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The instantaneous normal modes corresponding to radial hydrogen bonds vibrations, torsion, and
axial compression fluctuations of a DNA molecule model at ambient temperature are theoretically
investigated. Due to thermal disorder, normal modes are not plane waves with a single wave number
g but have a finite and frequency dependent damping width. The density of moeedhe average
dispersion relatiow(q), as well as the coherence lengdity) are analytically calculated. The Gibbs
averaged resolvent is computed using a replicated transfer matrix formalism and variational wave
functions for the ground and first excited state. Our results for the density of modes are compared
to Raman spectroscopy measurements of the collective modes for DNA in solution and show a good
agreement with experimental data in the low frequency regim&50 cm *. Radial optical modes
extend over frequencies ranging from 50 to 100 ¢nTorsional and compressional acoustic modes

are limited tor<<25 cm . Normal modes are highly disordered and coherent over a few base pairs
only (é<15 A) in good agreement with neutron scattering experiments.2000 American
Institute of Physicg.S0021-960600)50622-9

I. INTRODUCTION cm™! and confirm its origin. Their approach is based on a

detailed description of the DNA molecule at the atomic

Much attention has been paid in the last 20 years {0 10We 013 anq a variational calculation method, called modified
frequency dynamics of DNA due to its relevance to b'OIOQ"seIf-consistent phonon  approximatiofMSPA).  Within

qal processes. Vibrational modes '!’“’0"".”9 collective mo'l\fISPA, the molecule at ambient temperature is reduced to an
tions of groups of atoms have been investigated by means o

various techniques as neutron scattefiry, numerical effective (and complexharmonic lattice, the force constants

simulations! spectroscopy measurements, NMR, %t of which are determined in a.self—consi.stent way. This a.p—
Among the latter, Raman studies carried out by H. Urabdroach has been very useful in calculating many properties
et al’~%*have revealed particulary useful to gain informa-Of DNA, e.g., the melting of DNAs of different
tion on the dependence of low frequency vibrations propersequences*°the temperature and salt dependence ofthe
ties of DNA upon external conditions, e.g., water contentto Z conformation chang¥, and the stability of drug-DNA
ionic concentration, temperature. The observation of the Rasomplext’
man scattering intensity in the low frequency region is tech- A qualitative weakness of MSPA that also arises in other
nically very difficult because the strong solvent Rayleighsimplified theoretical approachédies in thea priori nature
scattering near zero frequency masks the DNA responsgf modes. Though effective elastic constants depend on tem-
Nevertheless a broad band ranging from 50 to 100thas  perature, normal modes indeed conserve a plane-wave
been ?V'd%‘CEd and associated to hydrogen-bonded base paiicture!? As a consequence, dispersion relations for the
vibrations.™ Moreover experiments focusing on oriented \ma| modes are well defined as for phonons in crydfals.
solid PNA f!bers have aI§<2 exh|b|teql sharp peaks in the Rafn other words, the coherence length is infinite and the mo-
man |ntenS|_ty at=16 cm - that shifts toward Iow_er fre- mentum selection rule give rise to a discrete set of lines in
quency region when raising the degree of hydratidrhe . - pr
origin of this peak, in particular, its interhelical, or intraheli- the theoretical predlct|ops for Raman spectr&n the con- .
trary, amorphous materials or more generally thermally dis-

cal nature has been debated for a long tihe. . )
To reach a better understanding of the above experimerP—rdered systems give rise to normal modes with short coher-

tal findings, detailed theoretical analysis of DNA vibrational €Nc€ _lengths, whose power spectrum displays a finite
motions have been proposed. Devoting particular attention t¥idth>*° As a result, momentum selection rules break
hydrogen bond stretching modes, Prohofsky anddown and light-scattering processes may occur from essen-
collaborator® have been able to find a vibration mode at 85tially all normal modeg?? Correspondingly, for a DNA

molecule in solution, the Raman spectrum is continuous and
JElectronic mail: cocco@Ipt.ens.fr, does not depend on the wave length of the incident laser
YElectronic mail: monasson@Ipt.ens.fr beam nor on the scattering andle.
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Understanding the vibrations of a system in presence ofectly confronted with Raman spectroscopy and to neutron
thermal (or configurational disorder is a difficult task>?*  scattering data. Second, it is a way to check the validity of
Nonharmonicities in the interactions between constituentsand eventually improvyeour model in very different experi-
may modify deeply the usual phonon picture of wave propaimental conditions from the ones it was originally designed
gation in solids, and generally forbid any rigorous analyticalfor.
treatment of the dynamical equations. An interesting ap- The article is organized as follows. In Sec. I, we define
proach to circumvent this difficulty has been proposed in théhe DNA model and explain how to compute its statistical
context of liquid state dynamicS.The idea is to start from a physics properties. The choice of the force constants and the
randomly chosen configuration at thermodynamical equilib-main thermodynamical features are then exposed. Section Il
rium. Then, the equations of motion around this fixed initialis devoted to dynamics and to the definition of the instanta-
configuration can be linearized, defining some instantaneouseous modes. The relationship between the latter and Raman
normal modes(INM) and their corresponding relaxation spectra is evoked. The analytical framework necessary to
times, i.e., frequencies. All these quantities may then be awalculate the properties of INM is presented in Sec. IV. Re-
eraged over the initial configuration chosen from the Gibbssults are given and compared to experiments in Sec. V. Fi-
ensemble at the desired temperature. This way, one obtainglly, we present some conclusions and perspectives in Sec.
precise description of the short-times dynamics based on thél.
average spectrum of relaxation times and the statistical prop-
erties of the INM?® As a major advantage, the INM ap-
progch takes into acpqt_mt thermal _disorder Fhrough the, PRESENTATION AND MAIN FEATURES OF THE
choice of the random initial configuration and gives rise topnaA MODEL
highly disordered normal modes with finite autocorrelation
length as expected at finite temperature. Due to the lineariza- In this section, we describe the DNA model under study
tion procedure, the information available through INM cal- and briefly recall how it can be studied using statistical me-
culations is restricted to short-times dynamics. This limita-chanics techniques as well as its main thermodynamical fea-
tion is however not serious in the range of frequenciegures(see Ref. 2R We then analyze the dispersion relations
mentioned above for DNA collective dynamics as we shalland spectral density of the normal modes at zero tempera-
see later. ture.

From a the(')retic'aI. point of'view,' thg calculation of the 5 pefinition of the model
INM around a fixed initial configuration is a hard task that
can be performed analytically for simple enough models Our model mainly aims at reproducing the double helical
only26-28 | this article we describe the hydrogen bond vi- Structure of DNA. There are different kinds of double helix
brations and the helicoiddtorresponding to twist angle as 9eometries the most common of which are B-DNA, A-DNA,
well as compression/stretchindluctuations of a simple @nd Z-DNA; they depend greatly on environmental condi-
DNA model by normal modes that are not plane waves using©nS €-9-, degree of hydratlon_, ionic concentration, etc. The
the INM approach. We are able in particular to calculate the3"DNA and A-DNA are both right-handed helices that cor-
frequency dependent density of state at a given temperaturEespond to different sugar puckering mod€s:-endo for
the coherence length of the normal modes, and some pseudd-family with a distance between adjacent phosphates along
dispersion relations at ambient temperature. The model thaf€ molecular kigckbone =7 A, C;—endofor A-family
we consider has been introduced in a previous article t§/ith L=5.9 A2 We focus on the Watson—Crick double
study the DNA denaturation driven by temperature or menelix structure(B-DNA) that a DNA molecule takes, e.g., in
chanically induced by a torqd8.This study was motivated golutlon at ambient temperature and physiological condi-
by the recent development of micromanipulation ONS: _ o
technique®=3! that have allowed the direct observation of _ 1he model is schematized in Fig. 1, see also Ref. 36.
DNA denaturation induced by an external torsionalEach base pairj&1, ... N) is described by its radius;,
stres$233 Our model describes the DNA molecule at thethe anglecp_j in the plane perpendicular to the helical axis,
base pair level through three degrees of freedom: the ba&id the heigh; along the latter. The sugar phosphate back-
pair radius, its angle in the plane perpendicular to the mo_bone is made of rigid rods, the distance between adjacent

lecular axis, and the height of the base pair along this axié.)ases on the same strand being f|xed§o7 A, Th'$ back-
The potential energy is sufficiently simple to allow for so- bone distance introduces a geometrical constraint between

phisticated analytical calculations of normal collective two successive base pairs, see Fig. 1,

modes. From a technical point of view, our calculation is \/(Zj_zjfl)z"’_rj2+rj271_2rjrjflcos(€0j_¢’j71):|—, 1)
inspired from a recent study of instantaneous modes in a

one-dimensional disordered sysfénthat mixes techniques that couples the degrees of freedom.r;_1,¢;,¢; 1,
used in localization theorithe resolvent calculationdisor- ~ ZjZj-1- ldentity (1) allows us to expresh;=z;—z; as a
dered system(replica trick,3® and a variational Gaussian function ofr;,r;_; and of the twist angl&; = ¢; — ¢;_1,
wave function method. As we shall see, the interest of the Y Y.

