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Theoretical study of collective modes in DNA at ambient temperature
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The instantaneous normal modes corresponding to radial hydrogen bonds vibrations, torsion, and
axial compression fluctuations of a DNA molecule model at ambient temperature are theoretically
investigated. Due to thermal disorder, normal modes are not plane waves with a single wave number
q but have a finite and frequency dependent damping width. The density of modesr(n), the average
dispersion relationn(q), as well as the coherence lengthj(n) are analytically calculated. The Gibbs
averaged resolvent is computed using a replicated transfer matrix formalism and variational wave
functions for the ground and first excited state. Our results for the density of modes are compared
to Raman spectroscopy measurements of the collective modes for DNA in solution and show a good
agreement with experimental data in the low frequency regimen,150 cm21. Radial optical modes
extend over frequencies ranging from 50 to 100 cm21. Torsional and compressional acoustic modes
are limited ton,25 cm21. Normal modes are highly disordered and coherent over a few base pairs
only (j,15 Å! in good agreement with neutron scattering experiments. ©2000 American
Institute of Physics.@S0021-9606~00!50622-9#
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I. INTRODUCTION

Much attention has been paid in the last 20 years to
frequency dynamics of DNA due to its relevance to biolo
cal processes. Vibrational modes involving collective m
tions of groups of atoms have been investigated by mean
various techniques as neutron scattering,1–3 numerical
simulations,4 spectroscopy measurements, NMR, etc.5–10

Among the latter, Raman studies carried out by H. Ura
et al.7–9,11 have revealed particulary useful to gain inform
tion on the dependence of low frequency vibrations prop
ties of DNA upon external conditions, e.g., water conte
ionic concentration, temperature. The observation of the
man scattering intensity in the low frequency region is te
nically very difficult because the strong solvent Raylei
scattering near zero frequency masks the DNA respo
Nevertheless a broad band ranging from 50 to 100 cm21 has
been evidenced and associated to hydrogen-bonded bas
vibrations.7,8 Moreover experiments focusing on oriente
solid DNA fibers have also exhibited sharp peaks in the
man intensity at.16 cm21, that shifts toward lower fre-
quency region when raising the degree of hydration.9 The
origin of this peak, in particular, its interhelical, or intrahe
cal nature has been debated for a long time.11

To reach a better understanding of the above experim
tal findings, detailed theoretical analysis of DNA vibration
motions have been proposed. Devoting particular attentio
hydrogen bond stretching modes, Prohofsky a
collaborators12 have been able to find a vibration mode at
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cm21 and confirm its origin. Their approach is based on
detailed description of the DNA molecule at the atom
level13 and a variational calculation method, called modifi
self-consistent phonon approximation~MSPA!. Within
MSPA, the molecule at ambient temperature is reduced to
effective~and complex! harmonic lattice, the force constan
of which are determined in a self-consistent way. This a
proach has been very useful in calculating many proper
of DNA, e.g., the melting of DNAs of different
sequences,14,15 the temperature and salt dependence of thB
to Z conformation change,16 and the stability of drug-DNA
complex.17

A qualitative weakness of MSPA that also arises in oth
simplified theoretical approaches18 lies in thea priori nature
of modes. Though effective elastic constants depend on t
perature, normal modes indeed conserve a plane-w
structure.12 As a consequence, dispersion relations for
normal modes are well defined as for phonons in crystal19

In other words, the coherence length is infinite and the m
mentum selection rule give rise to a discrete set of lines
the theoretical predictions for Raman spectra.19 On the con-
trary, amorphous materials or more generally thermally d
ordered systems give rise to normal modes with short co
ence lengths, whose power spectrum displays a fi
width.2,3,20 As a result, momentum selection rules bre
down and light-scattering processes may occur from es
tially all normal modes.21,22 Correspondingly, for a DNA
molecule in solution, the Raman spectrum is continuous
does not depend on the wave length of the incident la
beam nor on the scattering angle.7
7 © 2000 American Institute of Physics

to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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Understanding the vibrations of a system in presence
thermal ~or configurational! disorder is a difficult task.23,24

Nonharmonicities in the interactions between constitue
may modify deeply the usual phonon picture of wave pro
gation in solids, and generally forbid any rigorous analyti
treatment of the dynamical equations. An interesting
proach to circumvent this difficulty has been proposed in
context of liquid state dynamics.25 The idea is to start from a
randomly chosen configuration at thermodynamical equi
rium. Then, the equations of motion around this fixed init
configuration can be linearized, defining some instantane
normal modes~INM ! and their corresponding relaxatio
times, i.e., frequencies. All these quantities may then be
eraged over the initial configuration chosen from the Gib
ensemble at the desired temperature. This way, one obta
precise description of the short-times dynamics based on
average spectrum of relaxation times and the statistical p
erties of the INM.25 As a major advantage, the INM ap
proach takes into account thermal disorder through
choice of the random initial configuration and gives rise
highly disordered normal modes with finite autocorrelati
length as expected at finite temperature. Due to the linear
tion procedure, the information available through INM ca
culations is restricted to short-times dynamics. This limi
tion is however not serious in the range of frequenc
mentioned above for DNA collective dynamics as we sh
see later.

From a theoretical point of view, the calculation of th
INM around a fixed initial configuration is a hard task th
can be performed analytically for simple enough mod
only.26–28 In this article we describe the hydrogen bond
brations and the helicoidal~corresponding to twist angle a
well as compression/stretching! fluctuations of a simple
DNA model by normal modes that are not plane waves us
the INM approach. We are able in particular to calculate
frequency dependent density of state at a given tempera
the coherence length of the normal modes, and some pse
dispersion relations at ambient temperature. The model
we consider has been introduced in a previous article
study the DNA denaturation driven by temperature or m
chanically induced by a torque.29 This study was motivated
by the recent development of micromanipulati
techniques30,31 that have allowed the direct observation
DNA denaturation induced by an external torsion
stress.32,33 Our model describes the DNA molecule at t
base pair level through three degrees of freedom: the b
pair radius, its angle in the plane perpendicular to the m
lecular axis, and the height of the base pair along this a
The potential energy is sufficiently simple to allow for s
phisticated analytical calculations of normal collecti
modes. From a technical point of view, our calculation
inspired from a recent study of instantaneous modes i
one-dimensional disordered system34 that mixes techniques
used in localization theory~the resolvent calculation!, disor-
dered system~replica trick!,35 and a variational Gaussia
wave function method. As we shall see, the interest of
calculation is two-fold. First, it gives theoretical predictio
for the spectrum of modes, the effective dispersion relatio
and damping width at ambient temperature that can be
Downloaded 01 Mar 2001 to 131.193.173.242. Redistribution subject 
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rectly confronted with Raman spectroscopy and to neut
scattering data. Second, it is a way to check the validity
~and eventually improve! our model in very different experi-
mental conditions from the ones it was originally design
for.

The article is organized as follows. In Sec. II, we defi
the DNA model and explain how to compute its statistic
physics properties. The choice of the force constants and
main thermodynamical features are then exposed. Sectio
is devoted to dynamics and to the definition of the instan
neous modes. The relationship between the latter and Ra
spectra is evoked. The analytical framework necessary
calculate the properties of INM is presented in Sec. IV. R
sults are given and compared to experiments in Sec. V.
nally, we present some conclusions and perspectives in
VI.

II. PRESENTATION AND MAIN FEATURES OF THE
DNA MODEL

In this section, we describe the DNA model under stu
and briefly recall how it can be studied using statistical m
chanics techniques as well as its main thermodynamical
tures~see Ref. 29!. We then analyze the dispersion relatio
and spectral density of the normal modes at zero temp
ture.

A. Definition of the model

Our model mainly aims at reproducing the double heli
structure of DNA. There are different kinds of double he
geometries the most common of which are B-DNA, A-DN
and Z-DNA; they depend greatly on environmental con
tions e.g., degree of hydration, ionic concentration, etc. T
B-DNA and A-DNA are both right-handed helices that co
respond to different sugar puckering modes:C282endo for
B family with a distance between adjacent phosphates al
the molecular backbone ofL.7 Å , C382endofor A-family
with L.5.9 Å.42 We focus on the Watson–Crick doub
helix structure~B-DNA! that a DNA molecule takes, e.g., i
solution at ambient temperature and physiological con
tions.

The model is schematized in Fig. 1, see also Ref.
Each base pair (j 51, . . . ,N) is described by its radiusr j ,
the anglew j in the plane perpendicular to the helical ax
and the heightzj along the latter. The sugar phosphate ba
bone is made of rigid rods, the distance between adjac
bases on the same strand being fixed toL57 Å.37 This back-
bone distance introduces a geometrical constraint betw
two successive base pairs, see Fig. 1,

A~zj2zj 21!21r j
21r j 21

2 22r j r j 21 cos~w j2w j 21!5L, ~1!

that couples the degrees of freedomr j ,r j 21 ,w j ,w j 21 ,
zj ,zj 21. Identity ~1! allows us to expresshj5zj2zj 21 as a
function of r j ,r j 21 and of the twist angleu j5w j2w j 21,

hj~r j ,r j 21 ,u j !5AL22r j
22r j 21

2 12r j r j 21 cosu j , ~2!

and to choose radiir j and anglesw j as independent degree
of freedom from which the heightszj may be unambiguously
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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10019J. Chem. Phys., Vol. 112, No. 22, 8 June 2000 Collective modes in DNA
obtained. This choice is motivated by mathematical con
nience only. We could have kept, e.g.,r j , zj and eliminated
w j as well.

