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We study the statistical properties of the network of shareholding relationships in the Italian stock
market (MIB) and in two US stock markets (NYSE and NASDAQ). In a previous work we found
that the portfolio diversification and the invested volume have similar scaling laws with different
exponents across data sets. These finding are in contradiction with classical portfolio theory and
suggest some universal mechanism of network formation in stock markets.

However, a further investigation shows that other statistical properties are very different across
markets. We introduce two quantities HI and SI, which are analogous to in-degree and out-degree
for weighted graphs and measure respectively: the number of effective shareholders of a stock and
the number of companies effectively controlled by a single holder. The distributions of HI and SI
allow on one hand to characterize at a statistical level the ownership concentration of stocks and
the power of holders. On the other hand they allow for extracting the essential structure of the core
of the market, unveiling a very different global picture of the markets: the MIB splits into several
separated groups of interest, while the US markets is characterized by very large holders sharing
control on overlapping subsets of stocks.

We thus learn that under the veil of common scaling laws for the degree distribution, deep
structural differences can hide in the weighted nature of financial networks.
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I. INTRODUCTION

Financial systems form intricate networks of ownership relationships between owners and con-
trolled companies. Such networks appear to be very sensitive to local failures and to external
shocks. Several recent cases of single-firm bankruptcy have triggered phases of instabilities in the
western markets [1].

Several theoretical models have shown that complex networks of co-evolving agents
can occasionally experience dramatic cooperative phenomena such as avalanches of ex-
tinctions [Jain and Krishna 2001] or avalanches of interaction strategies adjustments
[Ebel and Bornholdt 2002a, Ebel and Bornholdt 2002b].

Despite the evidence for the major role of the topology in robustness against shocks, ownership
networks in the stock market have not yet been subject to a systematic statistical investigation of
their topological properties.

Most empirical studies of complex networks in financial systems have focused on wealth
distribution [Garlaschelli and Loffredo 2003], on the network of asset return correlations
[Bonanno et al. 2003, Onnela et al. 2003], and on the network of corporate boards and directors
[Newman and Park 2003]. A comparative study of the topological properties of the latter net-
works has been done in [Battiston and Catanzaro 2003], while the issue of how the topology of
board interlock can affect the decision making process of the board directors has been addressed
in [Battiston et al. 2003a] in the case of local decision and in [Battiston et al. 2003b] in the case of
global decisions.

There are only few works about ownership networks in the literature and they have focused
essentially on the analysis of their small world properties [Kogut and Walker 1999, Vedres 2000].
No previous studies have carried on a detailed analysis of the topology of such networks. Despite
multiple efforts in economics for describing criteria for the robustness of a financial systems and for
characterizing the good portfolio strategies, poor attention have been devoted to the global topology
of ownerships networks.

We have collected the data of the Shareholding Network (SN) as it appeared in 2002 in two US
stock market (NYSE and NASDAQ, [3]) and in one European stock market (MIB, [2]). We have
performed a systematic study of the topological properties of such networks using a complex networks
approach [Albert and Barabasi 2002], with particular attention at edges weights [Barrat et al. 2003].

In a previous paper [Garlaschelli et al. 2003b] we have addressed the issue of whether it is possible
to classify stock markets based on the scale free nature of the connectivity properties. Here we want
to investigate the inner organization of such networks and address issues such as:
1. how small is the subset of ”super-investors” that controls the major part of a market
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2. how such ”super-investors” share out the market among themselves (whether each one controls
different companies or if instead they control the same companies).
3. how ownership concentration of stocks is distributed and how it is correlated with the market
value of the stock and with the power that investors have globally on the market.