L o o o h(ri,ri_q,0)=+L°—ri—ri_;+2r;r; _4,c0s0;, 2
calculation is two-fold. First, it gives theoretical predictions irri-1.6) v P Trieat2rinogcost;,  (2)
for the spectrum of modes, the effective dispersion relationsand to choose radii; and anglesp; as independent degrees
and damping width at ambient temperature that can be dief freedom from which the heightg may be unambiguously
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! An elastic energy depending on the axial distahgés
! introduced to describe the vibrations of the molecule in the
i B-phase,

Vb(rj,rj,l,ej):K(hj_H)z. (6)

The helicoidal structure arises from the choicetbfL: in
the rest configuration;=R at T=0 K, V}, is minimum and
zero for the twist angle ®>0 with sin@/2)
=/L?=H?/(2R). The above definition 0¥/, holds as long
as the argument of the square root in E).is positive, that
isif rj,r;_,,0; are compatible with rigid rods having length
L. By imposingV,= for negative arguments, unphysical
values ofrj,r;_q,6; are excluded. As the behavior of a
single strand 1((>>r4) is uniquely governed by this rigid rod
condition, the model does not only describe vibrations of
helicoidal B-DNA but is also appropriate for the description
of the denatured phagg.

FIG. 1. The helicoidal DNA model: each base pair is modelized through its
radiusr;, angle ¢;, and heightz;. The axial distance and twist angle
between successive base pairs are, respectively, denotéeg=tg—z;

B. Calculation of partition function
and 6;= ¢;— ¢;_1. The backbone length along the strands is fixedl.to P
The configurational partition function at inverse tem-

peratureB=1/(kgT) reads

obtained. This choice is motivated by mathematical conve- 7= * d * don--- - q * q
nience only. We could have kept, e.g;, z; and eliminated CMdf ) Aot ] Inding den

min min

¢; as well. N
The HamiltonianV associated to a configuration of in-
dependent degrees of freeddm ,¢;} is the sum of three X exp[— BV *QDJ}]}‘S(‘Pl)JHZ x(6). @)

different contributions,
The angle of the first extremity of the molecule is setstp

=0 with no restriction due to the arbitrary choice of the
angular reference axis, see Fig. 1, whereas the last@pe,
is not constrained. Thg factors entering Eq.7) are defined

N N
VI, ,gpj}]:jgl vm(r,-)+j§2 (Vs(rj.rj-1)

V(11,0 = ¢j-1), @ py x(6;)=1 if 0<6;=¢;—¢;_;=<m, and O otherwise to
that we now describe. prevent any clockwise twist of the chain to represent a right-
Hydrogen bonds inside a given pairare taken into handed helix. Partition functiosi can be calculated using the
account through the short-range Morse potetftil transfer integral methot,

— —a(ri—R 2 0 o o
Vin(r) =D (e -2, @ Z:f ri drlf N der don(rnenl TN r1,0),
with R=10 A. The width of the well amounts toa3 ! " min " min -
=0.5 A in agreement with the order-of-magnitude of the (8)
relative motion of the hydrogen-bonded ba%®a.base pair  where the transfer operator entries reédo|T|r’,¢’)
with diameterr>r =R+ 6/a may be considered as open. =T(r,r’,8) with 6=¢—¢’ and
The potential deptlD, typically of the order of 0.1 e\(Ref. , , ,
12) depends on the base pair tyj@elenine—thymin¢AT) or T(r.r',0)=X(r,r") exg{ = BVy (r.r", 0)} x(0), ©)
guanine—citosinéGC)] as well as on the ionic strength. Note X(r,r"y=+rr’
that the Morse potential,, increases exponentially with de-
c<reaS|Egr<R41and may be considered as infinite for Xexp[—E(Vm(r)+vm(r’))—,BVs(r,r’) ‘
M min=9.7 A 2
The vertical interaction between adjacent base pairs in (10)
the B-DNA conformation is accounted for by the stacking
potentiaf? At fixed r,r’, the angular part of the transfer matfixis
e translationally invariant in the angle variables ¢’ and can
V(1) =E e 2120 —rj )% ©  pe diagonalized through a Fourier transform. Thus, for each
Due to the decrease of molecular packing with base paiFourier modek we are left with an effective transfer matrix
opening, the stiffness prefactor in E() is exponentially on the radius variables
attenuated and becomes negligible beyond a distance o , ,
=5b~1=10 A, which coincides with the diameter of a base T, r)=X(r,r) Yilr,r'), (1)
pair3° with
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4.0 T r r T T TABLE I. Three choices of the depths of the Morse poterifiand of the
stacking stiffnesseg giving the desired melting temperatufe,=350 K.
The corresponding denaturation free-energi€s are expressed in units of
kgT at T=300 K.

[
=)

D E AG

S (eV) (eVIAR?) (ksT)
=

5 0.15 0.74 0.762
§ 2.0 0.16 4 0.825
= 0.17 12 0.691
2

]

=

-
(=4
T

Notice that the main uncertainty in this tuning procedure
arises with the choice of the stacking stiffnéssThree pos-
sible pairs of parameter®(E) that correctly fitT,,= 350 K
0.0, -;’9 — = 102 = — are listed in Taple I, as well as the corresponding denatur-
base pair radius r ation free-energied G at T=300 K. We have selected the
pair giving the largest prediction for the denaturation free-
FIG. 2. Gro_und state wave functionlg(r) at T=27 °C for two choices of energy that is in closest agreement with thermodynamical
the energetic parameter®:=0.15 eV,E=0.74 eV/A (full curve) andD . 42 .
—0.16 eV,E—4 eV/A? (dotted curve estimates oA G." It can be easily seen from Table | that
varies much more thaD and AG and is therefore less ac-
curately predicted than the other parameters of the model.

Yk(r:r,):f doexp{— BV (r,r',0)—iko}. (12 111. DYNAMICS AND INSTANTANEOUS NORMAL
0 MODES

The only mode contributing td is k=0 once¢y has been
integrated out in Eq(7). In the N— o limit, the free-energy
densityf is simply given byf=—kgT In Ao, where\, is the
maximal eigenvalue of ; whose corresponding eigenvector
will be denoted byi(r).

Our aim is to perform an analytical calculation of the
spectrum of molecular vibrations on characteristic time scale
of the picoseconds and at ambient temperature. In this sec-
tion, we first write the dynamical equations for the model.
We then linearize these equations around a gi\@md ran-
domly chosei configuration of the thermally equilibrated
C. Thermodynamical properties and parameters system and define the instantaneous normal modes as the
vibrations of the DNA molecule around this configuration.
at ambient temperaturé= 300 K. It is entirely localized in The density of instantaneou_s normal modes can be rglated to
the Morse potential well as expected for a DNA molecule inSOMe extent to the Raman intensity. Finally, we consider the
B-configuration. The first excited eigenstate of the transfe?pec',aI case of Z€ro temperature. The explicit calculation of
matrix has an excess free-enemy@ with respect taj, and the dispersion relations and the density of modes allows for a

is delocalized: it extends over all valuesrotr, vanishes decoupling of the angular and radial motions in acoustic and

for r<rg, and thus represents a denatured molecule. At som@Ptical modes, respectively. It also provides useful compari-

higher temperatur@,,, the bound wave function disappears SONS With the finite temperature results of Sec. V.
and i, suddenly undergoes a delocalization transition. InA. Dynamical equations for the DNA model
other words, hydrogen bonds break up dngcan be inter-
preted as the melting temperatéPe.