The HamiltonianV associated to a configuration of in
dependent degrees of freedom$r j ,w j% is the sum of three
different contributions,

V@$r j ,w j%#5(
j 51

N

Vm~r j !1(
j 52

N

~Vs~r j ,r j 21!

1Vb~r j ,r j 21 ,w j2w j 21!!, ~3!

that we now describe.
Hydrogen bonds inside a given pairn are taken into

account through the short-range Morse potential12,38

Vm~r j !5D ~e2a(r j 2R)21!2, ~4!

with R510 Å. The width of the well amounts to 3a21

.0.5 Å,39 in agreement with the order-of-magnitude of t
relative motion of the hydrogen-bonded bases.40 A base pair
with diameterr .r d5R16/a may be considered as ope
The potential depthD, typically of the order of 0.1 eV~Ref.
12! depends on the base pair type@adenine–thymine~AT! or
guanine–citosine~GC!# as well as on the ionic strength. No
that the Morse potentialVm increases exponentially with de
creasing r ,R and may be considered as infinite forr
,r min59.7 Å.41

The vertical interaction between adjacent base pairs
the B-DNA conformation is accounted for by the stacki
potential42

Vs~r j ,r j 21!5E e2b(r j 1r j 2122R)~r j2r j 21!2. ~5!

Due to the decrease of molecular packing with base
opening, the stiffness prefactor in Eq.~5! is exponentially
attenuated and becomes negligible beyond a dista
.5b21510 Å, which coincides with the diameter of a ba
pair.39

FIG. 1. The helicoidal DNA model: each base pair is modelized through
radius r j , angle w j , and heightzj . The axial distance and twist angl
between successive base pairs are, respectively, denoted byhj5zj2zj 21

andu j5w j2w j 21 . The backbone length along the strands is fixed toL.
Downloaded 01 Mar 2001 to 131.193.173.242. Redistribution subject 
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An elastic energy depending on the axial distancehj is
introduced to describe the vibrations of the molecule in
B-phase,

Vb~r j ,r j 21 ,u j !5K~hj2H !2. ~6!

The helicoidal structure arises from the choice ofH,L: in
the rest configurationr j5R at T50 K, Vb is minimum and
zero for the twist angle Q.0 with sin(Q/2)
5AL22H2/(2R). The above definition ofVb holds as long
as the argument of the square root in Eq.~6! is positive, that
is if r j ,r j 21 ,u j are compatible with rigid rods having lengt
L. By imposingVb5` for negative arguments, unphysic
values of r j ,r j 21 ,u j are excluded. As the behavior of
single strand (r .r d) is uniquely governed by this rigid rod
condition, the model does not only describe vibrations
helicoidal B-DNA but is also appropriate for the descriptio
of the denatured phase.29

B. Calculation of partition function

The configurational partition function at inverse tem
peratureb51/(kBT) reads

Z5E
r min

`

r 1 dr1E
2`

`

dw1¯E
r min

`

r N drNE
2`

`

dwN

3exp$2bV@$r j ,w j%#%d~w1!)
j 52

N

x~u j !. ~7!

The angle of the first extremity of the molecule is set tow1

50 with no restriction due to the arbitrary choice of th
angular reference axis, see Fig. 1, whereas the last one,wN ,
is not constrained. Thex factors entering Eq.~7! are defined
by x(u j )51 if 0<u j5w j2w j 21<p, and 0 otherwise to
prevent any clockwise twist of the chain to represent a rig
handed helix. Partition functionZ can be calculated using th
transfer integral method,43

Z5E
r min

`

r 1 dr1E
r min

`

r N drNE
2`

`

dwN^r N ,wNuTNur 1 ,0&,

~8!

where the transfer operator entries read^r ,wuTur 8,w8&
5T(r ,r 8,u) with u5w2w8 and

T~r ,r 8,u!5X~r ,r 8! exp$2bVb ~r ,r 8,u!% x~u!, ~9!

X~r ,r 8!5Arr 8

3expH 2
b

2
~Vm ~r !1Vm ~r 8!!2bVs ~r ,r 8!J .

~10!

At fixed r ,r 8, the angular part of the transfer matrixT is
translationally invariant in the angle variablesw, w8 and can
be diagonalized through a Fourier transform. Thus, for e
Fourier modek we are left with an effective transfer matri
on the radius variables

Tk~r ,r 8!5X~r ,r 8! Yk~r ,r 8!, ~11!

with

s

to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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Yk~r ,r 8!5E
0

p

duexp$2bVb ~r ,r 8,u!2 iku%. ~12!

The only mode contributing toZ is k50 oncewN has been
integrated out in Eq.~7!. In theN→` limit, the free-energy
densityf is simply given byf 52kBT ln l0, wherel0 is the
maximal eigenvalue ofT0 whose corresponding eigenvect
will be denoted byc0(r ).

C. Thermodynamical properties and parameters

The ground state wave functionc0(r ) is shown in Fig. 2
at ambient temperatureT5300 K. It is entirely localized in
the Morse potential well as expected for a DNA molecule
B-configuration. The first excited eigenstate of the trans
matrix has an excess free-energyDG with respect toc0 and
is delocalized: it extends over all values ofr .r d , vanishes
for r ,r d, and thus represents a denatured molecule. At s
higher temperatureTm , the bound wave function disappea
and c0 suddenly undergoes a delocalization transition.
other words, hydrogen bonds break up andTm can be inter-
preted as the melting temperature.29

The values of the parameters entering the potential
ergy are discussed in Ref. 29 and are listed below:

inverse hydrogen bond length:a56.3 Å21.
zero temperature interplane distance:H53 Å.
Morse potential depth:D50.16 eV.
attenuation coefficient for stacking interaction
b50.49 Å21.
stacking stiffness:E54 eV/Å2.
axial elasticity constant:K50.014 eV/Å2.

The values of a and b have been borrowed from
literature.29 The choice of the other paramete
D, E, K, H ensures that geometrical and thermodyna
cal properties as the average twist angle, the mean axial
tance between successive bases in the B-conformation
melting temperatureTm5350 K, and the denaturation free
energyDG are correctly predicted.29

FIG. 2. Ground state wave functionsc0(r ) at T527 °C for two choices of
the energetic parameters:D50.15 eV,E50.74 eV/Å2 ~full curve! and D
50.16 eV,E54 eV/Å2 ~dotted curve!.
Downloaded 01 Mar 2001 to 131.193.173.242. Redistribution subject 
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Notice that the main uncertainty in this tuning procedu
arises with the choice of the stacking stiffnessE. Three pos-
sible pairs of parameters (D,E) that correctly fitTm5350 K
are listed in Table I, as well as the corresponding dena
ation free-energiesDG at T5300 K. We have selected th
pair giving the largest prediction for the denaturation fre
energy that is in closest agreement with thermodynam
estimates ofDG.42 It can be easily seen from Table I thatE
varies much more thanD and DG and is therefore less ac
curately predicted than the other parameters of the mode

III. DYNAMICS AND INSTANTANEOUS NORMAL
MODES

Our aim is to perform an analytical calculation of th
spectrum of molecular vibrations on characteristic time sc
of the picoseconds and at ambient temperature. In this
tion, we first write the dynamical equations for the mod
We then linearize these equations around a given~and ran-
domly chosen! configuration of the thermally equilibrate
system and define the instantaneous normal modes as
vibrations of the DNA molecule around this configuratio
The density of instantaneous normal modes can be relate
some extent to the Raman intensity. Finally, we consider
special case of zero temperature. The explicit calculation
the dispersion relations and the density of modes allows f
decoupling of the angular and radial motions in acoustic a
optical modes, respectively. It also provides useful comp
sons with the finite temperature results of Sec. V.

A. Dynamical equations for the DNA model

We denote the configuration of the molecule at timet by
$r j

t ,w j
t%. The equations of motion read

mr̈j
t5mrj

t~ ẇ j
t !22

1

2

]V

]r j
t
,

~13!

m~r j
t !2ẅ j

t52
1

2

]V

]w j
t
,

where the potential energyV has been defined in Eq.~3!. The
effective half-massm5300 u.m.a. of a base pair takes in
account the atomic constituents of the nucleotide and of
backbone as well as the primary hydration shell which
tightly bound to the base.18,42,44The size of the primary shel
depends on the hydration degree and is of the order of 10
water molecules per nucleotide. The characteristic relaxa
time of the primary shell is typicallyt1.10210 s.44 There-
fore, for dynamical processes taking place on time sca

TABLE I. Three choices of the depths of the Morse potentialD and of the
stacking stiffnessesE giving the desired melting temperatureTm5350 K.
The corresponding denaturation free-energiesDG are expressed in units o
kBT at T5300 K.

