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We consider Ising strips with width N and periodic boundary conditions and Ising squares with
edge length N and special partially periodic boundaries. Assuming invariance of the spin correla-
tions under conformal mappings of the infinite plane onto the strip and square, we determine the
second and fourth moments of the total magnetization M from the known bulk two- and four-spin
correlation functions at criticality. For both geometries the predictions of conformal invariance for
universal asymptotic forms involving the ratio (M*){(M?)~2 as N— o are in excellent agreement

with transfer-matrix results.

I. INTRODUCTION

The finite-size scaling technique known as phenomeno-
logical renormalization’? has proved to be an extremely
reliable method for determining the critical properties of
low-dimensional systems. In a typical application one is
interested in quantities such as the critical coupling K,
and the critical exponent v of an infinite spin system in
d=2 or 3 spatial dimensions. In phenomenological renor-
malization a more tractable geometry is considered. The
system has length L, L — «, in only one of the d orthog-
onal directions and a finite width N in the other d —1
directions. With a now standard procedure, estimates of
K. and v are obtained from the correlation lengths
EN(K),En(K') for two different widths N and N’. The
predictions generally converge rapidly toward the exact
bulk values as N and N’ are increased.

Phenomenological renormalization studies also yield es-
timates of the universal amplitude

Ag= lim [N~1EN(K,)] (1.1)
N—>w

that has been the subject of considerable attention. From

numerical studies and exact calculations on a variety of

two-dimensional models, it was observed®—® that for

strips of width N and infinite length with periodic boun-

dary conditions, the relation

Ag=(mn)~! (1.2)

is generally satisfied. Here, 7 is the usual bulk critical ex-
ponent, i.e., in an infinite system at criticality the spin-
spin correlation function is given by

Gw(21,22)=B |Zl-—22|_7’ (1.3)

for separations |z;—z,| large in comparison with the
lattice constant. We use complex notation z =x +iy to
specify points in the x-y plane. Ordinary finite-size scal-
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ing arguments imply the universality of A but not the re-
lationship with 7.

Recently, Cardy’ has pointed out that conformal invari-
ance®~ 10 strongly restricts the form of correlations in con-
fined geometries and, in particular, implies Eq. (1.2). Car-
dy!! has also used conformal invariance to determine the
correlation functions and surface critical exponents of
semi-infinite two-dimensional systems.

Binder'? has introduced a variant of phenomenological
renormalization in which, for the hyperstrip geometry dis-
cussed above, the quantity

Uy(K)= lim [L(1—3(M*) n (M (1.4)
rather than the correlation function £x(K) plays the cen-
tral role. Here, M denotes the total (extensive) magnetiza-
tion. The factor L and the subtraction in Eq. (1.4) ensure
that Uy(K) remains finite in the limit L — oo of an infin-
itely long strip (d=2) or bar (d=3). For a hypercubic
system no subtraction is necessary, and one may consider
the quantity

Vi(K)=(M*) y(M?) 3. (1.5)

It is generally more convenient to calculate Uy(K) or
Vy(K) rather than £y5(K) with Monte Carlo numerical
methods and to consider hypercubes instead of hyper-
strips. Some of the advantages of working with Uy (K) in
the site-percolation problem are discussed in Ref. 13, and
numerical results for d=2 and 3 dimensions are reported.

According to the theory of finite-size scaling>'* 4, and
the quantities Ay and V* defined by

Ay= Nlim [N“'Uy(K)], (1.6a)

V*= lim [Vy(Ko], (1.6b)

are universal in the same sense as the critical exponents.
(Note, however, that the values of A¢, 4y, and V* do de-
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pend on boundary conditions.”’) Estimates of 4y, and V*
for the Ising model in various dimensions are given in
Refs. 12, 13, and 15. Brézin and Zinn-Justin'® and Eisen-
riegler'” have applied field-theoretical methods to finite-
size scaling. In Ref. 16 values of A, and V* are deter-
mined in 2 + € and 4 —e€ dimensions.