While some network properties are common to different markets, others are dramatically different
and may be used to classify financial systems. In our previous work [Garlaschelli et al. 2003b]
we have found that the in-degree distribution follows a power law, but exponents are different
for MIB and US stock markets. The in-degree corresponds to the number of stocks in agents’
portfolio and we will refer to it as portfolio diversification or portfolio size in the rest of the
paper. The power law distribution implies that there is no characteristic value for the portfolio
diversification and that the network is self similar. Many social and biological networks have been
recently found to display this property, the World Trade Web [Serrano and Boguñá 2003] and
food webs [Garlaschelli et al. 2003a] among others [Dorogovtsev and Mendes 2003], suggesting
common underlying mechanisms leading to self-organization. One can ask what mechanisms of
network formation can explain the observed features. The preferential attachment model introduced
by [Barabasi and Albert 1999] to explain the onset of free-scale connectivity in growing networks
cannot be invoked here. In fact, first the Shareholding Network is not a growing network (at least
not at the rate required by such a model). Second, the preferential attachment rule would imply the
unrealistic rule that new stocks in the market should tend to be bought by the holders with largest
portfolio.

It is then required a different model of scale free networks such as the so called ”Fitness model”
introduced by [Caldarelli et al. 2002], which is not based on growth nor preferential attachment.
In [Garlaschelli et al. 2003b] we have adapted this model and we have been able to relate the onset
of the scale free behavior of the portfolio diversification to the distribution of invested wealth in the
market.

In the present work we proceed further in characterizing the topology of the networks, paying
particular attention to the weights of the links in the graph when measuring the topological properties
related to centrality. We study the relationship between portfolio diversification and amount of
shares owned by a holder. We define two quantities HI and SI (Holder Index and Stock Index),
measuring the number of companies effectively controlled by a single holder and the number of
effective shareholders of a stock. In this way we find that in MIB, companies are typically controlled
by a single holder and therefore the network structure can approximated to a forest (a set of isolated
trees), whereas in the US markets, companies are typically controlled by several holders and the
network cannot be decomposed in trees.

The quantities HI and SI give a statistical characterization of the ownership concentration and of
the investors’ power at a local level. However, the same quantities allow to identify the subset of
holders who control most of the market. This subset turns out to be a fraction as small as about 1%
in the US markets and as 12% in MIB. At the same time we are also able to extract the subnetwork
of the prominent shareholding relationships.

Under the common scale free behavior of the portfolio diversification, we can thus unveil the
essential structure of the market core, which turns out to be very different in our cases of study:
while the MIB splits into several disconnected groups of interest, in the US markets few ”super-
holders” share control over a common pool of stocks.

II. DATA SETS

The set of companies quoted on a stock market, together with their respective top-holders form
the Shareholding Network (SN). To represent the shareholding relationships between companies
and investors we defined a graph whose vertices represent either companies or shareholders (either
another company or a mutual fund or an individual, hereafter we denote this as an economic ”agent”).
A link is drawn from the company to the shareholder, resulting in a directed graph. Each link is
weighted by the fraction of shares held. If we consider only those top-holders that are as well
companies quoted on the same market, we obtained a subnetwork, the Stock Shareholding Network
(SSN). This yields the structure reported in figures 1, 2, 3 for the different markets analysed,
providing a description of the interconnections among stocks. We will refer to them as the ”restricted
nets” in the next. Whenever considering the whole investment relationships we will instead refer to
the ”extended net”. We have performed a systematic study of the topological properties of the SN
and the SSN in 2002 for two US stockmarket (NYSE and NASDAQ) and one european stockmarket
(Milan). Data for the Borsa Valori di Milano (MIB) are publicly available in form of report [2],
while in the case of the US markets this information is available through the Web [3]. The stocks
considered for the latter case are those traded in the New York Stock Exchange (NYSE) and those
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traded in the National Association of Securities Dealers Automatic Quotations System (NASDAQ).

III. THE SCALE FREE NATURE OF PORTFOLIO DIVERSIFICATION

We define the portfolio diversification as the in-degree kin
i of the investor i, corresponding

to the number of different assets in its portfolio. Vertices with zero in-degree are listed companies
holding no shares of other stocks. The out-degree of a vertex is the number of shareholders of the
corresponding asset. This number is typically very large, but the data are restricted to a limited
number of investors per each asset. Therefore the out-degree of a company is a biased quantity and
we cannot deal with its statistical description.

We note that a weight can be assigned to each link, defined as the amount wij of outstanding
shares of the asset j held by i (wij ∈ [0 1]). If we multiply wij by the market value cj of the asset
j we obtain an estimation of the amount of money invested by i in the asset j.

