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Cavitation pressure in liquid helium
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~Received 19 February 2001; revised manuscript received 17 April 2001; published 19 July 2001!

Recent experiments have suggested that, at low enough temperature, the homogeneous nucleation of bubbles
occurs in liquid helium near the calculated spinodal limit. This was done in pure superfluid helium 4 and in
pure normal liquid helium 3. However, in such experiments, where the negative pressure is produced by
focusing an acoustic wave in the bulk liquid, the local amplitude of the instantaneous pressure or density is not
directly measurable. In this article, we present a series of measurements as a function of the static pressure in
the experimental cell. They allowed us to obtain an upper bound for the cavitation pressurePcav ~at low
temperature,Pcav,22.4 bar in helium 3,Pcav,28.0 bar in helium 4!. From a more precise study of the
acoustic transducer characteristics, we also obtained a lower bound~at low temperature,Pcav.23.0 bar in
helium 3,Pcav.210.4 bar in helium 4!. In this article we thus present quantitative evidence that cavitation
occurs at low temperature near the calculated spinodal limit (23.1 bar in helium 3 and29.5 bar in helium
4!. Further information is also obtained on the comparison between the two helium isotopes. We finally discuss
the magnitude of nonlinear effects in the focusing of a sound wave in liquid helium, where the pressure
dependence of the compressibility is large.

DOI: 10.1103/PhysRevB.64.064507 PACS number~s!: 67.55.Cx, 67.40.Kh, 64.60.Qb, 43.25.1y
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I. INTRODUCTION

As has often been explained, the purity of liquid heliu
offers unique opportunities to study phase transitions.1,2 Fur-
thermore, liquid helium is a simple system and its thermo
namic properties have been accurately measured, so tha
eral authors3–11 have calculated the extrapolation at negat
pressure of its equation of state. All these calculations
reasonably consistent with each other; they predict the e
tence of a spinodal limitPs at 23.1 bar for liquid helium 3
and at 29.5 bar for liquid helium 4, near the absolu
zero.12 As one approaches the spinodal limit, the compre
ibility diverges so that the energy barrier for the nucleat
of bubbles in the stressed liquid vanishes, and the liq
becomes totally unstable.

In order to test this prediction, we have studied cavitat
by focusing a high intensity acoustic wave in bulk liqu
helium, far from any wall. If one wants to approach the sp
odal limit, it is necessary to work at very low temperatu
otherwise thermal fluctuations allow the system to pas
rather high energy barrier at higher, i.e., less negative, p
sure. This is possible in liquid helium only, since no oth
liquid exists down to zero temperature. Eventually, clo
enough to the spinodal limit and at low enough temperatu
a crossover has been predicted to exist from a thermally
tivated classical cavitation to a quantum regime where
nucleation of bubbles occurs by the quantum tunneling o
sizable quantity of liquid.7,13

In previous experiments, we obtained some evidence
the existence of this crossover in helium 4. Below ab
0.6 K, Lambare´ et al.14 observed a stochastic and tempe
ture independent behavior, while above 0.6 K they obser
another stochastic behavior where the cavitation thresh
decreased with temperature. These observations agreed
the theoretical predictions by Maris6,7 if the quantum cavita-
0163-1829/2001/64~6!/064507~10!/$20.00 64 0645
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tion occurred at29.2 bar, close enough to his calculate
value of the spinodal limit. This agreement was obtain
after noticing that, given the amplitude of the wave, and d
to adiabatic cooling during the negative pressure swing,
minimum instantaneous temperature was lower than
static temperature by a factor of 3~that is, 0.2 K for a static
temperature of 0.6 K). Unfortunately, in this experiment,
was not possible to measure directly the exact value of
negative swing in the acoustic wave when nucleation occ
Instead we measured the voltage applied to the transd
that generates the wave; as for the wave amplitude in
focal region, it is difficult to estimate since one expects t
focusing of the wave to be nonlinear and its precise calcu
tion in a cylindrical geometry has not yet been done.

Given these results and difficulties, we tried a comparis
with helium 3. We first confirmed that the cavitation thres
old pressure is less negative in helium 3 than in helium 415

Moreover, we did not observe a crossover to a tempera
independent quantum regime of cavitation. The latter ob
vation may be understood by invoking theoretical argume
involving dissipation16,17 or Fermi liquid properties.1,18

In this context, we have tried to improve our estimation
the cavitation pressure by carefully measuring the dep
dence of the cavitation voltage on the static pressurePstat in
the cell. As explained in this article, this study allows us
present an upper bound for the cavitation pressure in b
helium 3 and helium 4 (Pcav,22.4 bar in helium 3,Pcav
,28.0 bar in helium 4!. From a more precise study of th
acoustic transducer characteristics, we also obtained a lo
bound (Pcav.23.0 bar in helium 3,Pcav.210.4 bar in
helium 4!. Finally, we also encountered interesting questio
about the magnitude of nonlinear effects in the focus
of high intensity acoustic waves in a medium su
as liquid helium where the compressibility strongly depen
on pressure.
©2001 The American Physical Society07-1
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II. EXPERIMENTAL PROCEDURE