The values of the parameters entering the potential en

The ground state wave functiafy(r) is shown in Fig. 2

We denote the configuration of the molecule at tiny
ri,ej}. The equations of motion read

ergy are discussed in Ref. 29 and are listed below: . _ 19V
inverse hydrogen bond length=6.3 A%, mrj=mr;(¢})*~ > T
zero temperature interplane distanke=3 A. o,
Morse potential depthD=0.16 eV. 1L av (13
attenuation coefficient for stacking interactions: m(r})2¢}= -,
b=0.49 AL, 2 9]

stacking stiffnessE =4 eV/AZ. ) where the potential energyhas been defined in E(B). The

axial elasticity constank =0.014 eV/X. effective half-massn=300 u.m.a. of a base pair takes into

The values ofa and b have been borrowed from account the atomic constituents of the nucleotide and of the
literature?® The choice of the other parameters backbone as well as the primary hydration shell which is
D, E, K, H ensures that geometrical and thermodynami-tightly bound to the bas¥*?>#*The size of the primary shell
cal properties as the average twist angle, the mean axial distepends on the hydration degree and is of the order of 10-20
tance between successive bases in the B-conformation, tlveater molecules per nucleotide. The characteristic relaxation
melting temperaturd ,=350 K, and the denaturation free- time of the primary shell is typically-;=10"1° s* There-
energyAG are correctly predictet?’ fore, for dynamical processes taking place on time scales
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<7y, that is for frequencies>0.3 cm! primary shells D¢, i.e., the instantaneous normal modes corresponding to
may be considered as rigidly linked to the bases and simpl$he initial configuratiorC are not plane waves.

taken into account through the effective massOur choice The eigenvalues histograp¥(\) give the density of the

for mis in close agreement with the mass considered byrormal modes as a function of the initial configuration. The
Volkov and KosevicH® Taking into account the additional latter is distributed according to the Gibbs measure

water shell mass and averaging over the possible bases A, T, 1

G, and C, these authors_have calculated some estimates of P(C={r;,¢;})= Z exp(— BV[{rj, e, (18

the masses of the nucleotidg,= 199 u.m.a. and of the back-

bone elementsn,=109 u.m.a. giving a total mase=m,  whereV is the Hamiltonian defined in Eq3). Once aver-
+m,=308 u.m.a. per bageé. aged over distributiori18), the mean density of stateg)\)

In addition to the primary shell, there exists a secondarys available and depends only on the temperaflirel/g.
hydration shell containing less rigidly bound water mol- The frequency spectrumy(v) is straightforwardly obtained
ecules. The characteristic time scale of relaxation of this sechrough the relationship, see E{.5),
ondary shell at ambient temperatureris=10" 12 s *4® that
is of the same order-of-magnitude as in bulk water. Both V:i \ﬁ
water shells stabilize the DNA structure and their presence is 27 m’
taken into account in the force constants of the potential _
energy, Eq.(3). However, in the equations of motion, Eq. pf(v)_Amm PN
(13), the viscous damping of the molecule due to the solvento lighten notation, we shall drop tHesubscript in Eq(19)
is not considered. and use indifferently the same letterto denote the density
of states as a function of the eigenvaluer frequencyw.

The spectrum of the Hessian matrix, Efj7) is not nec-
essarily positive. Some instantaneous modes may be unstable
and grow with time within the linear approximation. Their
corresponding eigenvaluasare negative and the associated

We linearize the equations of motions, Efj3) around a  frequenciesy are purely imaginary. Following the conven-
casual initial configuratio@={r; ,¢;} of the system already tions of Ref. 25, imaginary frequencias will be conve-
in thermodynamical equilibrium, defining for each base paimiently represented by minus their modutu$v|, that is by
i points on the negative frequency semiaxis. We shall come
back in Sec. V to these modes.

(19

B. Linearization approximation and instantaneous
modes

t—

t
r=rit+y;,
t ~t (14) . . .
P=@jt+ ;. C. Relationship with Raman spectra
Once linearized the dynamical Eg€l3) are rewritten in Raman scattering intensity is directly related to the den-

terms of the displacement Variab|¢§¢tER'at and read  Sity of normal modes. In disordered solids the coherence
. . length of the normal modes is short compared to optical

mvi= DY yi+ DC). . L Wavele;ngths, SO the conservation of momentgm is no .Ionger
y} Ek (Pr)jaci ; (Dm)y.x a restrictive selection rule and does not give rise to a discrete
(15 set of lines for the spectrum. Light-scattering processes occur

m("b}: > (ng)k’j yir > (Di)j,k P, from essentially all the normal modes of the material and the
k k spectra are continuous. As we will see later, the assumption

of short coherence length is well verified in our model at

where - . . .
finite temperature. The relationship between the Raman in-
De 1 P*V tensity Z(v) and the density of normal modegv) is gen-
( r)ik_z Ir;ar C' erally expressed via the light-to-vibrations coupling coeffi-
cientC(v),%
1 ¢V 2
DYk=os5———| ,» and(D%)j=—— 16 _ n(»)+1
( m)]k 2R &rjf?gok c ( (’D)Jk 2R2 O”(PJO"QDk c ( ) I(V)_P(V)C(V)(T ’ (20)
are theN X N matrices of second derivatives of the potential\where
energyV around configuratio@. To solve the linear system, 1
Eqg. (15), one has to find the eigenvalugsof the 2N X 2N n(v)= (22)
Hessian matrix hy
ex ﬁ -1
¢ o :
DC= ( e DC) . (17) is the average population of level The spectral dependence
m [

of C(v) is still an unsettled question. Early studies devoted
It is important to notice that due to the dependence on théo the relationship between Raman spectra and densities of
initial configurationC the elements of the matriR‘ are not modes assumed that the light-to-vibrations coupling was in-
translationally invariant. Consequently, the eigenvectors oflependent of frequency, i.€€(v)=1.2! Later works conjec-
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frequency v(q)

50 1
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o
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0 . . . . . .
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wave number q q y

. . . FIG. 4. Density of states at zero temperature. From left to right: acoustic
FIG. 3. Dispersion relations at zero temperature. From bottom tovigfof) .
- A . . ; modes spectrunp(v), optical modes spectra,(v) for D=0.15 eV, E
for acoustic modesy,(q) for optical modes with two different choices of —0.74 VIR (full %urve) andD=0.16 eV,E—4 eV/A? (dotted curve
the parameter®=0.15 eV,E=0.74 eV/A? (full curve) andD=0.16 eV, : ' : '

E=4 eV/A? (dotted curvi

d dratic behavier 2 low f . different time scales and become independent. The disper-
tured a quadratic behavi@(v) ~ v~ at very low frequencies o, rolations obtained when settig,=0 andK,,=0 are

and a less steep increase for'Iarge‘i Recently, compari- indistinguishable from the previous ones and read
sons between neutron scattering experiments and calorimet-

ric measures have given evidence for a linear dependence 1 /a’D
C(v)=v for different glasses in the frequency range  ¥r(@)=vi=5—\/——+2(1-cosq), (27)
8 cm 1< »<100 cnm 1,4"*8the upper bound being related to

the Debye frequencies of the corresponding crystals. 1 2Ky,
v‘p(q)zv_zz T(l—cosq). (28

D. Normal modes at zero temperature

From the decoupling between angular and radial variables,

The linearized equations of motion at zero temperaturd=gs. (27), (28 and Fig. 3, it appears that acoustic modes
are obtained performing an expansion of the potential energgorrespond to fluctuations of angular variables and optical
V [Eq. (3)] up to the second order around the rest positionsmodes correspond to fluctuations of radial variables. Note

r}=R+y}, <P}=j®+¢}/R3 that transverse radial modes are of optical nature due the
. Dt C . single site-dependent Morse potential representing hydrogen
myj=—a’Dyj—Kyy (2yj+yj.1FY] 1) bonds. In our model, the degrees of freedom for the motions
CE(Vi—vt vt K t gt of the centers-of-mass of base pairs are not .taken into ac-
(2Yi Y11 Yi-) " Ky o (0= bj-0), count. Consequently no transverse acoustic modes are
Bl= t_ gt t t t (22) present
M =—Kyg (2= dj1— P 1) TKy ¢ (Vi1 Yj-1), :

The density of statep(v)=21/(2m|v'(q)|) for each

where branch is given by
Kyy=(KR¥H?)(1-c0s0)?, (23 4
K g =(KRYH)(si? ©), (24) pi(¥)= 5D aE !
Pt | e 2
Kyg= (KRE/H2)(sin®)(1-cos ©). (25 \/[(27”’) m ||~ m @)
(29
The plane waves
1
(30

YJ> <y+(q)>ex i O [ —
= - +(q)t) (26) Pe
(¢j $. (g SRIAI-2mr(@)D)] /Krz(ﬁ_(w)z

are solutions of Eq(22) with the relations of dispersion

v+(q) shown in Fig. 3. Due to the difference of the order- Note that the above densities are both normalized to 1/2 so
of-magnitude betweea’D=6.33 eV A%, E=4 eV A"2  that the total density of statgg(v) +p,(v) is properly nor-

(or for the other choice of the parametex$D=5.93 eV  malized to unity. As shown in Fig. 4, Van Hove singularities
A-2, E=0.74 eVA?), and K,,=18x10"3% eV A~2  are located at frequencies such that the denominators in
Ky,=6x10"2% eV A~2 K,,=54x10"% eV A~2 itis Eq.(30) vanish, that is, stationary points of the dispersion
clear that the angular and radial motions take place on twoelations(28).
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E. Structure of the Hessian matrix trix D¢ and the angular Hessian matsz<C In what follows,

the notat|oerC will generically refer to elther of these two
From the above considerations on the effective decoupatrices.