We call portfolio volume , or invested volume, the quantity

vi =
∑

j

wijcj (1)

representing the total wealth invested by i on the market.
In social and technological networks the degree of a node is usually a reasonable measure of the

importance of the node in the network. However, in a financial network the in-degree and the
out-degree do not carry all the information we may want to capture. In fact a shareholder with
small shares of many assets in his portfolio, will have a large in-degree, but small impact on the
network. On the other hand the out-degree, i.e. the number of holders, is usually of the order of
several thousands but it doesn’t tell alone how ownership is distributed and who is controlling the
company. In a data set the list of holders has to be restricted to the ones with the largest shares and
it is therefore a biased quantity. In the next section we will introduce two quantities that take into
account the weighted nature of the arcs and will allow us to overcome the bias of the out-degree.

Even if the in-degree cannot contain all the information about a node, it turns out to carry some
fundamental piece of information. In fact, we found in our previous work [Garlaschelli et al. 2003b]
that the portfolio diversification kin is correlated to the invested volume v in such a way that:

kin ∝ vβ (2)

This empirical correlation allowed us to relate, with a simple model of network formation, the
distribution of kin to the distribution of v. The probability density of the portfolio diversification
is a power law P (kin) ∝ (kin)−γ , where the values of the exponent γ are given by γnys = 2.37,
γnas = 2.22, γmib = 2.97 (see figure 4).

The tail of the distribution of the invested volume (see [Garlaschelli et al. 2003b]) displays too a
power-law behavior θ(v) ∝ v−α, with αnys = 1.95, αnas = 2.09, αmib = 2.24.

Since v represents the invested wealth, the observed power-law tails generalize to a market in-
vestment context the well-known Pareto tails describing the right part of the wealth distribution of
different economies.

Interestingly, the power law distribution of kin is in obvious contrast with the well-known Capital
Asset Pricing Model. Such theory predicts that the optimal (risk-minimizing) portfolio would include
all the assets traded in the market implying a constant in-degree for each agent instead of the extreme
heterogeneity we observe empirically.

IV. THE SHAREHOLDING NETWORK AS A WEIGHTED GRAPH

We now proceed further in the analysis of the topology of the shareholder networks.
In graph theory the clustering coefficient CC measures the probability that the neighbors of

a node are connected. In our case, this is the probability that two stocks in the portfolio of a
holder are companies one of which owns shares of the other. Differently from social networks which
are characterized by high clustering, shareholding networks have very small clustering coefficient,
especially the US markets (CCMILA = 1.8 · 10−3, CCNY SE = 2.7 · 10−5, CCNASD = 2.3 · 10−6 ).

An argument to explain this feature is the following. Recall that we are dealing with large, long
term investments. If a portfolio contains two companies A and B, and B owns shares of A, then if
A has financial difficulties this could propagate to B. Hence in general holders might prefer to avoid
having connected stocks in their portfolios.



4

It is important to understand whether the network can be decomposed in subnetworks of compa-
rable size (in this case the market would be separated in sub-markets) or whether there exist a giant
connected component including most of the nodes. We find 65 connected components of at least 2
nodes in MIB, while 14 in NYSE and 41 in NASDAQ. The largest connected component takes 73%
of the whole network in MIB, while the 99.7% in NYSE and the 99.2% in NASDAQ.

Distribution of the amount of shares w are shown in figure 5. The scale is linear-log. NYSE and
NASD have similar fast decaying distributions. MIB instead shows a bump for values of shares just
above 50%, meaning that a fraction of stocks are completely controlled each one by a single holder.
This fact will be further analyzed below.

The distribution P (W,K2) of the number of shareholding relationships involving a shareholder
with portfolio size K2 and amount of shares W are shown in Figure 5 for NYSE and MIB SN. In
US markets largest shares are held by holders of any in-degree. In MIB largest shares are held by
holders with low in-degree, meaning that holders that have total control of a company tend to own
few stocks. In particular the picture shows an obvious cluster of relationships in which the holder
owns more than 40% of the shares but has a low portfolio diversification. The cluster involves the
24% of the shareholders. These holders are typically (95%) non quoted companies. This means
that there is a consistent fraction of shareholders which control a quoted company and are not
themselves quoted on the market. Clearly such quoted companies are protected from being taken
over by unwanted investors. The reason why this is such a common practice in the Italian market
deserves in our opinion a macroeconomical analysis.