A. Experimental setup

As shown in Fig. 1, our experimental setup is similar
the one used in previous experiments.14,15,19 We have re-
duced the inner volume of the cell to 4.5 cm3 in order to
lower the cost of the helium 3 experiment. This cell is a
chored to the mixing chamber of a dilution refrigerator
copper columns with gold plated contacts. Carbon resi
thermometers and a heater are thermally connected to
outside of the copper cell walls. A burst of 1 MHz ultrasou
is emitted and focused in the liquid by a hemispherical
ezoelectric transducer~the ‘‘ceramic’’!. The cell is connected
to a buffer volume at room temperature, so that we ea
monitored the static pressure in the cell. When working w
helium 3, this was done with a capacitive sensor~Keller type
PAA-41! with an accuracy of60.5 mbar. For helium 4, we
used conventional pressure gauges; the uncertainty
60.7 mbar for low pressure measurements a
612.5 mbar for static pressures above 1 bar. Two set
four windows allow us to shine a laser beam from the outs
of the cryostat through the acoustic focal region, and to
tect the light that is scattered by local changes in dens
The detector is a photomultiplier tube with a response ti
shorter than 0.5ms. The acoustic wave scatters the las
light at small angle; when cavitation occurs, gas bubb
scatter light at a larger angle. By adjusting the photomu
plier tube position and the size of a diaphragm in front of
we can choose to detect cavitation either from the scatte
light or from the light missing in the transmitted beam.

B. Voltage measurements

One side of the ceramic is grounded in the cell and
other is connected to the output of a rf amplifier at roo
temperature. In order to improve the accuracy of the pr
ability measurements, we needed to increase the numb
events to count. Furthermore, to study helium 3 down to
mK, we had to reduce the dissipation by lowering the rep
tion rate of the acoustic pulses. Indeed, inside the cera
itself, there is a mechanical dissipation of order 2.6mW for
six-cycle pulses repeated at 1 Hz, a non-negligible amo

FIG. 1. Sketch of the experimental setup: a high amplitude p
sure swing is generated at the focus of the hemispherical transd
a laser beam passes through the acoustic focal region, and the
scattered by cavitation is detected with a photomultiplier tu
~PMT!.
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As a consequence, we had to improve the stability of
excitation. Since this piezoelectric transducer has a low
pedance at resonance~12 to 16 V, see below!, we had to
minimize the possible drift of the impedance of its conne
ing cable. The previous cable included a 1.5 m section fr
4 K to room temperature that was a commercial cable m
of stainless steel. We replaced this section by a homem
coaxial cable consisting of a 0.24 mm diameter copper w
separated from stainless steel tubing~1.2 mm i.d., 1.5 mm
o.d.! by a Teflon tube~0.30 mm i.d., 0.76 mm o.d.!. We kept
the superconducting coaxial cable connecting the transd
to the 4 K region. The impedance of the whole line is no
negligible compared to the transducer impedance, so tha
excitation does not depend on the level of helium in the 4
bath. We finally improved the stability of the excitation vol
age itself by using a new generator~Hewlett Packard mode
33120A!. Our homemade rf amplifier uses an Apex PA
circuit and is located in a thermally regulated box
before.14

During the experiment, the ceramic is driven by a bu
with a few cycles of a 1 MHz sine wave. This burst
monitored with a digital oscilloscope~Tektronik model TDS
420A, 200 MHz, 100 MS s21). The waveform is transferred
to a computer using a conventional IEEE interface and t
fitted to a sine wave using the Levenberg-Marqua
method20 with four adjustable parameters~amplitude, fre-
quency, phase, and offset!. The first cycle is always slightly
distorted and therefore ignored in the fit. We have chec
the distribution of amplitudes over 105 fits under the same
experimental conditions. The repetition rate being 1 Hz
this case, the total acquisition time was about 28 h. O
such a duration, we achieved a stability of 1.831023.

C. Statistics of cavitation

At a given temperature and pressure in the cell, we m
sured the cavitation probabilityS over series of bursts
at several driving voltages. As previously reported14,15 and
illustrated in Fig. 2, cavitation is a stochastic proce
and S(V) is well described by the ‘‘asymmetric S-curv
formula’’

s-
er;
ght
e

FIG. 2. Cavitation probability versus driving voltage in helium
at T5566 mK andP54 mbar. Each circle is a probability mea
surement over 1600 bursts at a given voltage. The solid line is
with Eq. ~1! which givesVc522.403 V andj5355.
7-2
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CAVITATION PRESSURE IN LIQUID HELIUM PHYSICAL REVIEW B64 064507
S~V!512expF2j ln 2 expS V

Vc
21D G . ~1!