C . .
leng of radial and angular Varlable© will be set to zero Because 0n|y nearest-ne|ghbor5 a|ong the molecule in-

hereafter. Therefore, the Hessian matrlx, ELj)) is com-  teract with each other, the Hessian matrix has a band diago-
prised of twoN X N matrices, that is, the radial Hessian ma- nal structure,

3Ao(rj.rj—1,0)+ 3do(rj,rj 1, — 040 if k=],
(’Dc)k.: —%dl(rj,rj,l,é’j) if k:j_l, (31)
j _ .
= 3dy(rjp1.ry, 0540 if k=j+1,
0 it |k—j|=2.

Explicit expressions of elementk andd; are as follows:

N
For the radius Hessian matrix¢, the elements Z S(N—N), (35)

Z||—\

1,
do(r,r')=5—=

(r)+2E, : . . .
we may rewrite the discrete sum over eigenstatés Eq.

(320 (34 as an integral over eigenvalues with measpite The
dy(r,r')=2E, knowledge of the trace of the resolvent,

do not depend on the twit. For simplicity, we have not N N
considered the exponential attenuation termVinwhich is 1 E N 1 D 1
almost constantand equal to unityin the B-DNA phase. N £ GaaAFie)= N &St an—2\i+ie
Kyy has been set to zero since it is three orders-of-magnitude

smaller than other radial force constants. _ J * p(w) (36)
For the angular Hessian matrix¢ [ Bl N
1 d?v,
do(r,r’,0)=dy(r,r',0)= 2 a4 (r,r',0), (33 gives then access to the density of states through identity
where the potentiaV/,, has been defined in E). 1 1N
p’(N)=—=lim Im/ = >, G5 (A +ie)|. (37)
71-EHOJr A =1

IV. ANALYTICAL FRAMEWORK

A. Definition of spectral quantities

¢ . ¢ , Another quantity of interest is the autocorrelation function of
We call \¢ (respectivelywy ) the eigenvaluegrespec- eigenvectors at distanat

tively, the components of the associated eigenvectors nor-

malized to unity of D¢, with e=1, ... N. Most spectral
properties ofD¢ can be obtained through the calculation of
the resolvent . N-d o e
Ae(d): a§=:l Wa,eWa+d,e' (38)
N C g
c . _ . 0 -1 a,e'Vb,e

Gap(A+ie)=((A+ie) =D )qp 621 A—AC+ B9 We then defineA’(\,d) as the average value 8£(d) over

all eigenvectorse lying in the range)\s)\gs)\er)\. This
whereZ denotes the identity operator. autocorrelation function is simply related to the off-diagonal

Introducing the density of eigenvalues resolvent, Eq(34), through
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C
= 2 GS g +ie)= f du (“ A, d),
(39

that generalizes Eq36) to nonzero values afl. Taking the
imaginary part of Eq(39), we obtain

1 N-d
pC(N) AY(N, d)——— lim Im{ﬁ agl Ggya+d()\+ie) .

EHOJr

(40)

Therefore the calculation of the large distandaehavior of
Ga, a+d()\+le) will give access to the asymptotic scaling of
the autocorrelation function

S. Cocco and R. Monasson

AC()\’d)oc(e—oC()\)-%—i qC()\))d' (41)

and thus to some effective relation of dispersidifq) and

to the coherence lengthdd(\) of the instantaneous modes
at finite temperature.

B. Average over the instantaneous molecular
configuration

To perform the average over the molecule configurations
C, we first rewrite the resolvent, E(34) as the propagator of
a replicated Gaussian field thecf’r'i/

N N
i
JH dx](xaxb)ex;{ )\+|e)2 x i3 E DJk x]xk)
. j,k=1
GS (N +ie)= | N
- 2 ¢
fj]:[l deeXp(E()\+lé)jEl XJ_EJ‘,kE:l Dijy xjxk)
i " i
—nm——J 1'[1 dx{(Xa - Xp) exp(z(mie);l ’22_5,-.(21 G X ik) (42)
n—0 = K=

Replicated fields_ijz(le, cen ,x]-”) are n-dimensional vector
fields attached to each siteThe positivity ofe ensures that
the Gaussian integrals in EGi2) are well-defined.

At equilibrium, the molecular configuratio@ is drawn
according to the Gibbs measure, Ef8). We shall denote
the average of any quantity over distributid®) in the same
way as its configuration dependent counterpart but witldout
subscript. For instance, the average resolvent reads:

Gab(mie):f rldrIJ‘
r —

min

d(Plj I’N dI’N
r

f denP(rj, <pJ})G{” “N+ie),

(43

where P is the Gibbs measure, E(L8). It is important to
keep in mind thaTDjCk vanishes fotj—k|=2, see Sec. Il B.
Therefore, only replicated variables,x, corresponding to
adjacent base pairs along the molecujesk*1) interact
together in the expressidd2) of the resolvent.

C. Transfer matrix formalism

replicated variable§j to their counterparts at sife-1. The
entries of this matrix can be read from E@3), (42), (43),

R R i
(I‘,(,D,X|'T|I",go',X’>=T(I‘,I",H)E'X[{Z()\—HE)

. - i -
><(x2+x’2)—Zdo(r,r’,ﬁ)x2

i ' o2
_ZdO(r = 0)x

i .-
+§ dy(r,r’,0)x-x’ (44)

In the above expressiom, and d, are, respectively, the
diagonal and off-diagonal elements @i, see Eq.(31),
while T has been defined in Eq10). Notice that7 is a
symmetric(but not Hermitian matrix.

By definition, the average resolve@,, is the correla-
tion function of replicated variables, and x,, Eq. (42).
Within the transfer matrix formalism, this mean-dot product
can be computed from the knowledge of eigenvaldiesnd

all (normalized eigenvectorslq(r,go,i) of 7. Calling d the

The one-dimensional structure of the interactions in Eqaxial distancga—b| between sitest and b along the mol-
(43) can be exploited through the introduction of a transferecule, the average resolvent reads in the thermodynamical

matrix 7 relating the molecular variables, ¢; as well as the

limit
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&

2
[ axar de xt wotr. o0 Wi(r.00)|

Gap(N+ie)

=|im—i§

n—0 =0

X

(49)

The maximal eigenvalu@n modulug of 7 coincides with
=0 and increasingly excited states correspont:d .

The average diagonal resolveft,, and thereby the
mean density of states may be obtained from @§) when
d=0,

lim Re“ dx dr de Wo(r,e,x)2 (x1)2].

1

PU\)—; I
e—0",n—0

(46)

Collective modes in DNA 10025
proach whose accuracy and reliability has been recently vali-
dated in the case of diffusion on random lattiée*

We start from the Rayleigh—Ritz formula for the largest
eigenvalueA ; of a (real-valued matrix 7,

Ag=maxR(V), (49
V+0
where
_viny)
R(Y)= Wy (50)

A lower boundAd to A, can be obtained through maximi-
zation of the r.h.s. of Eq50) within a suitable trial family of
wave functions¥3(Q) parametrized by some tunable vari-
ablesQ. According to Eqgs(49), (50), we obtain

Expression(45) may also be used to compute the auto-where the optimal paramet€, is the solution of

correlation function of eigenvectors at large distandefor
which the resolvent Eq43) scale asymptotically dsee Eq.

(41)],

Gaard(Atie)xexp(—o(N) d+iqg(n) d), (47)

where botha(=0) and q depend on the energy leval
Whend is large, the sum in Eq45) is dominated by thé
=1 contribution and Eq(47) may be reformulated as

lim < I GgardN+ie)=—c(M)+ig(\), (483
d—ow
=lim | (ﬁ) 48h
_nITO " AO , ( )

which allows to derives and g from the knowledge of\
and A ;. We shall explicitly compute the inverse length

AZ=R(VE(Qop)), (51)
dR(VE(Q))
# =00y =0" (52)

Notice that within formulationg51), (52), 7 needs no longer
to be real-valued and can assume complex values.
Hereafter, we apply this procedure to the transfer matrix
(44) and resort to the following ansatprior to normaliza-
tion),
- i -
\Pg(ra(P,X):‘ﬂo(r)exr{Z Q(r)xz)! (53)
whereyy(r) is the maximal wave function of thg, transfer
matrix (11) of Sec. Il B. This choice ensures that the correct
eigenvalue\q is recovered when the number of replicas

strictly equals zeroAy(n)=»Ay+O(n). The x dependence
of the trial wave function, Eq53) results from the similarity

and wave numbeg in Sec. V and compare them to the zero Of the operatof7 [Eq. (44)] with the transfer matrix of a 1D

temperature results of Sec. Il D.