V. EFFECTIVE CONTROL INDICES

Up to here we have considered the weighted nature of the complex networks under study, but we
have not taken into account the relative importance of a shareholder of a stock with respect to the
other shareholders of that same stock. It is clear that the concentration of the ownerships plays a
crucial role in financial strategy. We thus compute two indexes that capture the fact that a 10%
shareholder holds much more control if the other shareholders hold 1% each, than if they hold 10%
each. This information is not contained in the amount of share alone, nor in the distribution of
shares w over all nodes. We define the following quantities.

SI =
(
∑

i∈holders wi)2∑
i∈holders w2

i

(3)

SI gives the effective number of holders. SI is close to 1 when there is a dominating holder. SI
is equal to N when there are N equally important holders. For each holder j and each stock i we
compute:

h =
w2

ij

(
∑

k∈holders wik)2
(4)

Then for each holder we sum the above quantity for each of the stocks in his portfolio.

HI =

∑
i∈stocks.owned.by.j w2

ij

(
∑

k∈holders.of.stock.i wik)2
(5)

HI gives the effective number of stocks controlled by a holder.
We note that HI and SI are quantities analogous to kin and kout for a weighted network, because

they measure the effective number of in-going and out-going links.
We report the distributions of SI and HI in Figures 6. While in the US markets the typical value

of SI is around 6, in MIB the typical value is 1. These results shows that in MIB the concentration
of power among holders is distributed in a very different way from US markets. In MIB companies
are typically controlled by a single holder. In the US markets the large majority of companies is
controlled by 6 holders.

Note also that the result is not affected by the bias of the limited list of holders. In fact for the
US markets data set the list included always the 8 or 10 largest holders. As it can be seen from the
distribution of SI, there a pronounced peak at 6 and then the frequency drops off rapidly. Of course
computing SI on the restricted list we underestimate systematically the value one would obtain using
the complete list. Nonetheless, the peak is at value smaller than the extreme of the range, so the
systematic error cannot be very large. In conclusion we can say that while the typical value of SI is
close to 6 or larger for the US market, it is close to 1 for the Italian market.
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As for HI, the distribution has a power law behavior similarly to the kin distribution
[Garlaschelli et al. 2003b]. Note the difference of range across the markets: holders control up
to the equivalent of 3 companies in the Italian market and up to the equivalent of 200 companies in
the US markets.

Up to now we have focused to the information we can draw from HI and SI at a local level. However,
such quantities play here the role of kin and kout for weighted networks and the obvious differences in
the distributions of these quantities across the markets imply different topological structure. Imagine
to rebuild the network keeping only the effective holders of a company as measured by SI. The fact
that in MIB companies are typically controlled by one holder, means that stocks have mostly one
outgoing link. Which implies that the network has a tree-like structure or a forest-like structure in
case there are several disconnected trees. The fact that HI ranges up only to 3 means that most
holders have one or two in-going links. Putting together the two pieces of information we can expect
the network of the prominent relationships to be a tree (or a forest) with branching factor mostly
1 or 2. To know whether the network is a single tree or a forest, we need to count the connected
components (see next section).

In the US markets, the distribution of HI shows that there are some very powerful holders who
control dozens and even hundreds of stocks. But a stock typically has 6 prominent out-going links.
Hence for sure we cannot build a tree out of the original network. Moreover we still do not know
whether these powerful holders control separate sets of stocks or if instead they control together
overlapping sets of stocks (see next section).

We now study the correlation between ownership concentration and market value. In figure 8
we plot the average market value of stocks that have a value of SI falling in a given bin width. The
market value is in million of euros for the MIB and in million of dollars otherwise. It turns out
that stocks with largest market value tend to be controlled by several holders and not by a single
one. Interestingly, despite the differences of structure we discussed above, this property seems to
be common to all markets, including the Italian one. However the data for the Italian market show
a deviation from the others: companies controlled by one holder have on average twice the market
value of those controlled by two or three holders.