We previously explained14 that this behavior is expecte
if cavitation is thermally activated. It is derived from a line
expansion of the activation energyE around the cavitation
threshold voltageVc where the probability is 1/2. The quan
tity j is the inverse width of the distribution of events, give
by j5(Vc /kBT)(]E/]V). A similar formula is also expected
in the quantum regime:j5(Vc /\)(]B/]V) whereB is an
action. In our whole study, the cavitation thresholdVc is
determined from a fit ofS with Eq. ~1!; the accuracy is
60.1%.

D. Piezoelectric transducer characteristics

In the following discussion, we will need the various p
rameters that describe the transducer behavior. It is mad
lead zirconium titanate~Quartz & Silice type P7-62! ; its
thickness is 2 mm, its inner radiusRtrans is 8 mm, and its
massM is 7.5 g. It is used at the resonance of its first thic
ness mode (f 051022 kHz). Near its resonance, we foun
that its inverse impedance or admittanceY51/Z is described
by a Lorentzian curve

Y5
1

Z
5

1

R$11@Q~v2v0!/v0#2%
, ~2!

where v052p f 0. After measuringR, we fitted the above
equation to obtain the quality factorQ in helium 3 or 4 at
low temperature. We obtained the preliminary valuesQ
5175625 for helium 3 andQ5135610 for helium 4. Un-
fortunately, the thickness mode resonance is close to ano
resonance which must be a high order flexion mode, so
we do not take this determination ofQ as reliable.

The quality factor is of particular interest for the sho
sinusoidal pulses that we are using. Indeed, it character
the transient time that is necessary to build up the amplit
of the oscillation of the transducer. At a frequencyf 0, this
transient time ist05Q/(2p f 0). For the sake of simplicity,
we will take the period as the time unit; in other words,
time t corresponds tox cycles through the relationx5 f 0t.
Let V0 be the amplitude of the sinusoidal voltage andn the
total number of cycles in the electrical burst; hence the b
duration isn in our reduced units. During the pulse (0<x
<n), the instantaneous voltage isV(x)5V0 sin(2px).

In a steady regime, i.e., in the long time limit, the ceram
surface would oscillate with an amplitude

z05
V0

2~p f 0!3/2
A Q

MR
. ~3!

This equation is derived21 by writing

Q5v0

Estored

Pdiss
, ~4!

where Estored is the energy stored during one period a
Pdiss5V0

2/(2R) the average dissipated power. Letl be the
06450
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transducer thickness andz(z,t) the amplitude of the dis-
placement at a distancez from the inner surface. For the
lowest thickness mode, which is a standing wave with o
node atz5 l /2, we havez(z,t)5z0 cos(pz/l)sin(v0t). The
density of acoustic energy is the sum of a kinetic term an
pressure term that have the same amplitude. By integra
this energy density over the transducer volume and ave
ing over one period, we find the total acoustic ener
Eacoust5Mv0

2z0
2/4. For a piezoelectric transducer, there is

additional term in the stored energy:

Estrored5Eacoust1
1

4
CV0

2 1

12kt
2

, ~5!

whereC is the transducer capacitance andkt the electrome-
chanical coupling constant. We measuredC51 nF at low
temperature. As forkt , the constructor gives 0.47 at room
temperature, and an experimental check at low tempera
gave 0.27.21 With these values and the measured resista
at resonanceR512 V , we find that the ratio between th
second term in Eq.~5! andEstoredcalculated from Eq.~4! is
of the order of 531024. Therefore, we can neglect the se
ond term of Eq.~5! and writeEacoust5Estored to derive Eq.
~3!.

In the transient regime,x cycles after the excitation ha
started, the actual surface oscillation is

z~x!5z0 sin~2px!F12expS 22p
x

QD G ~6!

for 0<x<n, and

z~x!5z0 sin~2px!F12expS 22p
n

QD GexpS 22p
x2n

Q D
~7!

for x.n. This leads to a better method for the measurem
of the quality factor. We have used the dependence of
cavitation threshold voltage on the total number of cyclen
in the electrical pulse.

Indeed, cavitation occurs for a well defined value of t
surface oscillation corresponding to a well defined press
at the acoustic focus. It is the most negative pressure in
acoustic wave. Given the phase of the excitation voltage
time t50, cavitation occurs forxc5n1 1

4 , and we compared
our measurements of the cavitation voltageVc(n) to the
equation

Vc~n!5
exp~p/2Q!