Notice thato and q defined in Eq.(47) do not exactly
coincide with the values of“ andq® appearing in Eq(41)
averaged ove€ with distribution (18). To obtain the latter,
one should average the logarithm of the resolvéft
(quenched averageand not simply compute the logarithm of
the mean resolvent as in E@8a (annealed avera@&® Due
to concavity of the logarithm functiom; defined in Eq(483

chain of interacting spherical spins, for which the ground
state wave function is Gaussi&hFurthermore, this ansatz
allows for an exact calculation of thedimensional integral
overx and an easy continuation of the result to real values of
n. Note here that the wave function E&3) does not depend
on ¢. This is no assumption fan=0, see Sec. Il B, and is
supposed to give quantitatively good results fior 0.

The calculation of the Rayleigh—Ritz function®gl, Eq.

is not only an approximation but also a lower bound to the(50) with the Gaussian ansatz, E(3) is exposed in the

average value of“. Comparison with numerical simulations

Appendix. The resulting functional optimization equation

made for the so-called “smallworld” lattice have shown that over Q reads

o provides a very good estimate of the me#n®* To sum
up, we can compute from the average resolv@rgn upper

bound 14 to the coherence length of the eigenvectors at

level\ as well as an estimatgof their typical wave number.

D. Rayleigh—Ritz formula and variational approach

The diagonalization of the transfer matrix and the ana-

lytical continuation inn— 0 could in principle be performed
exactly due to the rotational invariance df in the

)\OlﬂO(r)_ * ’ i 4 !
20013 _frmindr fo doT(r,r',0)go(r’)
XQ(F')+)\+ie—do(r',r1_0) (54)
W(r,r',6) '
where

W(r,r',0)=(Q(r)+N+ie—dy(r,r',0))(Q(r")+\

+ie—do(r',r,—6))—dy(r,r',0)2 (55

n-dimensional space of replicated variables. To avoid thisThe solution of the above equation gives access to the varia-
tedious calculation, we resort to a Gaussian variational aptonal estimate of the density of modes from E46),
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1 (e 1 0.008 T T T T v
IN)=——| dr r)zlm(—). (56)
P ( T - lpO( Q(r)
We can pursue the procedure to compute the excitec
) - : L 0.006 |
eigenvalues\, of 7. Drawing our inspiration from the 1D ~
spherical spins chain transfer matffkwe look for a varia- g
tional wave function of the type :j‘g
R . 2 0.004 |
WI(r, o) =Wg(r,e,x)PP(x",x%, ... X", (CY/
whereP{ is a polynomial ofn variables of total degrele To 8
obtain the asymptotic behavior of the resolvent, &J), we o002 b
only need the first excited state=1, whose corresponding
variational polynomial is cIearI)Pgl’(i)=x1, giving thereby
from Eq. (50),
0.000 4 L L s
0 30 60 90 120 150 180
A9 w T frequency v
=—=— f drdr’f doT(r,r',0)
A% "'min 0 FIG. 5. Spectrgp,(v) for optical modes at temperatuile=27 °C. Param-
eters areD=0.15 eV,E=0.74 eV/A (full curve) andD=0.16 eV,E=4
dl(r,r " 0) eV/A? (dotted curvg Each spectrum is normalized to one-half. Note the
Xtho(r) gho(r") ———— small oscillations on the tails of the curves due to numerical artifacts, see
W(r,r',0) Sec. VA.
o0 -1
XlkoJ drlﬂo(r)zQ(r)‘l} : (58)
Tmin 1 (ra)ze
p(N)=lm= > Yo (60)

in then—0 limit as shown in the Appendix.

e—0T a=1

1 2
x—iv;;](ra)) + €

V. RESULTS AND COMPARISON WITH EXPERIMENTS Consider the eigenvalug, corresponding to radius, for
some arbitrary integey. DominantO(1/e) contributions to

the densityp(\,) in Eq. (60) come froma in the rangey

—Asasy+A with A=2n.€/V"(r,). Problems arise when
We first compute the ground state wave functigg(r) A is close to unity. When scans the interval\ ;X4 1],

and the corresponding eigenvalug, see Sec. Il B, by the index of the only(for A=1) contributing term tg(\)

means of Kellog's methot. The integration range jumps froma=1y to a=y+1 at some intermediate which

[ min:"max] OVerr is discretized into a set af, pointsr,,  will be a local minimum of the density. Such local fluc-

a=1,...n with ry=r;,=9.8 Aandr, =rn,=10.7 A, tuations are pure artifacts of the discretization procedure and
Self-consistent Eq(54) for Q(r) can then be solved it- must be removed by keepig>1, that is 1h,<e<1. Typi-

eratively. As can be checked at zero temperature, convecal suitable values of the parameters are2x10 2, n,

A. Numerical resolution of the self-consistent
equations

gence is improved by iterating the equation faR(r) rather ~=4x10% giving a spectrump(\) almost normalized to
than forQ(r) itself. We stop the iteration process as soon asinity (with a small error=e€).

the differences between theQ(r,)’s and their images Note that the same reasoning holds for the numerical
through the iteration become smaller than iCfor all 1 calculation of the spectrum related to the angular Hessian
<a=n,. matrix. The discretization of the integral ovex®< 7 must

Numerical difficulties come from the limite—0 and be replaced by a sum involving a large numbge 900 of
n,—o°. This can be best seen for base pairs vibrations in théerms to reach a good accuracy of the results.
simplest casé&e=0. The exact solution to Eq54) is Q(r)
=N+ie—3Vn(r). In other words, eigenvaluesand radiir g Optical modes
are in simple correspondence: to any permitted eigenvalue
is associated ondor a few radius r(\) such that\
=2V’ (r(\)) and the density of states reads

m

Optical mode spectréanalytically obtained from the ra-
dius Hessian matrjxare displayed in Fig. 5 for different
choices ofD and E. They exhibit smooth shapes and Van
Po(r)?e Hove divergences have been smeared out by thermal disor-
2 der, compare to Fig. 4. As at zero temperature, the overall

+é€ width of the spectrum is an increasing functiontof
For E=4 eV/A?, the general form op(v) is reminis-
cent of the density of states at zero temperature, with a shoul-
= ————— o(r(\))% (59 derinv_=75cn ! and a maximum inv, =135 cm %, in
[V (r(0)| correspondence with the edges of the zero temperature spec-
In practice however, the integral if59) is discretized as trum, »>=73.8 cm* and v3=138.7 cm. A careful
follows: analysis even shows a quantitative agreement between the

1 ("max
p(N)=lim— dr

T 1
S P
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FIG. 6. Dispersion relations,(q) for optical modes at temperatufe ~ FIG. 7. Inverse coherence length(v) for optical modes at temperature
=27 °C. Parameters ar@=0.15 eV,E=0.74 eV/A (full curve) andD  T=27°C. Parameters ar@=0.15 eV,E=0.74 eV/A& (full curve) and
=0.16 eV,E=4 eV/A? (dotted curvi For comparison, dispersion relations D=0.16 eV,E=4 eV/A? (dotted curvg