In this paper we study the finite-size scaling of (M?)
and (M*) in Ising strips with periodic boundary condi-
tions and in Ising squares having special partially periodic
boundaries with an approach based on conformal invari-
ance. The two- and four-spin correlations in the strip and
square geometries are determined from the known bulk
correlation functions by conformal mapping. - The second
and fourth moments of the total magnetization, which ap-
pear in Egs. (1.4) and (1.5), are calculated by integrating
the correlation functions. The values of Ay and V* that
we obtain are in excellent agreement with transfer-matrix
results, which are also reported below. The agreement is
evidence of the conformal invariance of both two- and
four-spin correlations under coordinate transformations
that change the geometry of the system fundamentally
and, unlike the ordinary scaling transformation r'=b» 1,
map infinite critical systems onto finite noncritical sys-
tems.

We note that Kleban er al.'® have recently calculated
the structure factor S (k) for several finite Ising systems
with free boundaries with a similar approach based on
conformal invariance.

The paper is organized as follows. In Sec. II we review
the transformation properties of correlation functions
under conformal mappings and discuss particular confor-
mal mappings that map the infinite plane onto the strip
and square. In Secs. III and IV, numerical values for 4y
and V™* are derived on the basis of conformal invariance
and compared with transfer-matrix results. Section V
contains concluding remarks. The Monte Carlo integra-
tion procedure used to calculate moments of the total
magnetization from correlation functions is described in
the Appendix.

II. CONFORMAL TRANSFORMATIONS
AND CORRELATION FUNCTIONS

A coordinate transformation r—r’ is conformal®® if it
preserves angles, i.e., corresponds locally to a translation,
a rotation, and a dilation. Two-dimensional conformal
mappings can be represented in the form z—w, where
w =u +iv is an arbitrary analytic function of the complex
variable z =x +iy. In higher dimensions the conformal
group is less rich, consisting of homogeneous translations,
rotations, and dilations and special transformations
r'|r'| 2=r|r| “2+a, where a is an arbitrary constant
vector, that map any hyperspherical surface onto another.

Consider a single-component spin system in the contin-
uum limit, i.e., with an infinitesimal lattice constant. Ac-
cording to the conformal-invariance hypothesis, the n-
spin correlation function transforms according to”!!

Gg:(r'l, . ,r;’)__:b(rl)(d—2+n)/2 e

Xb(r,) @D 2G (1, .. . ,1,),

2.1

under a conformal coordinate transformation. The sub-
scripts g and g’ refer to the boundary geometry, which, in
general, is modified by the conformal transformation.
The quantity b (r) specifies the local change in the length
scale, i.e, b(r)~?=|dr'/dr| is the Jacobian of the
transformation. For spatially homogeneous b, Eq. (2.1)
reduces to the ordinary transformation equation for an in-
finite critical system under the scale change r'=b ~'r.

The correlation functions in Egs. (2.1) are multiple
derivatives of the free energy with respect to the original
and renormalized local fields h, and Ay, respectively.
Equation (2.1) follows from the assumption that these
fields are related by a local renormalization transforma-
tion.

For the two-dimensional conformal mapping generated
by the analytic function w(z), the length-rescaling factor
is given by b(r)=|w’(z)| ~!, where the prime denotes a
derivative with respect to z. Thus, in two dimensions Eq.
(2.1) may be rewritten as”!!

W)= |w'(zy) "

Xw'(z,) | ~%Gylzy, . . .

Gg'(wl, e
,z) . (2.2)

To determine correlations in the strip geometry from
bulk correlations, we use the function’

w(z)= N Inz (2.3)
2

that maps the entire z plane onto the strip — o0 <4 < o0,
O<v <N, where z=x +iy and w =u +iv. Some of the
contours of constant # and v in the z plane, corresponding
to Eq. (2.3), are shown in Fig. 1(a). A full set of contours
in the z plane with separation |du | = |dv | =8a (infini-
tesimal constant) may be interpreted as a spin system on a
locally square lattice with a nonuniform lattice constant

(a) y

—u = const
v = const

(b)