D E DG
~eV! ~eV/Å2) (kBT)

0.15 0.74 0.762
0.16 4 0.825
0.17 12 0.691
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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10021J. Chem. Phys., Vol. 112, No. 22, 8 June 2000 Collective modes in DNA
t,t1, that is for frequenciesn.0.3 cm21 primary shells
may be considered as rigidly linked to the bases and sim
taken into account through the effective massm. Our choice
for m is in close agreement with the mass considered
Volkov and Kosevich.45 Taking into account the additiona
water shell mass and averaging over the possible bases
G, and C, these authors have calculated some estimat
the masses of the nucleotidemn5199 u.m.a. and of the back
bone elementsmb5109 u.m.a. giving a total massm5mn

1mb5308 u.m.a. per base.45

In addition to the primary shell, there exists a second
hydration shell containing less rigidly bound water mo
ecules. The characteristic time scale of relaxation of this s
ondary shell at ambient temperature ist2.10212 s,44,46 that
is of the same order-of-magnitude as in bulk water. B
water shells stabilize the DNA structure and their presenc
taken into account in the force constants of the poten
energy, Eq.~3!. However, in the equations of motion, E
~13!, the viscous damping of the molecule due to the solv
is not considered.

B. Linearization approximation and instantaneous
modes

We linearize the equations of motions, Eq.~13! around a
casual initial configurationC5$r j ,w j% of the system already
in thermodynamical equilibrium, defining for each base p
j,

r j
t5r j1yj

t ,
~14!

w j
t5w j1f̃ j

t .

Once linearized the dynamical Eqs.~13! are rewritten in
terms of the displacement variablesyj

t ,f j
t[R.f̃ j

t and read

mÿj
t5(

k
~D r

C! j ,k yk
t 1(

k
~D m

C ! j ,k fk
t ,

~15!

mf̈ j
t5(

k
~D m

C !k, j yk
t 1(

k
~D w

C ! j ,k fk
t ,

where

~D r
C! jk5

1

2

]2V

]r j]r k
U
C
,

~D m
c ! jk5

1

2R

]2V

]r j]wk
U
C
, and ~D w

c ! jk5
1

2R2

]2V

]w j]wk
U
C

~16!

are theN3N matrices of second derivatives of the potent
energyV around configurationC. To solve the linear system
Eq. ~15!, one has to find the eigenvaluesl of the 2N32N
Hessian matrix

D C5S D r
C D m

C

D m
C D w

C D . ~17!

It is important to notice that due to the dependence on
initial configurationC the elements of the matrixD C are not
translationally invariant. Consequently, the eigenvectors
Downloaded 01 Mar 2001 to 131.193.173.242. Redistribution subject 
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D C, i.e., the instantaneous normal modes correspondin
the initial configurationC are not plane waves.

The eigenvalues histogramrC(l) give the density of the
normal modes as a function of the initial configuration. T
latter is distributed according to the Gibbs measure

P~C5$r j ,w j%!5
1

Z
exp~2bV@$r j ,w j%#!, ~18!

whereV is the Hamiltonian defined in Eq.~3!. Once aver-
aged over distribution~18!, the mean density of statesr(l)
is available and depends only on the temperatureT51/b.
The frequency spectrumr f(n) is straightforwardly obtained
through the relationship, see Eq.~15!,

n5
1

2p
Al

m
,

~19!
r f~n!54pAml r~l!.

To lighten notation, we shall drop thef subscript in Eq.~19!
and use indifferently the same letterr to denote the density
of states as a function of the eigenvaluel or frequencyn.

The spectrum of the Hessian matrix, Eq.~17! is not nec-
essarily positive. Some instantaneous modes may be uns
and grow with time within the linear approximation. The
corresponding eigenvaluesl are negative and the associat
frequenciesn are purely imaginary. Following the conven
tions of Ref. 25, imaginary frequenciesn will be conve-
niently represented by minus their modulus2unu, that is by
points on the negative frequency semiaxis. We shall co
back in Sec. V to these modes.

C. Relationship with Raman spectra

Raman scattering intensity is directly related to the d
sity of normal modes. In disordered solids the cohere
length of the normal modes is short compared to opti
wavelengths, so the conservation of momentum is no lon
a restrictive selection rule and does not give rise to a disc
set of lines for the spectrum. Light-scattering processes oc
from essentially all the normal modes of the material and
spectra are continuous. As we will see later, the assump
of short coherence length is well verified in our model
finite temperature. The relationship between the Raman
tensityI(n) and the density of normal modesr(n) is gen-
erally expressed via the light-to-vibrations coupling coe
cient C(n),21

I~n!5r~n!C~n!S n~n!11

n D , ~20!

where

n~n!5
1

expS hn

kBTD21

~21!

is the average population of leveln. The spectral dependenc
of C(n) is still an unsettled question. Early studies devot
to the relationship between Raman spectra and densitie
modes assumed that the light-to-vibrations coupling was
dependent of frequency, i.e.,C(n)51.21 Later works conjec-
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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tured a quadratic behaviorC(n);n2 at very low frequencies
and a less steep increase for largern.22 Recently, compari-
sons between neutron scattering experiments and calori
ric measures have given evidence for a linear depende
C(n)}n for different glasses in the frequency ran
8 cm21,n,100 cm21,47,48 the upper bound being related
the Debye frequencies of the corresponding crystals.

D. Normal modes at zero temperature

The linearized equations of motion at zero temperat
are obtained performing an expansion of the potential ene
V @Eq. ~3!# up to the second order around the rest positio
r j

t5R1yj
t , w j

t5 j Q1f j
t /R:

m ÿj
t52a2Dyj

t2Kyy ~2yj
t1yj 11

t 1yj 21
t !

2E ~2yj
t2yj 11

t 2yj 21
t !2Ky f ~f j 11

t 2f j 21
t !,

~22!
mf̈ j

t52Kff ~2f j
t2f j 11

t 2f j 21
t !1Ky f ~yj 11

t 2yj 21
t !,

where

Kyy5~KR2/H2!~12cosQ!2, ~23!

Kff5~KR2/H2!~sin2 Q!, ~24!

Kyf5~KR2/H2!~sinQ!~12cosQ!. ~25!

The plane waves

S yj

f j
D 5S y6~q!

f6~q!
D exp$ i ~q j22pn6~q!t !% ~26!

are solutions of Eq.~22! with the relations of dispersion
n6(q) shown in Fig. 3. Due to the difference of the orde
of-magnitude betweena2D56.33 eV Å22, E54 eV Å22

~or for the other choice of the parametersa2D55.93 eV
Å 22, E50.74 eV Å22), and Kyf51831023 eV Å22,
Kyy5631023 eV Å22, Kff55431023 eV Å22, it is
clear that the angular and radial motions take place on

FIG. 3. Dispersion relations at zero temperature. From bottom to top:nw(q)
for acoustic modes,n r(q) for optical modes with two different choices o
the parametersD50.15 eV,E50.74 eV/Å2 ~full curve! and D50.16 eV,
E54 eV/Å2 ~dotted curve!.
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different time scales and become independent. The dis
sion relations obtained when settingKyf50 andKyy50 are
indistinguishable from the previous ones and read

n r~q![n15
1

2p
Aa2D

m
12

E

m
~12cosq!, ~27!

nw~q![n25
1

2p
A2Kff

m
~12cosq!. ~28!

From the decoupling between angular and radial variab
Eqs. ~27!, ~28! and Fig. 3, it appears that acoustic mod
correspond to fluctuations of angular variables and opt
modes correspond to fluctuations of radial variables. N
that transverse radial modes are of optical nature due
single site-dependent Morse potential representing hydro
bonds. In our model, the degrees of freedom for the moti
of the centers-of-mass of base pairs are not taken into
count. Consequently no transverse acoustic modes
present.

The density of statesr(n)51/(2pun8(q)u) for each
branch is given by

r r~n!5
4pn

AF ~2pn!22
a2D

m GFa2D14E

m
2~2pn!2G

,

~29!

rw~n!5
1

AKff

m
2~pn!2

. ~30!

Note that the above densities are both normalized to 1/2
that the total density of statesr r(n)1rw(n) is properly nor-
malized to unity. As shown in Fig. 4, Van Hove singularitie
are located at frequenciesn such that the denominators i
Eq. ~30! vanish, that is, stationary points of the dispersi
relations~28!.