at zero temperature are recalleB=0.74 eV/A: dashed curveE=4

eV/A2: dash-dotted curye

The inverse coherence length is plotted in Fig. 7 as a

density of states af=300 K andT=0 K for frequencies function of frequency. In the central region of the spectra, the
lying in the range 110 cm'<»<130 cni . A similar be- ~ corresponding autocorrelation lengths afe<0.7 for E
havior, that is the robustness of the central part of the spec=0.74 andé=4 for E=4 with a more sensitive dependence
trum to (weak) disorder was also observed in Ref. 34. on v in the latter case. As expected from the above discus-
At a weaker stiffnes&€=0.74 eV/A2, a single bump is sion, £ increases witle. The values of the coherence length
observed. The range of allowed frequencies at zero temperd- are in good agreement with the equilibrium correlation
tures»® =71.5 cm 1< »<87.5 cni ! is indeed too narrow distancel defined through
and both peaks merge under the action of thermal disorder. _ _ —dl
Note that a very small fraction of modes seem to be unstable ((rj=(rN(rjsg—(r))=e 9, (d—). (61)
and give rise to imaginary frequencies, see Sec. Ill B. WeA thermodynamical calculation af can be carried out from
however discard them since their integrated sum is smallethe knowledge of the excited states of the transfer matgix
than the accuracy of the calculation. confined to the Morse potenti#l.Results arez=0.51 for
Figure 6 shows the dispersion relations at ambient temg=0.74 and{=0.93 for E=4° Note that{ is the inverse
perature for optical modes. The frequeney(q) is an in-  damping width of the static structure factor whergés) is
creasing function of the wave number over the interval Oan energy(frequency dependent coherence length.
<qg=<. Since the range of allowed frequencies is much
larger atT=300 K than atT=0 K, there is no general co-
incidence with the zero temperature dispersion relations
can be seen foE=0.74 eV/A%. For larger stiffness con-
stants, the dispersion relations for both temperatures how- We now turn to the acoustic spectrumvhich is math-
ever coincide for medium wave numbers, i.e., wheadl ematically obtained from the angular Hessian matrithe
<2 roughly. In agreement with the above analysis of thedensity of modes is shown on Fig. 8. We first concentrate on
density of states, the effective thermal disorder gets weakgositive, that is real frequencies. The band edfe=13.6
and weaker as the stiffness constngrows. cm ! of the zero temperature spectrum visible on Fig. 4
WhenE increases, the molecule becomes more and mordisappears at finite temperature. A sharp maximum now
rigid since radiir; less and less fluctuate from base pair totakes place aty =7 cm 1. The width of the peak is smaller
base pair. The wave functiogiy(r) gets more and more than for optical modes and can be estimatedAte=15
concentrated around the minimum of the Morse potemtial cm™?.
=R, see Fig. 2 and the region of integration ovethat The densities of states &=0.74 andE=4 coincide
mostly contributes to the density of states in E§6) be-  within 0.1%. We have numerically checked that the acoustic
comes narrower and narrower. On the opposite, for sihall mode spectrum depends extremely weakly on the stiffness
Yo(r) mainly reflects the structure of the Morse well whoseconstantE over the whole range 9E=<<c. In other words,
flanks are not accessible at zero temperature. The tailg of unlike optical modes, acoustic modes are not sensitive to the
are large and give rise to some tails for the density of statesvidth of the ground state wave functiaf, i.e., to fluctua-
The cross-over between both regimes takes placé at tions of the base pair radius see Fig. 2. This observation is
~D a2, that is of the order of a few eV/A supported by inspection of the variational paramedgr)

a .
Cg:. Acoustic modes
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"I:'IhGe fdr\lsepig:lg&féyisfcgvaéofzt'; 4me(i/d/eA§ if:?n dlc;tllr? ﬁi\éiblg f?;/r/:\ t-he FIG. 9. Dispersion relatiom,(q) for acoustic modegfull curve). For com-
e e 9 parison, the dispersion relation at zero temperature is recétlaghed

latter and from the approximation, Eq$3), (64), (65). The spectrum is curve). Negative frequencies represent unstable modes according to the con-

i -half. Negative fr ncies represent unstable m - . . . . )
normalized to one-ha egative frequencies represent unstable modes a\(/:entlon exposed in Sec. Il B. Note the inflection pointvat 0 due to this

cording to the convention exposed in Sec. Il B. representation, see Sec. V C.

entering wave functioif53). At fixed frequency, both imagi- which involves a single paramet€. Solving Eq.(64), the

nary and real parts dd(r) are indeed almost constant on the density of acoustic modes equaldm(1/Q)/# and is in ex-

whole range of radius 9.8 Ar<10.7 A. cellent agreement with Fig. 8. From a numerical point of
The robustness of the spectrum displayed in Fig. 8 cawiew, this approximation is much less time consuming than

be understood by looking at the variations aj(r,r’,0) the full resolution of Eq(54). In fact, Eq.(54) required the

around the thermal average positionsr’=(r,) and § integral overé to be computed for each value of(and at

=(6,). The second derivative af, with respect ta at fixed each iteration stepand the solving time was therefore

twist angle equalsi?d,=0.045 eV/A* while the range of times larger than for Eq64).

fluctuations ofr is given by the largest squared width 9§ Close to zero frequency, the density of states vanishes as

(corresponding t&c=0) and reads\(rﬁ)20.04 A2, There- p.(v)=|v| since the density of eigenvalupé\) is finite in

fore the fluctuations of the radius modifies d, by A=0, see Eq(19). We now turn to negative, that is imagi-

%aEdO-A(r§>:o.001 eV/R, that is by less than 2% af, nary frequencies. Computing the integrated density of un-

typically. Repeating the same calculation for twist-inducedstable modes, we see that the latter represents roughly 20%

fluctuations, we obtain 92d,=20 eV/A?> and A(#2)  of acoustic modes. They extend down to frequencies equal to

=kgT/(dgR?)=0.005 rad. The resulting variations ofl, v_=-—20 cm ! with a maximum inv=-3.5 cm 1. We
due to changes of twist are of the order %ﬁf,do-A(aﬁ> shall come back to the physical implications of these modes
=0.05 eV/A? that is comparable td,. in the next section.

Consequently, an excellent approximation of the acous- The relation of dispersiom,(q) for acoustic modes is
tic spectrum may be obtained by the following simple argu-displayed in Fig. 9 over the whole range of real and imagi-
ment. Let us call nary frequencies. We also show on Fig. 10 the inverse auto-
correlation lengtho,(v). As for optical modes, the disper-
do(6) = i j sion relations af =300 K gets close to its zero temperature
RZ d@? counterpart at intermediate wave numberssgs<1.5 cor-
, responding to frequencies 0 ¢ri= <10 cni L. This coin-
the diagonal element 0P, Eq. (31), where we have for  qijonceis accompanied by small valuesrobn this interval
simplicity |dent|f|ed<rn> with R'S|nce<rn}— RZO'O,l A<R of frequencies, giving rise to a coherence length of the order
at T=300 K. The twist angle is approximately distributed £=2. Conversely, large frequencies correspond to highly

2
(R,R,0) (62

with the Gibbs measure, see Hg2), disordered modesq=2 and monotonously increasing,
1 with £€=0.4 aty=30 cm *. Notice that the statical correla-
p(6)= Yo(RR) exp{— BV (R,R,0)}. (63 tion length is the same as for optical modes, see Sec. V B.
o Unstable modes have also short autocorrelation lengths,
Then we may substitute the variational B§4) on Q(r)  e.g.,£=0.4 atv=—20 cm . However, their wave numbers
with are much smaller and can be considered as congaaat
) zerg for v<—10. The autocorrelation function of unstable
i: fﬂdg p(6) Q-+ Atie—do(0) , (64) eigenmodes, E(38), therefore does not change sign over a
2Q Jo (Q+N+ie—dy(6))?—do()? typical distancels~ 7/q>1. Unstable modes can be seen as
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FIG. 11. Spectrunp(v) for both optical and acoustic modes. Parameters
FIG. 10. Inverse coherence lengity(v) for acoustic modes. Negative fre- are:D=0.15 eV,E=0.74 eV/A? (full curve) andD=0.16 eV,E=4 eV/A?
quencies represent unstable modes according to the convention exposed(iotted curvg Each spectrum is normalized to unity.
Sec. Il B. Note the inflection point at=0 due to this representation, see
Sec. VC.
#0). From Eq.(65), we see that the latter are accompanied

y displacements of the pairs along this ax&%#0). As a

. . . . b
unstable acoustic phonons, involving coherent rotations of,nsequence, acoustic modes give rise to simultaneous tor-
the molecule extending over regions of sitte sional and compressional vibrations.