N_v=0 u

FIG. 1. (a) Contours of constant u (circles) and of constant v
(radial lines) in the z plane for the logarithmic mapping of Eq.
(2.3). (b) Corresponding contours in the w plane. Since the pos-
itive x axis in (a) represents both v=0 and v =N, the infinite
strip has periodic boundary conditions.
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| w'(z) | ~'8a, as depicted schematically in Fig. 1(a). One
can imagine generating this spin system by carrying out a
spatially inhomogeneous renormalization with scale factor
b(z)=|w'(z)| ~! on an infinite initial system in the z
plane with uniform lattice constant 8a. If the initial sys-
tem has isotropic critical couplings, the renormalized sys-
tem does also. Thus, the renormalized system is topologi-
cally equivalent to a spin system on a strip of infinite
length and finite width, with a uniform infinitesimal lat-
tice constant and with periodic boundary conditions, as
shown schematically in Fig. 1(b). To emphasize the
periodicity, one may, of course, draw the strip on a
cylindrical surface. '

Following Cardy,” we determine the pair correlation
function Gy(w;,w,) for the strip by inserting the bulk
correlation function G (z,,z,) of Eq. (1.3) and Eq. (2.3)
into Eq. (2.2). A short calculation gives
2

Gy(wy,wy)=B 2 cosh

N 27 —u)
2 N ! 2

—n/2
2
—jvl(vl_vz)] ] ] .

(2.4

—2cos

The correlation function (2.4) is translationally invari-
ant and periodic in vy —v,;. For | w; —w; | <<N it takes
the same form as the bulk correlation function, as expect-
ed. For |w;—w;| >N, Gy decays as exp(—mn|u;
—u, | /N), with a correlation length given by Egs. (1.1)
and (1.2). This is Cardy’s derivation of Eq. (1.2).

Ordinary scaling completely dictates the form (1.3) of
the bulk pair correlation function at a critical point. In
the case of four- and more-spin correlations, neither ordi-
nary scaling nor the stronger requirement of invariance
under the small conformal group! entirely determine the
spatial dependence. Exact results?® are available for the
bulk critical four-spin correlations of the two-dimensional
Ising model in the continuum limit. The four-spin corre-
lation function is given in terms of pair correlations by

G(1,2)G(2,3)G(3,4)G(4,1) |

G(1,3)G(2,4)
12

1
G(1,2,3,4)= Y

+(23)+(34)

in an obvious abbreviated notation. The pair correlation
functions have the form (1.3), with n=7.

Equation (2.5) is established in Ref. 20 for the infinite
two-dimensional Ising model at criticality. If both the
two- and four-spin correlation functions transform ac-
cording to Eq. (2.2), the structure of Eq. (2.5) is preserved
by conformal mapping. Thus, we obtain an expression for
the four-spin correlation function in an Ising strip of
width N by inserting Eq. (2.4) into Eq. (2.5).

To determine the two- and four-spin correlation func-
tions in a finite rectangle, we utilize the Schwarz-
Christoffel mapping?!

w=C fozdt[(l—tz)(l—kztz)]—l/z (2.6)

(2.5)

of the upper-half z plane onto a rectangle. The constants
C and k are fixed by the requirements that the points
z=+1and z=+k"!, with k!> 1, on the x axis map
onto the corners w = ++a and w = ++5a + ~+ib of the rec-
tangle, respectively, where a and b are real and positive.
The integral (2.6) is an elliptic integral of the first
kind?? and cannot be evaluated in closed form in terms of
more elementary functions. By making simple changes of
variables, it is easy to show that
S=CFh), (2.7a)
b

=CF(1—k?17?) | (2.7b)

[\S)

where F (k) denotes the complete elliptical integral of the
first kind,?? defined by

/2 ‘
Flo= [ do(1—k?sin?0)~'72 2.8)

Figure 2(a) shows a few of the contours of constant u
and v in the upper-half z plane for the mapping (2.6) with
k =2-12, which implies @ =b. These contours may be
continued into the lower-half z plane by reflection. For

7
1

=/

N

D

(c)