FIG. 4. Density of states at zero temperature. From left to right: acou
modes spectrumrw(n), optical modes spectrar r(n) for D50.15 eV, E
50.74 eV/Å2 ~full curve!, andD50.16 eV,E54 eV/Å2 ~dotted curve!.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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E. Structure of the Hessian matrix

From the above considerations on the effective dec
pling of radial and angular variables,D m

C will be set to zero
hereafter. Therefore, the Hessian matrix, Eq.~17! is com-
prised of twoN3N matrices, that is, the radial Hessian m
tu

no

of

Downloaded 01 Mar 2001 to 131.193.173.242. Redistribution subject 
-

trix D r
C and the angular Hessian matrixD w

C . In what follows,
the notationD C will generically refer to either of these two
matrices.

Because only nearest-neighbors along the molecule
teract with each other, the Hessian matrix has a band dia
nal structure,
~D C!k j55
1
2 d0~r j ,r j 21 ,u j !1 1

2 d0~r j ,r j 11 ,2u j 11! if k5 j ,

2 1
2 d1~r j ,r j 21 ,u j ! if k5 j 21,

2 1
2 d1~r j 11 ,r j ,u j 11! if k5 j 11,

0 if uk2 j u>2.

~31!
y

of

al
Explicit expressions of elementsd0 andd1 are as follows:
For the radius Hessian matrixD r

C , the elements

d0~r ,r 8!5
1

2

d2Vm

dr2
~r !12E,

~32!
d1~r ,r 8!52E,

do not depend on the twistu. For simplicity, we have not
considered the exponential attenuation term inVs which is
almost constant~and equal to unity! in the B-DNA phase.
Kyy has been set to zero since it is three orders-of-magni
smaller than other radial force constants.

For the angular Hessian matrixD w
C ,

d0~r ,r 8,u!5d1~r ,r 8,u!5
1

R2

d2Vb

du2
~r ,r 8,u!, ~33!

where the potentialVb has been defined in Eq.~6!.

IV. ANALYTICAL FRAMEWORK

A. Definition of spectral quantities

We call le
C ~respectively,wa,e

C ) the eigenvalues~respec-
tively, the components of the associated eigenvectors
malized to unity! of DC, with e51, . . . ,N. Most spectral
properties ofDC can be obtained through the calculation
the resolvent35

Gab
C ~l1 i e!5~~l1 i e!I2DC!ab

215 (
e51

N wa,e
C wb,e

C

l2le
C1 i e

, ~34!

whereI denotes the identity operator.
Introducing the density of eigenvalues
de

r-

rC~l!5
1

N (
e51

N

d~l2le
C!, ~35!

we may rewrite the discrete sum over eigenstatese in Eq.
~34! as an integral over eigenvalues with measurerC. The
knowledge of the trace of the resolvent,

1

N (
a51

N

Gaa
C ~l1 i e!5

1

N (
e51

N
1

l2le
C1 i e

5E
2`

`

dm
rC~m!

l2m1 i e
, ~36!

gives then access to the density of states through identit

rC~l!52
1

p
lim

e→01

ImF 1

N (
a51

N

Gaa
C ~l1 i e!G . ~37!

Another quantity of interest is the autocorrelation function
eigenvectors at distanced,

Ae
C~d!5 (

a51

N2d

wa,e
C wa1d,e

C . ~38!

We then defineAC(l,d) as the average value ofAe
C(d) over

all eigenvectorse lying in the rangel<le
C<l1dl. This

autocorrelation function is simply related to the off-diagon
resolvent, Eq.~34!, through
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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1

N (
a51

N2d

Ga,a1d
C ~l1 i e!5E

2`

`

dm
rC~m!

l2m1 i e
AC~m,d!,

~39!

that generalizes Eq.~36! to nonzero values ofd. Taking the
imaginary part of Eq.~39!, we obtain

rC~l! AC~l,d!52
1

p
lim

e→01

ImF 1

N (
a51

N2d

Ga,a1d
C ~l1 i e!G .

~40!

Therefore, the calculation of the large distanced behavior of
Ga,a1d

C (l1 i e) will give access to the asymptotic scaling
the autocorrelation function
t

q
fe
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AC~l,d!}~e2sC(l)1 i qC(l)!d, ~41!

and thus to some effective relation of dispersionlC(q) and
to the coherence length 1/sC(l) of the instantaneous mode
at finite temperature.

B. Average over the instantaneous molecular
configuration

To perform the average over the molecule configuratio
C, we first rewrite the resolvent, Eq.~34! as the propagator o
a replicated Gaussian field theory,35
Gab
C ~l1 i e!5

2 i E )
j 51

N

dxj~xa xb!expS i

2
~l1 i e!(

j 51

N

xj
22

i

2 (
j ,k51

N

D j ,k
C xj xkD

E )
j 51

N

dxjexpS i

2
~l1 i e!(

j 51

N

xj
22

i

2 (
j ,k51

N

D jk
C xj xkD

5 lim
n→0

2
i

nE )
j 51

N

dxW j~xWa •xWb! expS i

2
~l1 i e!(

j 51

N

xW j
22

i

2 (
j ,k51

N

D jk
C xW j •xW kD . ~42!
ct

ical
Replicated fieldsxW j5(xj
1 , . . . ,xj

n) aren-dimensional vector
fields attached to each sitej. The positivity ofe ensures that
the Gaussian integrals in Eq.~42! are well-defined.

At equilibrium, the molecular configurationC is drawn
according to the Gibbs measure, Eq.~18!. We shall denote
the average of any quantity over distribution~18! in the same
way as its configuration dependent counterpart but withouC
subscript. For instance, the average resolvent reads:

Gab~l1 i e!5E
r min

`

r 1 dr1E
2`

`

dw1¯E
r min

`

r N drN

3E
2`

`

dwNP~$r j ,w j%!Gab
$r j ,w j %~l1 i e!,

~43!

whereP is the Gibbs measure, Eq.~18!. It is important to
keep in mind thatDjk

C vanishes foru j 2ku>2, see Sec. III B.
Therefore, only replicated variablesxW j ,xW k corresponding to
adjacent base pairs along the molecule (j 5k61) interact
together in the expression~42! of the resolvent.

C. Transfer matrix formalism

The one-dimensional structure of the interactions in E
~43! can be exploited through the introduction of a trans
matrix T relating the molecular variablesr j ,w j as well as the
.
r

replicated variablesxW j to their counterparts at sitej 21. The
entries of this matrix can be read from Eqs.~3!, ~42!, ~43!,

^r ,w,xW uT ur 8,w8,xW8&5T~r ,r 8,u!expS i

4
~l1 i e!

3~xW21xW82!2
i

4
d0~r ,r 8,u!xW2

2
i

4
d0~r 8,r ,2u!xW82

1
i

2
d1~r ,r 8,u!xW•xW8D . ~44!

In the above expression,d0 and d1 are, respectively, the
diagonal and off-diagonal elements ofD C, see Eq.~31!,
while T has been defined in Eq.~10!. Notice thatT is a
symmetric~but not Hermitian! matrix.

By definition, the average resolventGab is the correla-
tion function of replicated variablesxWa and xWb , Eq. ~42!.
Within the transfer matrix formalism, this mean-dot produ
can be computed from the knowledge of eigenvaluesL l and
all ~normalized! eigenvectorsC l(r ,w,xW ) of T. Calling d the
axial distanceua2bu between sitesa and b along the mol-
ecule, the average resolvent reads in the thermodynam
limit
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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Gab~l1 i e!

5 lim
n→0

2 i(
l 50

` S L l

L0
D d

3F E dxW dr dw x1 C0~r ,w,xW ! C l~r ,w,xW !G2

. ~45!

The maximal eigenvalue~in modulus! of T coincides with
l 50 and increasingly excited states correspond tol>1.

The average diagonal resolventGaa and thereby the
mean density of states may be obtained from Eq.~45! when
d50,

r~l!5
1

p
lim

e→01,n→0

ReF E dxW dr dw C0~r ,w,xW !2 ~x1!2G .
~46!

Expression~45! may also be used to compute the au
correlation function of eigenvectors at large distancesd, for
which the resolvent Eq.~43! scale asymptotically as@see Eq.
~41!#,

Ga,a1d~l1 i e!}exp~2s~l! d1 i q~l! d!, ~47!

where boths(>0) and q depend on the energy levell.
Whend is large, the sum in Eq.~45! is dominated by thel
51 contribution and Eq.~47! may be reformulated as

lim
d→`

1

d
ln Ga,a1d~l1 i e!52s~l!1 i q~l!, ~48a!

5 lim
n→0

ln S L1

L0
D , ~48b!

which allows to derives and q from the knowledge ofL0

and L1. We shall explicitly compute the inverse lengths
and wave numberq in Sec. V and compare them to the ze
temperature results of Sec. II D.

