maintain
a reasonable signal intensity. It is important to note that
broadening is symmetric around 90°, so a nearly Lorentzian
lineshape is maintained. After deconvolution, the average
linewidth is 280 MHz. The dispersion over all measurements
is =25 MHz. Calculating the sound absorption following
Ref. 29 yields an average of a/f>=21X10715 s> m~!. This
value is consistent with previous reports at ambient
pressure.zg’zg’45 It is interesting to measure the absorption of
sound as a divergence of this quantity may be indicative of
the approach of a thermodynamic instability or a critical
point.46 For water stretched down to the acoustic cavitation
threshold, we did not find any dependence on the pressure
within the experimental scatter. It would be interesting to
extract the absorption of sound from Brillouin scattering
measurements in inclusions to search for a divergence at
more negative pressures.

V. CONCLUSION

We have built a Brillouin scattering apparatus and a fiber
optic probe hydrophone to measure the speed of sound and
the density of water during application of an ultrasonic wave.
The relatively simple optical setup and analysis procedure
developed for Brillouin scattering may be used to take time-
resolved spectra on the nanosecond scale of any repeatable
process. We have combined these two optical measurements
to investigate the behavior of water under tension down to
—26 MPa. To our knowledge, such thermodynamic data
have never been reported in this part of the phase diagram
for liquid water. We find that the experimental results are
fitted well by extrapolation of the recent IAPWS formulation
for the equation of state.
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