12exp~22pn/Q!
Vc

` . ~8!

As shown in Fig. 3, we obtained excellent fits with E
~8!. In helium 3, we foundQ511964. In helium 4 we found
Q510062. In the same run, we also verified that the res
nance frequency~1022 kHz! minimizes Vc . We will use
these values ofQ in the analysis below. We limited the fit to
n<21 because forQ5100 andn>23 cavitation occurs dur-
ing the previous swing, at timexc5n2 3

4 .
In principle, one expects slightly different values forQ in

helium 3 and in helium 4. The coupling of the ceramic
7-3
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F. CAUPIN AND S. BALIBAR PHYSICAL REVIEW B 64 064507
liquid helium is small, because the acoustic impedancerc in
liquid helium ~of order 104 m22 s21) is small compared to
the impedancerccc of the ceramic (33107 m22 s21). The
ratio of the emitted powerPa to the dissipated powerP0 in
the ceramic is given by

Pa

P0
5

4

p

rc

rccc
Q. ~9!

As a consequence, the emitted acoustic power should be
for helium 3 and 15% for helium 4, in qualitative agreeme
with our measurement. As for the electrical impedance
resonance, we found 12.2V in helium 3 and 15.6V in
helium 4.

Having chosen the values of the frequency~1022 kHz!
and the pulse width~three to six cycles!, we studied the
temperature and pressure dependence of the cavita
threshold.

E. Thermal relaxation

To ensure reproducibility of the measurements, we ha
check the time needed by the system to reach a steady
after each adjustment of the temperature regulation. In o
to do this, we used the following procedure. Starting from
low temperature~65 mK, for instance!, we set the driving
voltage to a value such that the probability was around 20
then we warmed up to a new temperature~10 mK higher, for
instance!: the reading of our thermometers was almost
stantaneous, whereas the probability increased slowly.
is because small temperature gradients between the aco
focal region and the thermometer take some time to van
completely~see Sec. II F!. Then we adjusted the driving volt
age to keep the probability around 50%, where the syste
most sensitive to temperature drifts. We waited until t
probability measurement fluctuated around a constant va
After several checks around different temperatures, we fo
the relaxation time to be less than 90 min at low tempera
in helium 3; we thus decided to wait for 90 min after ea
temperature change in the lowest temperature range. Th
laxation time was found to be less than 30 min for helium
above 200 mK and less than 5 min for helium 4 at all te

FIG. 3. Cavitation threshold voltage versus number of cycles
helium 3 ~circles, T5423 mK and P54 mbar) and helium 4
~squares,T5284 mK andP540 mbar). The solid lines are fit
with Eq. ~8! which givesQ5119 in helium 3 andQ5100 in helium
4.
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peratures, so that it was sometimes possible to work faste
addition, we always waited several hours after each liq
helium or nitrogen transfer, because longer drifts were
served, particularly in the optical detection of the bubbl
The latter problems are associated with the thermal cont
tion of the refrigerator.

F. Dissipation at low temperatures

Working in helium 3 at low temperatures raises proble
of temperature inhomogeneities. Unlike superfluid helium
helium 3 is a poor thermal conductor. Therefore, the dissi
tion in the cell leads to temperature gradients between
cavitation area and the cell walls where the temperatur
measured. There are two main sources of dissipation:
chanical friction in the ceramic and absorption of the la
light in the cell. The former was minimized by decreasi
the pulse duration and the repetition rate; the latter by atte
ating the laser intensity and chopping the beam. We co
estimate both effects by monitoring the heating power of
temperature regulation under different conditions. For
mechanical dissipation, we found 2.6mW for six-cycle
pulses repeated at 1 Hz. We then chose to work with
shortest pulses allowed by the power of the amplifier and
lowest affordable repetition rate, namely, three cycles a
0.05 Hz. We checked that the cavitation voltage was in
pendent of the repetition rate below 0.1 Hz.

As for the light absorption we found it to be 0.7mW in a
cw operation mode, after having attenuated the laser be
For a further reduction, we built an optical chopper that w
synchronized with the acoustic pulse. With an ordinary el
trical relay, we easily achieved an opening time of 20 ms,
that the radiation power was divided by a factor of 1000
a repetition rate of 0.05 Hz and became completely ne
gible.

In helium 4 these problems did not exist and we work
with repetition rates ranging from 0.5 to 2 Hz and a pu
width of six cycles. The lowest rates were used to reach
lowest temperatures; we kept the optical chopper for
same reason. We had to use longer pulses because cavi
requires a larger amplitude than in helium 3, and our rf a
plifier has a limited output amplitude.