Notice thats and q defined in Eq.~47! do not exactly
coincide with the values ofsC andqC appearing in Eq.~41!
averaged overC with distribution ~18!. To obtain the latter,
one should average the logarithm of the resolventGC

~quenched average! and not simply compute the logarithm o
the mean resolvent as in Eq.~48a! ~annealed average!.49 Due
to concavity of the logarithm function,s defined in Eq.~48a!
is not only an approximation but also a lower bound to
average value ofsC. Comparison with numerical simulation
made for the so-called ‘‘smallworld’’ lattice have shown th
s provides a very good estimate of the meansC.34 To sum
up, we can compute from the average resolventG an upper
bound 1/s to the coherence length of the eigenvectors
level l as well as an estimateq of their typical wave number

D. Rayleigh–Ritz formula and variational approach

The diagonalization of the transfer matrix and the a
lytical continuation inn→0 could in principle be performed
exactly due to the rotational invariance ofT in the
n-dimensional space of replicated variables. To avoid t
tedious calculation, we resort to a Gaussian variational
Downloaded 01 Mar 2001 to 131.193.173.242. Redistribution subject 
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proach whose accuracy and reliability has been recently v
dated in the case of diffusion on random lattices.27,34

We start from the Rayleigh–Ritz formula for the large
eigenvalueL0 of a ~real-valued! matrix T,

L05max
CÞ0

R~C!, ~49!

where

R~C!5
^CuTuC&

^CuC&
. ~50!

A lower boundL0
g to L0 can be obtained through maxim

zation of the r.h.s. of Eq.~50! within a suitable trial family of
wave functionsC0

g(Q) parametrized by some tunable var
ablesQ. According to Eqs.~49!, ~50!, we obtain

L0
g5R~C0

g~Qopt!!, ~51!

where the optimal parameterQopt is the solution of

dR~C0
g~Q!!

dQ
uQ5Qopt

50. ~52!

Notice that within formulations~51!, ~52!, T needs no longer
to be real-valued and can assume complex values.

Hereafter, we apply this procedure to the transfer ma
~44! and resort to the following ansatz~prior to normaliza-
tion!,

C0
g~r ,w,xW !5c0~r !expS i

4
Q~r !xW2D , ~53!

wherec0(r ) is the maximal wave function of theT0 transfer
matrix ~11! of Sec. II B. This choice ensures that the corre
eigenvaluel0 is recovered when the number of replicasn

strictly equals zero:L0(n)5l01O(n). The xW dependence
of the trial wave function, Eq.~53! results from the similarity
of the operatorT @Eq. ~44!# with the transfer matrix of a 1D
chain of interacting spherical spins, for which the grou
state wave function is Gaussian.43 Furthermore, this ansat
allows for an exact calculation of then-dimensional integral
overxW and an easy continuation of the result to real values
n. Note here that the wave function Eq.~53! does not depend
on w. This is no assumption forn50, see Sec. II B, and is
supposed to give quantitatively good results forn.0.

The calculation of the Rayleigh–Ritz functionalR, Eq.
~50! with the Gaussian ansatz, Eq.~53! is exposed in the
Appendix. The resulting functional optimization equatio
over Q reads

l0c0~r !

2Q~r !
5E

r min

`

dr8E
0

p

duT~r ,r 8,u!c0~r 8!

3
Q~r 8!1l1 i e2d0~r 8,r ,2u!

W~r ,r 8,u!
, ~54!

where

W~r ,r 8,u!5~Q~r !1l1 i e2d0~r ,r 8,u!!~Q~r 8!1l

1 i e2d0~r 8,r ,2u!!2d1~r ,r 8,u!2. ~55!

The solution of the above equation gives access to the va
tional estimate of the density of modes from Eq.~46!,
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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rg~l!52
1

pEr min

`

drc0~r !2ImS 1

Q~r ! D . ~56!

We can pursue the procedure to compute the exc
eigenvaluesL l of T. Drawing our inspiration from the 1D
spherical spins chain transfer matrix,43 we look for a varia-
tional wave function of the type

C l
g~r ,w,xW !5C0

g~r ,w,xW !Pl
g~x1,x2, . . . ,xn!, ~57!

wherePl
g is a polynomial ofn variables of total degreel . To

obtain the asymptotic behavior of the resolvent, Eq.~47!, we
only need the first excited statel 51, whose corresponding
variational polynomial is clearlyP1

g(xW )5x1, giving thereby
from Eq. ~50!,

tg5
L1

g

L0
g

522H E
r min

`

dr dr8E
0

p

duT~r ,r 8,u!

3c0~r !c0~r 8!
d1~r ,r 8,u!

W~r ,r 8,u!
J

3H l0E
r min

`

drc0~r !2Q~r !21J 21

, ~58!

in the n→0 limit as shown in the Appendix.

V. RESULTS AND COMPARISON WITH EXPERIMENTS

A. Numerical resolution of the self-consistent
equations

We first compute the ground state wave functionc0(r )
and the corresponding eigenvaluel0, see Sec. II B, by
means of Kellog’s method.29 The integration range
@r min ;r max# over r is discretized into a set ofnr points r a ,
a51, . . . ,nr with r 15r min59.8 Å andr nr

5r max510.7 Å.
Self-consistent Eq.~54! for Q(r ) can then be solved it

eratively. As can be checked at zero temperature, con
gence is improved by iterating the equation for 1/Q(r ) rather
than forQ(r ) itself. We stop the iteration process as soon
the differences between the 1/Q(r a)’s and their images
through the iteration become smaller than 1027 for all 1
<a<nr .

Numerical difficulties come from the limitse→0 and
nr→`. This can be best seen for base pairs vibrations in
simplest caseE50. The exact solution to Eq.~54! is Q(r )
5l1 i e2 1

2Vm9 (r ). In other words, eigenvaluesl and radiir
are in simple correspondence: to any permitted eigenvalul
is associated one~or a few! radius r (l) such that l
5 1

2Vm9 (r (l)) and the density of states reads

r~l!5 lim
e→0

1

pEr min

r max
dr

c0~r !2e

S l2
1

2
Vm9 ~r ! D 2

1e2

5
2

uV-~r ~l!!u
c0~r ~l!!2. ~59!

In practice however, the integral in~59! is discretized as
follows:
Downloaded 01 Mar 2001 to 131.193.173.242. Redistribution subject 
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e

r~l!5 lim
e→0

1

p (
a51

nr c0~r a!2e

S l2
1

2
Vm9 ~r a! D 2

1e2

. ~60!

Consider the eigenvaluelg corresponding to radiusr g for
some arbitrary integerg. DominantO(1/e) contributions to
the densityr(lg) in Eq. ~60! come froma in the rangeg
2D<a<g1D with D.2nre/V-(r g). Problems arise when
D is close to unity. Whenl scans the interval@lg ;lg11#,
the index of the only~for D51) contributing term tor(l)
jumps froma5g to a5g11 at some intermediatel which
will be a local minimum of the densityr. Such local fluc-
tuations are pure artifacts of the discretization procedure
must be removed by keepingD@1, that is 1/nr!e!1. Typi-
cal suitable values of the parameters aree5231022, nr

543103, giving a spectrumr(l) almost normalized to
unity ~with a small error.e).

Note that the same reasoning holds for the numer
calculation of the spectrum related to the angular Hess
matrix. The discretization of the integral over 0,u,p must
be replaced by a sum involving a large numbernu5900 of
terms to reach a good accuracy of the results.

B. Optical modes

Optical mode spectra~analytically obtained from the ra
dius Hessian matrix! are displayed in Fig. 5 for differen
choices ofD and E. They exhibit smooth shapes and Va
Hove divergences have been smeared out by thermal d
der, compare to Fig. 4. As at zero temperature, the ove
width of the spectrum is an increasing function ofE.

For E54 eV/Å2, the general form ofr(n) is reminis-
cent of the density of states at zero temperature, with a sh
der in n2.75 cm21 and a maximum inn1.135 cm21, in
correspondence with the edges of the zero temperature s
trum, n2

0 573.8 cm21 and n1
0 5138.7 cm21. A careful

analysis even shows a quantitative agreement between

FIG. 5. Spectrar r(n) for optical modes at temperatureT527 °C. Param-
eters are:D50.15 eV,E50.74 eV/Å2 ~full curve! andD50.16 eV,E54
eV/Å2 ~dotted curve!. Each spectrum is normalized to one-half. Note t
small oscillations on the tails of the curves due to numerical artifacts,
Sec. V A.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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density of states atT5300 K andT50 K for frequencies
lying in the range 110 cm21,n,130 cm21. A similar be-
havior, that is the robustness of the central part of the sp
trum to ~weak! disorder was also observed in Ref. 34.

At a weaker stiffnessE50.74 eV/Å2, a single bump is
observed. The range of allowed frequencies at zero temp
turesn2

0 571.5 cm21,n,87.5 cm21 is indeed too narrow
and both peaks merge under the action of thermal disor
Note that a very small fraction of modes seem to be unsta
and give rise to imaginary frequencies, see Sec. III B.
however discard them since their integrated sum is sma
than the accuracye of the calculation.

Figure 6 shows the dispersion relations at ambient te
perature for optical modes. The frequencyn r(q) is an in-
creasing function of the wave number over the interva
<q<p. Since the range of allowed frequencies is mu
larger atT5300 K than atT50 K, there is no general co
incidence with the zero temperature dispersion relations
can be seen forE50.74 eV/Å2. For larger stiffness con
stants, the dispersion relations for both temperatures h
ever coincide for medium wave numbers, i.e., when 1<q
<2 roughly. In agreement with the above analysis of
density of states, the effective thermal disorder gets wea
and weaker as the stiffness constantE grows.