In analogy with the average nearest neighbors degree knn as a function of the degree (Pastor-
Satorras et al. 2001), one can study the average value SInn(HI) of SI in the portfolio of holders
with a given value of HI. This is the average number of effective holders of the stocks in the portfolio
of a holder controlling the equivalent of HI companies. The behavior of nnSI(HI) is shown in
figure 7. The distribution is basically flat, meaning that there is no special relation between the
number of companies controlled and the concentration of ownership in those companies. There is a
cluster around the point (HI, nnSI) = (1, 1), corresponding to the case in which one holder controls
completely one company.

VI. UNVEILING THE ESSENTIAL STRUCTURE OF THE MARKETS

Thanks to the quantities SI and HI we have characterized at a statistical level the individual
ownership concentration of stocks and the individual power of holders. We ask now the following
question: is there a subset of holders controlling the market? We answer this question in the following
way.

Consider the first h holders sorted by their value of HI, which as we saw is a measure of the power
they have on the market. We count how many stocks are controlled with an effective weight of more
than 0.5, by the union of the h holders (that is, we sum up the effective weights of all the h holders
in the stocks). The set of stocks obtained in this way is a subset A of all stocks and the h holders
collectively control completely (with more than 50%) each of the stocks in A. This way we loose of
course the information whether a stock is controlled by a single holder or by several ones, but the
point here is that the majority of the control is held by one or several holders within those h ones.

Now we vary h and we keep computing the relative size n of the subset A with respect to the
entire set of stocks. We normalize h by the total number of holders, but we keep the name of
this quantity, so that now h ∈ [0 1]. We plot n as function of h in figure 9 . All curves saturate
to 1 for the same value h = 0.3, meaning that in all cases 30% of holders control 100% of the
market. But consider as a reference the value ĥ such that n = 1/2. This is the number of largest
holders that control completely half of the stocks in the market. It is a simple quantity with an
intuitive meaning, that we can use to characterize statistically the markets under study. It tells
how much the control over the market is concentrated. We find: ĥmib = 0.12, ĥnys = 0.94 · 10−2,
ĥnas = 1.65 · 10−2. It follows that the in US markets the control concentration is one order of
magnitude higher than in the MIB.
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The value ĥ represents the most important fraction of holders, let us call them the ”super-holders”.
We want now to understand how the portfolios of these super-holders are structured, namely how
the super-holders share out the market among themselves. Two extreme cases are possible:
1. each holder controls a separate subset of stocks
2. super-holders’ portfolios are largely overlapping.

There is also an intermediate case:
3. super-holders are divided in subgroups such that holders in the same group have overlapping
portfolios, but different groups have non-overlapping portfolios.

In MIB SI is typically 1 and HI is at most 3 for the super-holder network as we found for the
whole network. Therefore we can infer that the network is a tree with branching factor less than 3
and that essentially there is no overlap between portfolios. Still we have to determine whether the
structure is a tree or a forest.

For US markets SI is tipically 6 so all cases mentioned above are possible.
First we consider the network restricted to the super-holders of the market and to the stocks

owned by the super-holders. Recall that the super-holders are about 12% of all recorded investors
in the MIB and they are about 1% in the US markets. The stocks instead are half the total number
of stocks in each market. Now, for each stock we keep only as many holders as the rounded value of
SI. So for example if there are 5 holders but SI is close to 3, we keep only the three largest holders.
We obtained a subnetwork of the original one, with the same number of nodes but with fewer edges
as we have removed the weakest ones. We then perform a connected component analysis on the new
network.

The result is that MIB is a forest of 89 separate trees. In figure 10 some of the connected component
have been put in planar graph representation. The remaining are hidden under the green nodes on
the border. Each tree reflects a group of interest or a family of owners.

On the contrary NYSE is one single connected component. It could still be that there are some
strongly connected subnetworks with only few links connecting them in a single component. A
graphical visualization (figure 11 ) of the subnetwork formed by the 24 super-holder of NYSE and
by their stocks (1980 nodes in total) suggest that this is not the case. Nodes have been arranged in
space in such a way that stocks controlled by a single holder are internal to polygon of the holders
(green nodes).