G. Sound attenuation

In all our experiments, we had to consider the attenuat
of sound. In helium 3, this attenuation becomes import
when the liquid enters the Fermi liquid region; this is belo
100 mK, where the viscosity varies as 1/T2 because of the
temperature variation of the quasiparticle collision time22

We used the values of the viscosity measured by Bert
et al.23 and the best fits they give in two temperature regio
@Eqs.~7! and ~13! of Ref. 23#.

In helium 4, the temperature variation of the sound atte
ation shows a peak at the temperature where the pho
roton collision time equals the sound period~750 mK for a 1
MHz sound wave!.22 We used the absorption at 1 MHz ex
trapolated by Maris24 from the measurements of Wate
et al.25 at higher frequency.

n
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CAVITATION PRESSURE IN LIQUID HELIUM PHYSICAL REVIEW B64 064507
In both cases, we assumed that, outside the focal re
whose typical radius is one acoustic wavelength, the so
wave has a small enough amplitude to be treated as lin
The measured cavitation threshold voltage being relate
the emitted amplitude, we assumed that the amplitude
the acoustic focus is reduced by the attenuation fa
exp(2aRtran), whereRtran58 mm is the transducer radius
We finally need to remark that in helium 4 we had check
this attenuation in our previous experiment, but in helium
similar check appeared impossible to do. In helium 4,
value of the attenuation had been checked14 by measuring
the amplitude of the light scattered by the acoustic wave.
temperature variation of this ‘‘acoustic signal’’ was found
good agreement with the known sound attenuation up
0.9 K; however, above 0.9 K, the sound amplitude w
found smaller than predicted by the sound attenuation o
as if additional mechanisms had to be considered also~dif-
fraction, temperature drift of the transducer resonance
quency, etc.!. In helium 3, a similar check would have re
quired too much light amplitude and an average over
many bursts to be made in a reliable way in the interes
temperature region, which is in the low temperature limit

H. Data corrections

Let us start with helium 4. Figure 4~b! presents a set o
results for the cavitation threshold voltage as a function
the static temperatureT in the cell. The results obtained con
firm what was already published by Lambare´ et al.14 There
are two sets of data~raw data and corrected data!. Fitting
cavitation probability measurements with Eq.~1! gives the

FIG. 4. Cavitation threshold voltage versus temperature:~a! in
liquid helium 3 (P512 mbar, 3 cycles!; ~b! in liquid helium 4
(P537 mbar, 6 cycles!. Empty circles represent raw data, and fu
circles data corrected from the sound attenuation.
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raw value of the threshold voltageVc ; it is the excitation
amplitude at which the probability is 0.5. The correction a
counts for the attenuation of the acoustic wave over its fli
distance, i.e., the transducer radiusRtran. The corrected data
indicate the existence of a crossover aroundT50.6 K. Be-
low 0.6 K, we attribute the temperature independent reg
to quantum cavitation occurring by quantum tunnelin
Above 0.6 K, the cavitation threshold decreases with
creasingT, as expected for a thermally activated, classi
regime. Our goal is to show that the cavitation threshold
the low temperature limit corresponds to a pressure clos
the spinodal limitPs529.5 bar. As explained in Ref. 14
agreement with the quantum cavitation theory of Maris
quires that this quantum plateau corresponds to29.2 bar.
We have tried to check this value more precisely in t
work.

As for helium 3, our results are presented in Fig. 4~a!. We
have extended to lower temperatures the measurement
reported before.14 A striking difference from helium 4 is the
sharp increase of the threshold in the very low tempera
limit ~below 55 mK!. It occurs in a temperature domai
where the applied correction diverges. Indeed, the atten
tion of sound is proportional toT22 in the Fermi liquid re-
gion. One possible origin of the experimental divergen
could be that we do not apply the right correction. Howev
we do not believe so. If this effect is not an experimen
artifact, it is possible to propose an interpretation for it
considering the particular properties of a Fermi liquid ne
its spinodal limit.18 In this article, we restrict ourselves to th
temperature domain above 55 mK with the following que
tion: does the cavitation pressure approach the calcul
spinodal pressurePs523.15 bar there?

III. MEASUREMENTS UNDER PRESSURE

We now turn to the dependence on the static pressur
the cell. If there was no attenuation of sound in liquid h
lium, if the coupling of the ceramic to the helium was ind
pendent of pressure, and if the sound amplitude at the fo
was simply proportional to the driving voltage, then the e
timation of the cavitation pressure would be very simple.
measuring the cavitation threshold voltageVc as a function
of the static pressure, we would observe a linear variat
and then extrapolate down in pressure. The negative pres
at which Vc50 would be the pressure at which cavitatio
occurs in our experiment. Although things are not th
simple, mainly because, in helium, the sound veloc
strongly depends on pressure so that the focusing of soun
nonlinear, we have used the pressure dependence of the
tation threshold as explained below.