WhenE increases, the molecule becomes more and m
rigid since radiir j less and less fluctuate from base pair
base pair. The wave functionc0(r ) gets more and more
concentrated around the minimum of the Morse potentiar
5R, see Fig. 2 and the region of integration overr that
mostly contributes to the density of states in Eq.~56! be-
comes narrower and narrower. On the opposite, for smaE,
c0(r ) mainly reflects the structure of the Morse well who
flanks are not accessible at zero temperature. The tails oc0

are large and give rise to some tails for the density of sta
The cross-over between both regimes takes place aE
;D a2, that is of the order of a few eV/Å2.

FIG. 6. Dispersion relationsn r(q) for optical modes at temperatureT
527 °C. Parameters are:D50.15 eV,E50.74 eV/Å2 ~full curve! and D
50.16 eV,E54 eV/Å2 ~dotted curve!. For comparison, dispersion relation
at zero temperature are recalled (E50.74 eV/Å2: dashed curve,E54
eV/Å2: dash-dotted curve!.
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The inverse coherence lengths r is plotted in Fig. 7 as a
function of frequency. In the central region of the spectra,
corresponding autocorrelation lengths arej.0.7 for E
50.74 andj.4 for E54 with a more sensitive dependenc
on n in the latter case. As expected from the above disc
sion,j increases withE. The values of the coherence leng
j are in good agreement with the equilibrium correlati
distancez defined through

^~r j2^r &!~r j 1d2^r &!&}e2d/z, ~d→`!. ~61!

A thermodynamical calculation ofz can be carried out from
the knowledge of the excited states of the transfer matrixT0

confined to the Morse potential.50 Results arez.0.51 for
E50.74 andz.0.93 for E54.50 Note thatz is the inverse
damping width of the static structure factor whereasj(n) is
an energy~frequency! dependent coherence length.

C. Acoustic modes

We now turn to the acoustic spectrum~which is math-
ematically obtained from the angular Hessian matrix!. The
density of modes is shown on Fig. 8. We first concentrate
positive, that is real frequencies. The band edgen1

0 513.6
cm21 of the zero temperature spectrum visible on Fig.
disappears at finite temperature. A sharp maximum n
takes place atnM.7 cm21. The width of the peak is smalle
than for optical modes and can be estimated toDn.15
cm21.

The densities of states atE50.74 andE54 coincide
within 0.1%. We have numerically checked that the acou
mode spectrum depends extremely weakly on the stiffn
constantE over the whole range 0<E<`. In other words,
unlike optical modes, acoustic modes are not sensitive to
width of the ground state wave functionc0, i.e., to fluctua-
tions of the base pair radiusr, see Fig. 2. This observation i
supported by inspection of the variational parameterQ(r )

FIG. 7. Inverse coherence lengths r(n) for optical modes at temperatur
T527 °C. Parameters are:D50.15 eV, E50.74 eV/Å2 ~full curve! and
D50.16 eV,E54 eV/Å2 ~dotted curve!.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html



e

ca

e

u
u

of
an

s as

i-
un-
20%
al to

des

gi-
uto-
-
re

der
hly

-
B.
ths,
s

le
r a
as

s
con-

10028 J. Chem. Phys., Vol. 112, No. 22, 8 June 2000 S. Cocco and R. Monasson
entering wave function~53!. At fixed frequency, both imagi-
nary and real parts ofQ(r ) are indeed almost constant on th
whole range of radius 9.8 Å,r ,10.7 Å.

The robustness of the spectrum displayed in Fig. 8
be understood by looking at the variations ofd0(r ,r 8,u)
around the thermal average positionsr 5r 85^r n& and u
5^un&. The second derivative ofd0 with respect tor at fixed
twist angle equals] r

2d0.0.045 eV/Å4 while the range of
fluctuations ofr is given by the largest squared width ofc0

~corresponding toE50) and readsD^r n
2&.0.04 Å2. There-

fore the fluctuations of the radiusr modifies d0 by
1
2] r

2d0•D^r n
2&.0.001 eV/Å2, that is by less than 2% ofd0

typically. Repeating the same calculation for twist-induc
fluctuations, we obtain ]u

2d0.20 eV/Å2 and D^un
2&

.kBT/(d0R2).0.005 rad2. The resulting variations ofd0

due to changes of twist are of the order of1
2]u

2d0•D^un
2&

.0.05 eV/Å2 that is comparable tod0.
Consequently, an excellent approximation of the aco

tic spectrum may be obtained by the following simple arg
ment. Let us call

d0~u!5
1

R2

d2Vb

du2
~R,R,u! ~62!

the diagonal element ofDC, Eq. ~31!, where we have for
simplicity identified^r n& with R since^r n&2R.0.01 Å!R
at T5300 K. The twist angleu is approximately distributed
with the Gibbs measure, see Eq.~12!,

p~u!5
1

Y0~R,R!
exp$2bVb ~R,R,u!%. ~63!

Then we may substitute the variational Eq.~54! on Q(r )
with

1

2 Q
5E

0

p

du p~u!
Q1l1 i e2d0~u!

~Q1l1 i e2d0~u!!22d0~u!2
, ~64!

FIG. 8. Spectrarw(n) for acoustic modes forD50.16 eV,E54 eV/Å2.
The curve forD50.15 eV, E50.74 eV/Å2 is indistinguishable from the
latter and from the approximation, Eqs.~63!, ~64!, ~65!. The spectrum is
normalized to one-half. Negative frequencies represent unstable mode
cording to the convention exposed in Sec. III B.
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which involves a single parameterQ. Solving Eq.~64!, the
density of acoustic modes equals2Im(1/Q)/p and is in ex-
cellent agreement with Fig. 8. From a numerical point
view, this approximation is much less time consuming th
the full resolution of Eq.~54!. In fact, Eq.~54! required the
integral overu to be computed for each value ofr ~and at
each iteration step! and the solving time was thereforenr

times larger than for Eq.~64!.
Close to zero frequency, the density of states vanishe

rw(n)}unu since the density of eigenvaluesr(l) is finite in
l50, see Eq.~19!. We now turn to negative, that is imag
nary frequencies. Computing the integrated density of
stable modes, we see that the latter represents roughly
of acoustic modes. They extend down to frequencies equ
n25220 cm21 with a maximum inn.23.5 cm21. We
shall come back to the physical implications of these mo
in the next section.

The relation of dispersionnw(q) for acoustic modes is
displayed in Fig. 9 over the whole range of real and ima
nary frequencies. We also show on Fig. 10 the inverse a
correlation lengthsw(n). As for optical modes, the disper
sion relations atT5300 K gets close to its zero temperatu
counterpart at intermediate wave numbers 0.5<q<1.5 cor-
responding to frequencies 0 cm21<n<10 cm21. This coin-
cidence is accompanied by small values ofs on this interval
of frequencies, giving rise to a coherence length of the or
of j.2. Conversely, large frequencies correspond to hig
disordered modes:q>2 and monotonously increasings,
with j.0.4 atn530 cm21. Notice that the statical correla
tion length is the same as for optical modes, see Sec. V

Unstable modes have also short autocorrelation leng
e.g.,j.0.4 atn5220 cm21. However, their wave number
are much smaller and can be considered as constant~and
zero! for n<210. The autocorrelation function of unstab
eigenmodes, Eq.~38!, therefore does not change sign ove
typical distanceds;p/q@1. Unstable modes can be seen

ac-

FIG. 9. Dispersion relationnw(q) for acoustic modes~full curve!. For com-
parison, the dispersion relation at zero temperature is recalled~dashed
curve!. Negative frequencies represent unstable modes according to the
vention exposed in Sec. III B. Note the inflection point atn50 due to this
representation, see Sec. V C.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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unstable acoustic phonons, involving coherent rotations
the molecule extending over regions of sizeds .

To end with, notice that the dispersion relation and
inverse coherence length both exhibit an inflection point
n50 as shown in Figs. 9 and 10. This is an artifact of t
representation of unstable modes as negative frequen
Consider for instance the damping widths close to zero
frequency. In the naturall eigenvalue parametrization, w
expect a nonsingular behavior in the vicinity ofl50:
s(l)5s01s1l1O(l2). For positive eigenvaluesl, the
frequencyn is defined asn}Al, Eq. ~19!, while using the
negative-imaginary convention of Sec. III B,n}2A2l for
negative eigenvalues. The expansion of the inverse co
ence length as a function of~small! frequencies thus read
s(n)5s01s̃1n•unu1O(unu3) and is singular with an in-
flection point inn50.