An alternative way to investigate the existence of subgroups is to compute a matrix of the portfolios
overlap. If Pi and Pj are the portfolio of holders i and j, we define an overlap matrix Φ measuring
the cardinal number of the intersection between the portfolios of any two super-holders: Φ(i, j) =
|Pi

⋂
Pj |. We then apply to Φ, the Dulbage-Mendhelson transform, an algorithm that maximize the

number of blocks of a matrix. As we can see in figures 12, 13 the overlap matrices for NYSE and
NASDAQ do not display separate blocks, meaning that the super-holders cannot be separated into
subgroups. In figure 14 the overlap matrix for MIB reveal instead that most of the super-holders have
no portfolio intersection, confirming the result obtained with the connected component analysis.

VII. CONCLUSIONS

We have studied the topology of the Shareholding Networks of three different stock markets with
a complex network approach. The portfolio diversification was known from our previous work to
have a power law distribution in all those markets. This result contradicts the predictions of the
classical theory of portfolio optimization, but can be explained with the ’Fitness model’ as done
in [Garlaschelli et al. 2003b]. Here we have provided a further characterization of the network
structure. We have introduced two quantities HI and SI, analogous to in-degree and out-degree
for weighted graph. These quantities capture the notion of number of companies controlled by a
holder and number of holders controlling a company. The quantities HI and SI allow on one hand to
characterize statistically the ownership concentration of stocks and the power of holders at a local
level. On the other hand they allow to identify the investors that control most of the market. It
turns out that they are 1% of all the investors in the US markets and 12% in the MIB. Finally the
number of effective holders SI allow us to extract the subnetwork of the prominent shareholding
relationships. We can thus unveil the essential structure of the market core, obtaining very different
pictures for our cases of study: the MIB splits into several separated groups of interest, while the
US markets is characterized by very large holders sharing control over overlapping subsets of stocks.
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[Barrat et al. 2003] Barrat A., M.Barthélémy, R.Pastor-Satorras and A.Vespignani, The architecture of com-

plex weighted networks cond-mat/0311416
[Battiston and Catanzaro 2003] Battiston S. and Catanzaro M., Statistical properties of board and director

networks, 2003, submitted.
[Battiston et al. 2003a] Battiston, S., Bonabeau, E., Weisbuch G., Decision making dynamics in corporate

boards, Physica A, 322, 567 (2003).
[Battiston et al. 2003b] Battiston, S., Weisbuch G., Bonabeau, E., Decision spread in the corporate board

network, 2003, to appear on Adv.Compl.Syst.
[Bonanno et al. 2003] Bonanno, G., Caldarelli, G., Lillo, F. and Mantegna, R. N. To appear in Phys. Rev.

E.
[Caldarelli et al. 2002] Caldarelli G.,A.Capocci,P. de los Rios,M.A. Muñoz, Scale Free Networks without
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FIG. 1: My caption goes here
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FIG. 2: NYSE SSN graph.
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FIG. 3: NASDAQ SSN graph.
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FIG. 6: Distributions of HI and SI computed on the extended networks.
SI measures the effective number of holders for a stock. HI measures the number
of stocks effectively controlled by a holder.



10

1 2 3 4

1

2

4

6

8

HI= # of controlled companies

S
In

n=
 a

v.
  n

ea
re

st
 n

ei
gh

bo
r 

S
I

MIB

1 5 10 50 100

1

2

4

6

8
NASDAQ

1 5 10 50 100

1

2

4

6

8
NYSE

FIG. 7: Plot of the average SI of holders with a given value of HI. The range of
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FIG. 8: Market value C vs SI computed on the whole networks. The range of
SI has been divided in bins. The average market value of the companies with
SI value falling in a given bin is plotted.
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FIG. 9: Fraction of stocks n controlled by the first h holders sorted by power (
HI value).
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FIG. 10: MIB. Subnetwork of 94 super-holders. Only SI arcs are kept for each
stock. The network splits in trees corresponding to groups of interest.
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FIG. 11: NYSE. Subnetwork of 24 super-holders. Only SI arcs are kept for each
stock. The network remains strongly connected.
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FIG. 12: NYSE. Matrix of portfolio overlap.
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FIG. 13: NASD. Matrix of portfolio overlap.
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FIG. 14: MIB. Matrix of portfolio overlap.