To end with, notice that the dispersion relation and the |, hrinciple, at higher frequencies, excitations of radial

inverse coherence length both exhibit an inflection point iNoptical modes could take place and would also give rise to

v=0 as shown in Figs. 9 and 10. This is an artifact of the ety ations of the distances between base pairs along the
representation of unstable modes as negative frequenciesyis However, such excitations would not correspond to the

Consider for instance the damping width close t0 zero 5.4 stic wave seen in experiments as discussed below.
frequency. In the natural eigenvalue parametrization, we

expect a nonsingular behavior in the vicinity af=0:
o(N) =0+ oA +0O(N?). For positive eigenvalues, the
frequencyv is defined asv=\\, Eq. (19), while using the Our calculation shows that the coherence length of nor-
negative-imaginary convention of Sec. Il B<—/—\ for ~ mal modes is finite and remains of the order of unity. Eigen-
negative eigenvalues. The expansion of the inverse cohewectors at finite temperature are thus far from being plane
ence length as a function ¢émal) frequencies thus reads waves as in the zero temperature case. The power spectrum,
a(v)=oo+ov-|v|+0O(|v|%) and is singular with an in- thatis the Fourier transform of the autocorrelation function
flection point iny=0. at frequency, Eq.(47), acquires a Lorentzian form centered
around a certain wave numbeg¢v) with a width o-(v). This
behavior is experimentally observed in neutron scattering
experiments:?° Furthermore, the calculation justifi@spos-
teriori the absence of selection rule on momentum in Raman

As we have seen in Sec. Il A, the axial distarigebe-  experiments. Indeed, the coherence length of the disordered
tween two successive base pairs is a function of the radiphonons is of the order afH=<15 A and is negligible with
ry,rj—1 and of the twist angl®; , see Eq(2). To study the respect to optical wavelengths4800 A, see Sec. lli C.
compressional and stretching modes of the helix, that is the Both optical and acoustic spectra are superposed in Fig.
fluctuations of theh;s, we therefore linearize E) around  11. The total spectrum(») equalsp,(v)+p,(») is normal-
the initial configuratiorC of the independent degrees of free- ized to unity(half of modes originate from angular degree of
domrj,p;. As a result, the fluctuations of the heighis  freedom, and the remaining half from optical oneshe
=zj—zJC appear to be linear combinations of the displace-acoustic peak appears much more narrow and higher than its
ment variableg/; and ¢; introduced in Sec. Ill B, optical cognterpart. The width of the Iatlter amountsAto

L ¢ c =60 cm - (respectively Av=100 cm -) for E=0.74

0= Oj-1= ALY+ Agy¥ -1 T B(d— ), 65 aviA2 (respecti\t)ely foryE=4 eV/IA?) w)hereas (stable
where the coefficientA‘lj’j , Ag’j , Bf depend on the initial acoustic modes spread over a rangéef=15 cm . While
configuration. for E=4 eV/A?, acoustic and optical spectra do not intersect

At low frequency, optical modes are irrelevant. So radialeach other, there is an overlap region at smaller stiffness
displacementy; are null. On the opposite, acoustic modesconstant aroune=30 cm L. Nevertheless, both fluctuations
are present and give rise to angular vibrations of the bastake place on basically two distinct time scales. Acoustic
pairs in the planes perpendicular to the molecular axis ( modes correspond to torsional and compressional vibrations

E. Discussion

D. Origin of acoustic modes: Torsional and
compressional vibrations
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of the molecule and are associated to a typical frequency o© % T

=10 cm %, or equivalently to a typical time,=3 10 ?s. |
Radial optical modes correspond to radial hydrogen bond o
fluctuations and are present at frequeneiek00 cm !, that IR RS

is, involve dynamical processes on a scgle0.3 10 12 s,

At low frequencies »|<25 cmi !, the presence of unstable
modes threatens the validity of the linearization procedure
used in Sec. Il B. A more refined analysis taking into ac- g
count nonlinear terms in the dynamical equations is needec
to understand how unstable modesth low wave numbers

g) are coupled to stable modwith largerq) and modify the
frequencies of the latter. Conversely, the absence of unstabl
modes at frequencies larger tham25 cm ! indicate that
the INM predictions are reliable for time scales smaller than
10 %2 s, This is enough to identify the range of allowed 0
frequencies for acoustic modes< 30 cmi 1. The INM pre-

diction for the location of the acoustic peak,=7 cm ! - , :
cannot be trusted blindly but it reasonably lies in the middle

of the zero temperature band, see Sec. Il D. ® '

We now turn to the comparison with spectroscopy mea-

surements. To establish the link between the density of state
and the Raman intensity, the knowledge of the light-to-
vibrations couplingC(») is necessary as seen in Sec. Il C.
In the absence of precise information on the latter, we have
rescaled the density of modegv) according to formula
(20) for the three different choice€(v)=1, C(v)=v», and
C(v)=1v? (note that the second hypothesis ®is the most
plausible ong The resulting theoretical Raman intensities
are shown in Fig. 1@) for E=0.74 eV/A? and Figure 1tb) tr
for E=4 eV/A?. On the one hand, the overall shape of the
spectra change witlC with respect top. In particular for . . s s
C(v)=1 andC(») =, the acoustic peak diverges at small 0 B0 e ™
frequencies and the optical-modes bump acquires a shoulder
form (for E=0.74), located in the right flank of the acoustic F;?én::sfe?;icglfg :\F;EECI_T% f7°£ :\'2}29{;‘) g%*:;o_"gblrgtgl‘slzc_ozin\?‘//@gg
(rZ]nuoedneCSi.eSOPe::;I’?Sthuer:arl]tir:(ej(,j t:;; tiingh%tcwrleg g)gg(r:]?jlsfre%)b)' Original spectrao(;;) are recalledfull lines) and resca'lling functions

o 1 are: C(v)=1 (dotted curvg C(v)=wv (dashed curve and C(v)=7r?
over 50<v<<100 cm - for E=0.74 and 5& v<150 cm (dashed-dotted curyeVertical units are arbitrary, all curves have been mul-

for E=4. In the latter case, the optical region of the spec-iplied by a constant to meg¢and equal unityin »=50 cm *.
trum exhibit two local maxima at the same height €@fv)

=yp. The rescaled spectrum of Fig. (&R for C(v)=v

closely agrees with intensity curves obtained from Raman

experiments af =50 °C and shown in Fig. 2 of Ref. 7 on an abrupt jump from zero to one @,.* In the case of a

the range of frequencies 50<100 cm ', The latter mea- heterogeneous sequence as in the experiments of Ref. 7, the

surement was performed on calf thymus in solutid®@ mM  denaturation temperature of AT rich regions can be inferred

PHB, pH=7). This allows us to think thaE=0.74 is a better to be T,,=50°C/* and the fraction of open base pairs

choice for the stiffness constant thar=4 2° smoothly increases from zero to one over the range of tem-
Our results do not show drastic variations with temperaperatures 50 °€T<77 °C.

ture for T ranging from 300 K to the melting temperature We now turn to acoustic modes. Raman measurements

T»=350 K. At T,, the double helix structure disappears andon fibers at 100% of relative humiditiyh) have given evi-

so do all helix-related modes. Since denaturation is describedence for a narrow band at 16 ¢ see Fig. 1 of Ref. 9.

as a first-order phase transition by the present model, there Ehis peak shifts down to lower frequencig® cm 1) when

no gradual destabilization of the modes and no relevanincreasing the hydration degree of DNA in gels and disap-

change irp can be seen as mentioned above. The experimerpears in the central component for DNA in solutio@ther

tal Raman measurements shown on Fig. 2 of Ref. 7 nevemeasurements on B-DNA fibers at lowei80% rh by Lind-

theless show a smooth change in the shape of the intensisayet al. have reported a similar band at a higher frequency

curves over the temperature interval 502T<80 °C. This  v=25 cmi ! that shifts to lower values as the rh increases in

apparent paradox can be easily explained by the fact that ogood agreement with Urabet al’s datal® The observed

model describes a homogeneous sequence of bases. For gwdtening of the frequency may come from the weakening of

latter, the fraction of open base pairs vs. temperature exhibitsxternal, e.g., interhelical interactions as well as from the

spectra

le

rescal
R

150

FS

rescaled spectra

Downloaded 01 Mar 2001 to 131.193.173.242. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



J. Chem. Phys., Vol. 112, No. 22, 8 June 2000 Collective modes in DNA 10031

influence of the(rigid) primary and(viscous secondary wa- with some uncertainty from the denaturation experiments,
ter shells, see Sec. Ill A. Note that these modes seem fthat is, the stacking stiffneds. The success of the present
appear when the scattering vecth gets parallel to the model to account for completely different experiments
helical axis. Other molecular systems as crystals of ATRomes from its mesoscopic nature that lies at an intermediate
(that do not include hydrogen bond interactiprs gua-  |evel between microscopic modelizations, e.g., studies by
nosine self-associatéwithout phosphatethat present a co-  pronofskyet al2 or numerical simulations by Lavery and
lumnar st_acking of bases exhibit similar low fregijency SPeCollaborators! and elasticity theories as the worm-like-
tra. The intensity of the low frequency<(20 cm ) mode chain modei and its recent extensiod3.

was found to depend mostly on the stacking degree of bases . . .
) 11 . ) ” Our calculation gives access to the density of modes
in a column:.~ Our calculation predicts, despite the presence

of unstable INM that acoustic modes are predominant/for p(v) and some statistical properties of the normal modes as
<25 cm L. The statement by Urale al. that low frequency the dispersion relation(q) and the autocorrelation length
modes ¢<25 cm 1) are related to vibrations of the base 1/o(v). The dispersion relations provide the power spectrum
pairs columi'! is in full agreement with our theoretical Of the modes which exhibit a finite damping widthat am-

analysis. In addition, the calculated range of frequencies asient temperature.