D. Origin of acoustic modes: Torsional and
compressional vibrations

As we have seen in Sec. II A, the axial distancehj be-
tween two successive base pairs is a function of the r
r j ,r j 21 and of the twist angleu j , see Eq.~2!. To study the
compressional and stretching modes of the helix, that is
fluctuations of thehjs, we therefore linearize Eq.~2! around
the initial configurationC of the independent degrees of fre
dom r j ,w j . As a result, the fluctuations of the heightsd j

5zj2zj
C appear to be linear combinations of the displa

ment variablesyj andf j introduced in Sec. III B,

d j2d j 215A1,j
C yj1A2,j

C yj 211Bj
C~f j2f j 21!, ~65!

where the coefficientsA1,j
C , A2,j

C , Bj
C depend on the initial

configuration.
At low frequency, optical modes are irrelevant. So rad

displacementsyj are null. On the opposite, acoustic mod
are present and give rise to angular vibrations of the b
pairs in the planes perpendicular to the molecular axisf j

FIG. 10. Inverse coherence lengthsw(n) for acoustic modes. Negative fre
quencies represent unstable modes according to the convention expo
Sec. III B. Note the inflection point atn50 due to this representation, se
Sec. V C.
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Þ0). From Eq.~65!, we see that the latter are accompani
by displacements of the pairs along this axis (d jÞ0). As a
consequence, acoustic modes give rise to simultaneous
sional and compressional vibrations.

In principle, at higher frequencies, excitations of rad
optical modes could take place and would also give rise
fluctuations of the distances between base pairs along
axis. However, such excitations would not correspond to
acoustic wave seen in experiments as discussed below.

E. Discussion

Our calculation shows that the coherence length of n
mal modes is finite and remains of the order of unity. Eige
vectors at finite temperature are thus far from being pla
waves as in the zero temperature case. The power spec
that is the Fourier transform of the autocorrelation functi
at frequencyn, Eq.~47!, acquires a Lorentzian form centere
around a certain wave numberq(n) with a widths(n). This
behavior is experimentally observed in neutron scatter
experiments.1,20 Furthermore, the calculation justifiesa pos-
teriori the absence of selection rule on momentum in Ram
experiments. Indeed, the coherence length of the disord
phonons is of the order ofjH<15 Å and is negligible with
respect to optical wavelengths.4800 Å, see Sec. III C.

Both optical and acoustic spectra are superposed in
11. The total spectrumr(n) equalsr r(n)1rw(n) is normal-
ized to unity~half of modes originate from angular degree
freedom, and the remaining half from optical ones!. The
acoustic peak appears much more narrow and higher tha
optical counterpart. The width of the latter amounts toDn
.60 cm21 ~respectively Dn.100 cm21) for E50.74
eV/Å2 ~respectively for E54 eV/Å2) whereas ~stable!
acoustic modes spread over a range ofDn.15 cm21. While
for E54 eV/Å2, acoustic and optical spectra do not interse
each other, there is an overlap region at smaller stiffn
constant aroundn.30 cm21. Nevertheless, both fluctuation
take place on basically two distinct time scales. Acous
modes correspond to torsional and compressional vibrat

d in

FIG. 11. Spectrumr(n) for both optical and acoustic modes. Paramet
are:D50.15 eV,E50.74 eV/Å2 ~full curve! andD50.16 eV,E54 eV/Å2

~dotted curve!. Each spectrum is normalized to unity.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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of the molecule and are associated to a typical frequenc
.10 cm21, or equivalently to a typical timetv.3 10212 s.
Radial optical modes correspond to radial hydrogen b
fluctuations and are present at frequencies.100 cm21, that
is, involve dynamical processes on a scalet r.0.3 10212 s.
At low frequenciesunu,25 cm21, the presence of unstabl
modes threatens the validity of the linearization proced
used in Sec. III B. A more refined analysis taking into a
count nonlinear terms in the dynamical equations is nee
to understand how unstable modes~with low wave numbers
q) are coupled to stable mode~with largerq) and modify the
frequencies of the latter. Conversely, the absence of unst
modes at frequencies larger thann.25 cm21 indicate that
the INM predictions are reliable for time scales smaller th
10212 s. This is enough to identify the range of allowe
frequencies for acoustic modes:n,30 cm21. The INM pre-
diction for the location of the acoustic peaknM.7 cm21

cannot be trusted blindly but it reasonably lies in the mid
of the zero temperature band, see Sec. III D.

We now turn to the comparison with spectroscopy m
surements. To establish the link between the density of st
and the Raman intensity, the knowledge of the light-
vibrations couplingC(n) is necessary as seen in Sec. III
In the absence of precise information on the latter, we h
rescaled the density of modesr(n) according to formula
~20! for the three different choicesC(n)51, C(n)5n, and
C(n)5n2 ~note that the second hypothesis forC is the most
plausible one!. The resulting theoretical Raman intensiti
are shown in Fig. 12~a! for E50.74 eV/Å2 and Figure 12~b!
for E54 eV/Å2. On the one hand, the overall shape of t
spectra change withC with respect tor. In particular for
C(n)51 andC(n)5n, the acoustic peak diverges at sm
frequencies and the optical-modes bump acquires a shou
form ~for E50.74!, located in the right flank of the acoust
modes. On the other hand, the band of allowed optical
quencies remains unaltered by the choice ofC and extends
over 50,n,100 cm21 for E50.74 and 50,n,150 cm21

for E54. In the latter case, the optical region of the sp
trum exhibit two local maxima at the same height forC(n)
5n. The rescaled spectrum of Fig. 12~a! for C(n)5n
closely agrees with intensity curves obtained from Ram
experiments atT550 °C and shown in Fig. 2 of Ref. 7 o
the range of frequencies 50,n,100 cm21. The latter mea-
surement was performed on calf thymus in solution~10 mM
PHB,pH57!. This allows us to think thatE50.74 is a better
choice for the stiffness constant thanE54.29

Our results do not show drastic variations with tempe
ture for T ranging from 300 K to the melting temperatu
Tm5350 K. At Tm the double helix structure disappears a
so do all helix-related modes. Since denaturation is descr
as a first-order phase transition by the present model, the
no gradual destabilization of the modes and no relev
change inr can be seen as mentioned above. The experim
tal Raman measurements shown on Fig. 2 of Ref. 7 ne
theless show a smooth change in the shape of the inte
curves over the temperature interval 50 °C,T,80 °C. This
apparent paradox can be easily explained by the fact tha
model describes a homogeneous sequence of bases. F
latter, the fraction of open base pairs vs. temperature exh
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an abrupt jump from zero to one atTm .42 In the case of a
heterogeneous sequence as in the experiments of Ref. 7
denaturation temperature of AT rich regions can be infer
to be Tm550 °C,42 and the fraction of open base pai
smoothly increases from zero to one over the range of t
peratures 50 °C,T,77 °C.

We now turn to acoustic modes. Raman measurem
on fibers at 100% of relative humidity~rh! have given evi-
dence for a narrow band at 16 cm21, see Fig. 1 of Ref. 9.
This peak shifts down to lower frequencies~10 cm21) when
increasing the hydration degree of DNA in gels and dis
pears in the central component for DNA in solution.7 Other
measurements on B-DNA fibers at lower.80% rh by Lind-
sayet al. have reported a similar band at a higher frequen
n.25 cm21 that shifts to lower values as the rh increases
good agreement with Urabeet al.’s data.10 The observed
softening of the frequency may come from the weakening
external, e.g., interhelical interactions as well as from

FIG. 12. Rescaled spectra for different light-to-vibrations couplingC for
parametersD50.15 eV,E50.74 eV/Å2 ~a! andD50.16 eV,E54 eV/Å2

~b!. Original spectrar(n) are recalled~full lines! and rescaling functions
are: C(n)51 ~dotted curve!, C(n)5n ~dashed curve!, and C(n)5n2

~dashed-dotted curve!. Vertical units are arbitrary, all curves have been mu
tiplied by a constant to meet~and equal unity! in n550 cm21.
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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influence of the~rigid! primary and~viscous! secondary wa-
ter shells, see Sec. III A. Note that these modes seem
appear when the scattering vectorDQW gets parallel to the
helical axis. Other molecular systems as crystals of A
~that do not include hydrogen bond interactions! or gua-
nosine self-associates~without phosphate! that present a co
lumnar stacking of bases exhibit similar low frequency sp
tra. The intensity of the low frequency (,20 cm21) mode
was found to depend mostly on the stacking degree of b
in a column.11 Our calculation predicts, despite the presen
of unstable INM that acoustic modes are predominant fon
,25 cm21. The statement by Urabeet al. that low frequency
modes (n,25 cm21) are related to vibrations of the bas
pairs column9,11 is in full agreement with our theoretica
analysis. In addition, the calculated range of frequencies
well as the acoustic nature of the modes~see Fig. 9! are in
good agreement with the compressional modes observe
neutron scattering experiments.1

A quantitative comparison of our dispersion relations
acoustic modes with experimental results is difficult due
the lack of available data. Neutron scattering measurem
have shown that pseudodispersion relations with a fi
damping width can be obtained for low frequencies but th
experiments have been performed on crystalline DNA fibe
Our model ~and the values of parameters exposed in S
II C! are valid for DNA in solution where the interactio
with surrounding water is radically different and interhelic
effects are absent. More precisely, we find that at fixed m
mentumq, the experimental frequencyn for fibers is larger
than the theoretical predictions for diluted DNA. The ad
tional mass due to primary water shells for DNA in soluti
may account for the reduction of frequency to a lar
extent.10 Conversely, the extrapolated value ofs is constant
and equal to 0.48 in good agreement with the theoret
minimum s50.5 shown in Fig. 10.