A. Results

We repeated our measurements at different pressure
ing an identical set of temperatures for each pressure.
were limited to a few bars only because, as the press
increases, bubbles become more and more difficult to de
Indeed, as expected from the Rayleigh-Plesset theory26 and
previously measured in helium 4,27 the maximum radius of
7-5



i
ft
m
ti

a
rs
ity
ar

y,

b
n

e

n
ce
w

ro
-

th

tio
lle

cted

ion
m

y
ant

the
avi-

ure

is-
the

be
the

ion
ion.

er

n in

F. CAUPIN AND S. BALIBAR PHYSICAL REVIEW B 64 064507
bubbles varies ase0
1/3Pstat

21/3, wheree0 is the energy acquired
by the bubble from the acoustic wave. In helium 3, there
less acoustic energy available to make the bubble grow a
its nucleation. Above 0.5 bar in helium 3 and 2 bar in heliu
4, the bubbles are too small to be detected at the cavita
threshold. Our results are shown in Fig. 5.

A correction has been applied to these data, which
counts for the sound attenuation. In order to do this, we fi
noticed that, in both helium 3 and helium 4, the viscos
does not significantly vary with pressure from 0 to 3 b
For example, in helium 3, the viscosityh varies asT22 and
the low temperature limit ofh T2 varies by less than 6% in
this pressure range.28 Furthermore, in this pressure stud
there is only one measurement~namely, at 57 mK! for which
attenuation is not negligible; we discarded measurements
low 55 mK in helium 3 because of their very large depe
dence on temperature which induces some scatter in th
sults and makes the pressure extrapolation imprecise.

In helium 4, the pressure dependence of the attenuatio
not well known. Several groups have shown that the redu
viscosity decreases and the peak temperature increases
increasing pressure. However, these effect are small. F
the measurements of Dransfeldet al.29 we estimated the rela
tive variation of the viscosity as22.4 % bar21 and that of
the attenuation peak temperature as11.8 % bar21. Accord-
ingly, we used a single value for the viscosityh in our whole
study.

Using Ref. 22 and references therein, we checked
temperature dependence of the density and of the sound
locity in our temperature ranges. The temperature varia
of the density is smaller than 0.4% in helium 3 and sma
than 0.03% in helium 4. The temperature variation ofc in

FIG. 5. Corrected cavitation threshold voltage versus temp
ture at different static pressures:~a! in liquid helium 3 ~3 cycles!;
~b! in liquid helium 4 ~6 cycles!.
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helium 4 is less than 0.2%. As a consequence we negle
these temperature variations in our analysis~for more details,
see Sec. III D!.

The only significant variations are the pressure variat
of the density and that of the sound velocity. We took the
into account in deriving the absorption coefficient:

a5
8p2f 2h

3 r c3
. ~10!

For the calculation ofa, we used the equation of state b
Maris. For the present purpose, it would make no signific
difference to use the one given in the Appendix.

We can now explain how we used the dependence of
cavitation voltage on the static pressure to measure the c
tation pressure.

B. An upper bound for the cavitation pressure

If the focusing of the sound wave was linear, the press
swing at the focus would be

DP5r v2Rtranz, ~11!

wherez is the displacement of the transducer wall. This d
placement itself is proportional to the voltage applied to
ceramic since the ceramic oscillations are small enough to
in the linear regime. As a consequence, we have plotted
static pressure as a function of the productrVc ; again, to
calculater for the different pressures, we used the equat
of state of Maris and we neglected the temperature variat
The result is shown in Fig. 6~a! for helium 3 and Fig. 6~b! for

a-
FIG. 6. Static pressure as a function of the parameterrVc ~see

text!: ~a! in liquid helium 3 ~3 cycles!; ~b! in liquid helium 4 ~6
cycles!. The pressures obtained by linear extrapolation are give
Table I.
7-6
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CAVITATION PRESSURE IN LIQUID HELIUM PHYSICAL REVIEW B64 064507
helium 4. We then extrapolated our measurements linear
rVc 5 0. We claim that this extrapolation gives an upp
bound for the cavitation pressure.