well as the acoustic nature of the modese Fig. 9 are in Let us summarize briefly our main quantitative result.
good agreement with the compressional modes observed Through a rescaling of the density of modes taking into ac-
neutron scattering experimertts. count the light-to-vibrations couplinG, we have related the

A quantitative comparison of our dispersion relations foryensity of modes to Raman intensity measurements. The

acoustic modes with experimental results is difficult due torange of frequencies corresponding to optical, i.e., base pair
the lack of available data. Neutron scattering measurementssire,[Ching modes do not qualitatively depend 6n The
have shown that pseudodispersion relations with a finite, . _ - 5 . .
: . . . choice of parameter®=0.15 eV,E=0.74 eV/A? gives, in
damping width can be obtained for low frequencies but theseood agreement with the experiments by Urahel, [see

experiments have been performed on crystalline DNA fibersq . . = ol
Our model(and the values of parameters exposed in Sed 19- 12@) and Fig. 2 in Ref. T 50 cm *<»<100 cm ~.
Il C) are valid for DNA in solution where the interaction Furthermore, this range remains roughly unchanged in the
with surrounding water is radically different and interhelical Whole interval of temperatures 0 *CT<T, where Ty,
effects are absent. More precisely, we find that at fixed mo=77 °C is the denaturation temperature. Indeed, our model
mentumg, the experimental frequenay for fibers is larger describes a homogeneous sequence for which the melting
than the theoretical predictions for diluted DNA. The addi-transition is very abrupt and not smooth as for disordered
tional mass due to primary water shells for DNA in solution DNA. Furthermore, the good agreement of our results with
may account for the reduction of frequency to a largeexperimental data suggests that neglecting viscous damping
extent.” Conversely, the extrapolated value®fis constant  yerms in the equations of motion is a reliable approximation
;?gm?g;al 3)005.48h n g(_)o?:_agreement with the theoret|ca1lor hydrogen bonds stretching modes. This is corroborated
=0.5 shown in Fig. 10. by the very small amplitude of the motion inside the hydro-
gen bond well £0.1-0.2 A) that should not induce rear-
VI. SUMMARY AND CONCLUSION rangements of surrounding water molecules responsible for

In this article, we have shown how to apply the INM viscosity. . . .
framework to a simple model of DNA molecule and repro- It would be very mterest.mg to compare oqr theoretlf:al
duce the main features of collective vibration modes at finitd©Sults foro+(») and v, (q) with neutron scattering experi-
temperature. Time scale separation between atomic bond vitents which to our knowledge are not available for DNA in
brations and collective modes allows to obtain good result§olution over the range of frequencies mentioned above. A
at low frequencies without resorting to a detailed descriptiorffundamental feature of the modes is that the coherence
of DNA at the atomic level. This simplified modelization of length¢ is of the order of unity: decorrelation between com-
DNA permits in turn a deeper analytical understanding of theponents of the same mode takes place on a few angstroms.
structure of the modes than, e.g., within MSPA. This prediction agrees well with results for the static corre-

The model we had introduced to reproduce thermally4ation distance; obtained from statistical mechanics calcula-
and mechanically-induced DNA denaturation transitions hagigns as seen in Sec. V B.
proven to be also capable of describing accurately the pico- As for acoustic modes that correspond to torsional and
second dynamics seen through spectroscopy measurements. . oo . -
: ) . R . coimpressional vibrations, the predicted characteristic fre-
The reason is that, in spite of its simplicity, this model pro-

vides a sensible description of the helical structure of DNAquenues:if 25 cm * coincide with Raman measurements
and is able to reproduce the couplings between radial exparf-~16 M *, see Ref. 11. The value of the coherence length
sion, torsional motion, and axial compression. This result hal! the center of the spectruni=1/0=6.8 A is compatible
been obtained without any modification of the model or anyWith data obtained through neutron scattering experiments on
new fit of the constant force or geometrical parameters. ReDNA fibers! However, as far as acoustic modes are con-
markably, the comparison with Raman experiments has pecerned, the present approach suffers from two weaknesses.

mitted us to decide the value of the only parameter knowrFirst, we have not taken into account in the dynamical equa-

Downloaded 01 Mar 2001 to 131.193.173.242. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



10032  J. Chem. Phys., Vol. 112, No. 22, 8 June 2000 S. Cocco and R. Monasson

tions the viscous forces that might be relevant. Second, INMACKNOWLEDGMENTS

can become unstable at smaland the linearization approxi-

mation we have used throughout the study becomes danger- We are particularly grateful to W. Baumruk and P. Y.
ous. Further information about the nonlinear couplings beTurpin for motivating and enlightening discussions on the
tween modes would be extremely useful to circumvent thisexperimental aspects of this work. We also thank J. F. Leger,
difficulty. It is however not clear how such a study could belL. Bourdieu, A. Colosimo, D. Chatenay, M. Peyrard, and H.
technically pursued. Urabe for advice and discussions.

APPENDIX: VARIATIONAL CALCULATION AND SELF-CONSISTENT EQUATION FOR Q

In this appendix, we compute the Rayleigh—Ritz functional for both the ground statég3tand the first excited Eq57)
(with I=1) wave functions. We then derive the saddle-points equations on the va@dngdor both instantaneous modes
families.

1. Calculation of the ground state

Inserting the Gaussian ansatz, Eg3) in (50), we obtain

©

dr dr’JOﬂde T(r,r,0) ho(r)o(r') IM(r,r’,0)} "2

" mi

R[VE]= -
_dryp(n)® {=8miQ(n)} "

:xo+g r9QJl+0(n?), (A1)

whereW [Eq. (55)] is the determinant of the two by two matrixt defined by

_(Q(r)+)\+ie—do(r,r’,0) dy(r,r’,0) )
- di(r,r',0) Q(r')+N+ie—dy(r',r,—8))’ (A2)
and

rQl=xg fc drio(r)?nQ(r)— ) drdr’fowda T(r,r’,0)o(r)do(r HINAV(r,r',0), (A3)

up to an irrelevant additional constant. The vanishing condi@non the functional derivative af9[ Q] with respect taQ(r)
leads to Eq(54).

2. Calculation of the first excited state

We now compute\ § using ansatz57) and expressioi50). The denominator oR[ V9] reads

© o) . | .
o= ar [ e ax vt exd{ y0 7

=i C f dr ¢o(r)? Q(r) ™4, (A4)
"min
whenn—0. C=[Z_d¢ could be made finite by limiting the range of the twist angle. Such a regularization is however not
necessary sinc€ also appears in the numerator of E§0),
i

- T -

© o N N X X
(\If%m\lf%}:f drdr’f dede’ T(r,r',e—¢") o(r) l//o(r')f dx dx’ x;1X; exr{z( e,) M( 9/)

M'min —® X X

—2ic | ar dr’fowda T(rr",60) do(r) o(r') (MY po(rr".6), (A5)

"min
as the number of replicasvanishes. Using\§— X\, whenn—0, we obtain Eq(58).
3. Self-consistent equation for the radius Hessian matrix

For base pair vibrations, the second derivatidgggndd, are given in Eq(32) and do not depend on the relative twist
between successive base pairs. Inserting(&2).into the extremization Eq54) for Q(r) and using the definition, Eq11) of
the effective radial transfer matrik,, we obtain
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: el Ly () —

o AT ) ol o0 HHV:(;':,\;’““ )28 (A6)
where

Wi(rr)=(Q(r)+a+ie= 3Vi(r)—2E) (Q(r')+\+ie— 1Viy(r')—2E ) —4E2, (A7)
The ratio Eq.(58) of the first two eigenvalues df is given by

A—%=—4E Jm dr dr’ Tolr.r') Po(r) Polr’) / (Kojw dr lﬁo(r)zQ(r)_l}- (A8)

AJ  min Wi (r,r'")  min

4. Self-consistent equation for the angular Hessian matrix

For angular fluctuations, the elemendts d, of the matrixDi of second derivatives depend on radii’ as well as on the

angle . No simplification arises as in the base pairs case. The saddle-point equati@(r jois precisely Eq(54) but care
must be paid to the backbone potentg(r,r’,6). As can be seen from definitiof®), the angular integral in Eq54) is

restricted to twist angle8 fulfilling the condition
r2+ r 12 _ L2

2rr’

cos6>

(A9)

Indeed, when the inequality in EA9) is not satisfied, the potentid, is infinite, see discussion of Sec. Il A. The same

prescription holds for the angular integral in E§8).
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