VI. SUMMARY AND CONCLUSION

In this article, we have shown how to apply the IN
framework to a simple model of DNA molecule and repr
duce the main features of collective vibration modes at fin
temperature. Time scale separation between atomic bon
brations and collective modes allows to obtain good res
at low frequencies without resorting to a detailed descript
of DNA at the atomic level. This simplified modelization o
DNA permits in turn a deeper analytical understanding of
structure of the modes than, e.g., within MSPA.

The model we had introduced to reproduce therma
and mechanically-induced DNA denaturation transitions
proven to be also capable of describing accurately the p
second dynamics seen through spectroscopy measurem
The reason is that, in spite of its simplicity, this model pr
vides a sensible description of the helical structure of DN
and is able to reproduce the couplings between radial ex
sion, torsional motion, and axial compression. This result
been obtained without any modification of the model or a
new fit of the constant force or geometrical parameters.
markably, the comparison with Raman experiments has
mitted us to decide the value of the only parameter kno
Downloaded 01 Mar 2001 to 131.193.173.242. Redistribution subject 
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with some uncertainty from the denaturation experimen
that is, the stacking stiffnessE. The success of the prese
model to account for completely different experimen
comes from its mesoscopic nature that lies at an intermed
level between microscopic modelizations, e.g., studies
Prohofskyet al.12 or numerical simulations by Lavery an
collaborators,51 and elasticity theories as the worm-like
chain model52 and its recent extensions.53

Our calculation gives access to the density of mod
r(n) and some statistical properties of the normal modes
the dispersion relationn(q) and the autocorrelation lengt
1/s(n). The dispersion relations provide the power spectr
of the modes which exhibit a finite damping widths at am-
bient temperature.

Let us summarize briefly our main quantitative resu
Through a rescaling of the density of modes taking into
count the light-to-vibrations couplingC, we have related the
density of modes to Raman intensity measurements.
range of frequencies corresponding to optical, i.e., base
stretching modes do not qualitatively depend onC. The
choice of parametersD50.15 eV,E50.74 eV/Å2 gives, in
good agreement with the experiments by Urabeet al. @see
Fig. 12~a! and Fig. 2 in Ref. 7#, 50 cm21,n,100 cm21.
Furthermore, this range remains roughly unchanged in
whole interval of temperatures 0 °C,T,Tm where Tm

577 °C is the denaturation temperature. Indeed, our mo
describes a homogeneous sequence for which the me
transition is very abrupt and not smooth as for disorde
DNA. Furthermore, the good agreement of our results w
experimental data suggests that neglecting viscous dam
terms in the equations of motion is a reliable approximat
for hydrogen bonds stretching modes. This is corrobora
by the very small amplitude of the motion inside the hydr
gen bond well (.0.120.2 Å! that should not induce rear
rangements of surrounding water molecules responsible
viscosity.

It would be very interesting to compare our theoretic
results fors r(n) and n r(q) with neutron scattering experi
ments which to our knowledge are not available for DNA
solution over the range of frequencies mentioned above
fundamental feature of the modes is that the cohere
lengthj is of the order of unity: decorrelation between com
ponents of the same mode takes place on a few angstr
This prediction agrees well with results for the static cor
lation distancez obtained from statistical mechanics calcul
tions as seen in Sec. V B.

As for acoustic modes that correspond to torsional a
compressional vibrations, the predicted characteristic
quenciesn,25 cm21 coincide with Raman measuremen
n,16 cm21, see Ref. 11. The value of the coherence len
in the center of the spectrum,j51/s.6.8 Å is compatible
with data obtained through neutron scattering experiments
DNA fibers.1 However, as far as acoustic modes are co
cerned, the present approach suffers from two weaknes
First, we have not taken into account in the dynamical eq
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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tions the viscous forces that might be relevant. Second, I
can become unstable at smalln and the linearization approxi
mation we have used throughout the study becomes dan
ous. Further information about the nonlinear couplings
tween modes would be extremely useful to circumvent t
difficulty. It is however not clear how such a study could
technically pursued.
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APPENDIX: VARIATIONAL CALCULATION AND SELF-CONSISTENT EQUATION FOR Q

In this appendix, we compute the Rayleigh–Ritz functional for both the ground state, Eq.~53! and the first excited Eq.~57!
~with l 51) wave functions. We then derive the saddle-points equations on the varianceQ(r ) for both instantaneous mode
families.

1. Calculation of the ground state

Inserting the Gaussian ansatz, Eq.~53! in ~50!, we obtain

R@C0
g#5

E
r min

`

dr dr8E
0

p

du T~r ,r 8,u!c0~r !c0~r 8! $W~r ,r 8,u!%2n/2

E
r min

`

drc0~r !2 $28p iQ~r !%2n/2

5l01
n

2
r g@Q#1O~n2!, ~A1!

whereW @Eq. ~55!# is the determinant of the two by two matrixM defined by

M5S Q~r !1l1 i e2d0~r ,r 8,u! d1~r ,r 8,u!

d1~r ,r 8,u! Q~r 8!1l1 i e2d0~r 8,r ,2u!
D , ~A2!

and

r g@Q#5l0 E
r min

`

drc0~r !2lnQ~r !2E
r min

`

drdr8E
0

p

du T~r ,r 8,u!c0~r !c0~r 8!lnW~r ,r 8,u!, ~A3!

up to an irrelevant additional constant. The vanishing condition~52! on the functional derivative ofr g@Q# with respect toQ(r )
leads to Eq.~54!.

2. Calculation of the first excited state

We now computeL1
g using ansatz~57! and expression~50!. The denominator ofR@C1

g# reads

^C1
guC1

g&5E
r min

`

drE
2`

`

dwE dxW c0~r !2 x1
2 expS i

2
Q~r ! xW2D

5 i C E
r min

`

dr c0~r !2 Q~r !21, ~A4!

whenn→0. C5*2`
` dw could be made finite by limiting the range of the twist angle. Such a regularization is howeve

necessary sinceC also appears in the numerator of Eq.~50!,

^C1
guTuC1

g&5E
r min

`

dr dr8E
2`

`

dw dw8 T~r ,r 8,w2w8! c0~r ! c0~r 8!E dxW dxW8 x1x18 expF i

4 S xW

xW8
D †

.M.S xW

xW8
D G

52 i C E
r min

`

dr dr8E
0

p

du T~r ,r 8,u! c0~r ! c0~r 8! ~M21!12~r ,r 8,u!, ~A5!

as the number of replicasn vanishes. UsingL0
g→l0 whenn→0, we obtain Eq.~58!.

3. Self-consistent equation for the radius Hessian matrix

For base pair vibrations, the second derivativesd0 andd1 are given in Eq.~32! and do not depend on the relative twistu
between successive base pairs. Inserting Eq.~32! into the extremization Eq.~54! for Q(r ) and using the definition, Eq.~11! of
the effective radial transfer matrixT0, we obtain
to AIP copyright, see http://ojps.aip.org/jcpo/jcpcpyrts.html
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l0c0~r !

2Q~r !
5E

r min

`

dr8 T0~r ,r 8! c0~r 8!
Q~r 8!1l1 i e2 1

2 Vm9 ~r 8!22E

Wr~r ,r 8!
, ~A6!

where

Wr~r ,r 8!5~Q~r !1l1 i e2 1
2 Vm9 ~r !22E!~Q~r 8!1l1 i e2 1

2 Vm9 ~r 8!22E!24E2. ~A7!

The ratio Eq.~58! of the first two eigenvalues ofT is given by

L1
g

L0
g

524EH E
r min

`

dr dr8
T0~r ,r 8!

Wr~r ,r 8!
c0~r ! c0~r 8!J Y H l0E

r min

`

dr c0~r !2Q~r !21J . ~A8!

4. Self-consistent equation for the angular Hessian matrix

For angular fluctuations, the elementsd0 ,d1 of the matrixD w
C of second derivatives depend on radiir ,r 8 as well as on the

angleu. No simplification arises as in the base pairs case. The saddle-point equation forQ(r ) is precisely Eq.~54! but care
must be paid to the backbone potentialVb(r ,r 8,u). As can be seen from definition~6!, the angular integral in Eq.~54! is
restricted to twist anglesu fulfilling the condition

cosu.
r 21r 822L2

2rr 8
. ~A9!

Indeed, when the inequality in Eq.~A9! is not satisfied, the potentialVb is infinite, see discussion of Sec. II A. The sam
prescription holds for the angular integral in Eq.~58!.
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