Of course, if we knew the nonlinear relation between
pressure oscillation at the focus and the driving voltageV,
we could directly obtain the value of the cavitation pressu
but we do not know this nonlinear relation: we only guess
it as shown by the solid line in Fig. 7. One thing we know
the qualitative effect of nonlinearities. Suppose that o
could work with a negative static pressure in the cell, clo
to the cavitation pressure. A small amplitude sound wa
would then be sufficient to produce cavitation, and the foc
ing of this small amplitude wave would be in its linear r
gime, as described by Eq.~11!. Since we cannot start from
negative static pressure, we are forced to use a large am
tude sound wave. To make a given pressure swing we n
to drive the transducer with a larger voltage than if the
gime were linear. This is because, as one reaches more
more negative pressures at the focus, the liquid there is m
and more compressible, so that the excitation is less and

FIG. 7. Illustration of the method used to obtain bounds for
cavitation pressure~see text!. For the sake of clarity, this figure i
not drawn on scale.
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efficient in building up a negative pressure swing. If we co
sidered the effects of nonlinearities on the magnitude of
positive pressure swing, it would be the opposite. We th
expect the large amplitude sound oscillation at the focus
be asymmetric, that is, to have a smaller negative swing
plitude and a larger positive swing amplitude than a s
wave. As we increase the static pressure, we need an
larger sound amplitude to reach the cavitation threshold
that the nonlinear effects are larger and larger. As a con
quence, we measure a slope]Pstat/](rVc) that is smaller
than if we had no nonlinear effects; this corresponds to
negative curvature of the solid line in Fig. 7. A linear e
trapolation thus leads to a pressure less negative than
actual pressure at the focus; this means that an upper b
for Pcav is obtained. This effect of nonlinearities has be
confirmed by the preliminary results of the recent numeri
calculations by Appertet al.30 and by a very recent experi
mental study.31 As shown in Fig. 6 and in Table I, we re
peated this extrapolation for series of data at different te
peratures; at low temperature, we found22.4 bar for
helium 3 and28 bar for helium 4. These two bounds a
only slightly larger than the calculated spinodal limits
these two liquids (23.15 and29.65 bar), in very good
agreement with our expectations.

C. A lower bound for the cavitation pressure

The same reasoning also leads to a lower bound for
cavitation pressure. Indeed, we can try to estimate the
placementz and use Eq.~11! to obtain the magnitude of the
pressure swing at the focus; the calculated value will be
overestimate of the actual magnitude. According to Eq.~3!,
when starting from a static pressurePstat and a temperature
T, the pressure swingDP(Pstat,T) required to produce cavi
tation is proportional to r(Pstat,T)Vc

`(Pstat,T), where
Vc

`(Pstat,T) is the cavitation voltage extrapolated to infini
pulse duration using Eq.~8!. More precisely, we write

e

veral
TABLE I. Upper and lower bounds for the cavitation pressure in helium 3 and helium 4 at se
temperatures. These values are used in Fig. 8.

Helium 3 Helium 4

Temperature Pmax Pmin Temperature Pmax Pmin

~mK! ~bar! ~bar! ~mK! ~bar! ~bar!

56.8 22.39 23.00 49.8 28.06 210.35
234 22.36 22.86 129 28.06 210.37
418 22.25 22.78 216 27.98 210.44
555 22.19 22.71 292 27.98 210.44
768 22.13 22.60 414 28.08 210.40
1085 21.96 22.37 525 28.21 210.38

614 28.28 210.41
652 28.22 210.38
702 28.14 210.21
749 27.89 210.02
804 27.77 29.95
854 27.73 29.93
901 27.69 29.81
7-7
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DP~Pstat,T!

r~Pstat,T!Vc
`~Pstat,T!

52 RtranAp f 0Q

MR
. ~12!

In the linear approximation, we have

DP~Pstat,T!5DP~0,T!1Pstat ~13!

so thatPstat is a linear function of the productrVc
` with a

slope given by Eq.~12!.
By inserting our measured values ofR andQ in Eq. ~12!,

we estimate the slope of the linear regime to
1035 Pa kg21 V21 m3 in helium 3 and 899 Pa kg21 V21 m3

in helium 4. Now drawing a straight line with this calculate
slope through the low static pressure data points, we find
lower bound forPcav as the intersection with the vertical ax
(rVc

`50); Fig. 7 illustrates this construction. We repeat
this procedure for series of data at different temperatures
low temperature, we found23.0 bar in helium 3 and
210.4 bar in helium 4.

The bounds obtained with this second method are m
negative than the bounds obtained in Sec. III B; this
equivalent to the fact that the experimental slopes of S
III B, after extrapolation to infinite pulse duration, a
smaller (845616 Pa kg21 V21 m3 in helium 3 and 660
615 Pa kg21 V21 m3 in helium 4! than the ones we calcu
lated here. Given the experimental difficulties that we m
tioned above, this is rather satisfactory and it supports
whole analysis.

D. Discussion

As now shown in Fig. 8, we have obtained experimen
bounds for the cavitation pressure in helium 3~a! and in
helium 4 ~b!. We have estimated the error bars on the d
points of Table I and Fig. 8. Let us start withPmax. The
uncertainty is about60.05 bar for helium 3 and60.2 bar
for helium 4. For helium 3, we have tried to include th
temperature dependence of the density by using Kollar
Vollhardt’s analysis and program;32 the effect is to lower all
the points by less than 30 mbar. As forPmin , the main un-
certainty comes from the determination of the quantitiesQ
andR, which are used to calculate the slope from Eq.~11!.
This may lead to a systematic error of about65%, i.e.,
60.15 bar in helium 3 and60.5 bar in helium 4. In the
determination ofPmin , there is also a small uncertainty o
60.2% from the measurement ofrVc .

Within about 10%, our results agree with the calcula
spinodal limits at low temperature. Of course, we confi
that helium 3 is about three times more fragile than helium
in the sense that cavitation occurs~the liquid breaks! at a
pressure that is about three times less negative in heliu
than in helium 4. In fact, what surprises us on this figure
the smallness of the difference between the upper bou
and the lower bounds. This difference is related to the m
nitude of the nonlinear effects, and we find these nonlin
effects rather small. The smallness of the nonlinearities
also be seen in the fact that our measurements at diffe
temperatures fall on parallel lines: the slope ofPstat(rVc) is
nearly constant althoughVc varies. This is a somewhat su
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prising behavior that would need to be confirmed by a dir
measurement of the sound amplitude at the focus. Howe
with such an open geometry where there is nothing in
acoustic focal region, the optical measurement of the ins
taneous sound amplitude seems very difficult to perform
shown by the previous attempt by Nissenet al.33 It would
thus be very interesting to calculate these effects in our c
of a hemispherical transducer. The only calculations p
formed up to now are done in a fully spherical geome
because it is one dimensional~everything depends on th
distancer to the center only!. According to the existing cal-
culations in this spherical geometry, the nonlinear effects
large.30 A calculation in a hemispherical geometry look
much more difficult because it is two dimensional. Its resu
might be different because the local condition at the cente
not the same: there is a velocity node at the center in
spherical geometry which is closed, and not in the he
spherical geometry which is open.

IV. CONCLUSION

By studying the pressure dependence of cavitation in
uid helium, we have obtained bounds for the cavitation pr
sure: at low temperature,23.0,Pcav,22.4 bar in helium
3 and210.4,Pcav,28.0 bar in helium 4. These negativ
pressures are close to the calculated spinodal limi
(23.1 bar in helium 3 and29.5 bar in helium 4!, as ex-

FIG. 8. Bounds obtained for the cavitation pressure in helium
~a! and helium 4~b!. Upper bounds are given by the circles an
lower bounds by the squares. The arrows indicate the theore
values of the cavitation pressure at low temperature. Error bars
discussed in Sec. III D; their magnitudes for the lower bounds
smaller than the marker size.
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CAVITATION PRESSURE IN LIQUID HELIUM PHYSICAL REVIEW B64 064507
pected for homogeneous nucleation near absolute zero
order to improve this accuracy, we believe that it is nec
sary to insert something in the cavitation region, for e
ample, a glass plate. However, in such a case, the plate
affect the cavitation conditions. This type of experiment is
progress in our laboratory.31 Our measurements also give th
temperature dependence of the cavitation pressure: we
discuss it in a forthcoming paper.
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APPENDIX

The method used by Maris6,7 to obtain the value of the
spinodal pressurePs consists in extrapolating measuremen
of the sound velocityc at positive pressure with a law of th
form

c35b~P2Ps!. ~A1!

Using the measurements of Abrahamet al.,34,35 Maris
found the value ofPs to be23.097 bar in helium 3~Ref. 7!
and 29.5219 bar in helium 4~Ref. 6!. However, he took
pressures in bars whereas they are in atmospheres in
original papers by Abrahamet al. To check the effect of this
mistake onPs, we performed the extrapolation with Eq
~A1! after the appropriate unit conversion. We used the sa
set of data points as did Maris, namely, the ones rang
from 0 to 10 atm in helium 3 and from 0 to 6 atm
helium 4. The linear fit ofc3 shown in Fig. 9 gives
p

is,

er

ys

. B

se
alu

M
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23.1371 bar in helium 3 and29.6456 bar in helium 4 for
the spinodal pressurePs.

Since the experimental error bar is onc rather than onc3,
we find it better to fit the data of Abrahamet al. with the
following formula:

c5@b~P2Ps!#
1/3. ~A2!

We now obtain Ps523.1534 bar in helium 3 and
29.6435 bar in helium 4, andb519.262 m4 s21 kg21 in
helium 3 and 14.030 m4 s21 kg21 in helium 4. Note that we
present the values with five digits in order to show the c
rection, although we think that the extrapolation does
attain this level of accuracy.

FIG. 9. Cube of the sound velocity as a function of pressure
150 mK in helium 3~circles! and helium 4~squares!. Linear fits
~solid lines! give the spinodal pressuresPs.23.14 bar in helium 3
andPs.29.65 bar in helium 4.
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