%
NS

FIG. 2. (a) Contours of constant u and v in the upper half z
plane for the mapping of Eq. (2.6) with k=2"!/2, (b) Corre-
sponding contours defining a rectangle with partially periodic
boundary conditions in the w plane. An even number of
constant-v contours is shown. (c) Corresponding contours defin-
ing a rectangle with partially periodic boundary conditions in
the w plane. An odd number of constant-v contours is shown.
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any k!> 1, the full set of continued contours maps the
entire z plane onto a rectangle with corners at
w=++a++ib. For k =272 a square is obtained. As
discussed above, we interpret the contours in the z plane
as a spin system with a nonuniform infinitesimal lattice
constant but uniform interactions generated by the inho-
mogeneous renormalization of an infinite homogeneous
system at the critical point. The system of spins with
nonuniform lattice constant is topologically equivalent to
a spin system with uniform interactions and uniform in-
finitesimal lattice constant defined on a finite rectangle.
The rectangular system is shown schematically in Figs.
2(b) and 2(c) for even and odd numbers of constant-v con-
tours and with a lattice constant that is finite rather than
infinitesimal. Note the unusual partially periodic boun-
dary conditions. Every lattice site has coordination num-
ber 4, but because of the boundary conditions the system
is not translationally invariant.

© N
maN)=p? [~ duy [ dviGy(w,,0),
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III. RESULTS FOR ISING STRIPS

In this section the finite-size scaling behavior of (M?)
and (M*) implied by conformal invariance is derived for
Ising strips with periodic boundary conditions. The value
of the amplitude Ay of Egs. (1.4) and (1.6a) is determined
and compared with transfer-matrix results. We begin by
defining

ma(N)=lim [(LN)"YM?*) N1, (3.1a)

my(N)= lim (LN M) Ly —3{MP] 1. (3.1b)

In the continuum limit the two- and four-spin correla-
tion functions in the strip are given by Egs. (2.4) and (2.5),
as discussed above. In terms of these correlation func-
tions

) N © N
m4(N)=p4 f__wdul fO dl)l f—eodu3 fO dv3[GN(w1,w2,w3,0)—GN(w1,w2)GN(w3,O)

Equations (3.2) utilize the translational invariance of the
correlation functions. The quantity p is the areal density
of the spins. The integral defined by Eq. (3.2b) is infinite
without the terms in the integrand preceeded by minus
signs. Their subtraction corresponds to the subtraction in
Eq. (1.4).

Making the change of integration variables
u; =2mu; /N, v{ =2mv;/N in Egs. (3.2), and using Egs.

(3.2a)
—Gy(wy,w3)Gy(w,,0) — Gy (w,y,w;3)Gy(w;,0)] . (3.2b)
[
Equations (1.4), (1.6a), (3.1), and (3.3) imply
Ay=—1 tim m4(N) ]z_i my2m)
N—w | [Nm,y(N)]J? 3 [27m,(2m)]?
(3.6)
The Monte Carlo calculation yields
Ay =2.46044+0.00002 . (3.7

(2.4), (2.5), and (3.2), one obtains
7/4
my(2m) ,

my(N)= (3.32)

27
1172
m4(277') .

m4(N)= (3.3b)

2

The integrals m,(27) and m4(27) were evaluated with a
Monte Carlo numerical procedure described in the Appen-
dix. Inserting the results into Egs. (3.3) gives

m,(N)=(4.03641+0.00002)N"/*p’B ,
m4(N)=—(120.2613+0.0009)N !/%p*B? .

(3.4a)
(3.4b)

We see that conformal invariance completely deter-
mines the moments m,(N) and m4(N) defined by Egs.
(3.1) in terms of N, p (spin density), and B (amplitude
of the bulk correlation function). The N dependence of
Eqgs. (3.4) is consistent with ordinary dimensional
analysis?®> and with finite-size scaling,>!* which pre-
dicts my(N)=3*/3h*~N?"" and m(N)=3*f/oh*
~N?/v+d a5 follows from the scaling form? 4

F(t,h,N)=N—%(N"t,N"* 1) (3.5)

of the free energy per spin.

Note that the universal amplitude A4y is independent of
the nonuniversal quantities p and B, as is clear from Egs.
(3.4) and (3.6).

TABLE 1. Transfer-matrix results for Ising strips with
periodic boundary conditions and widths of N =2,3,...,12 lat-
tice constants. In the limit N — oo the quantity Uy(K,)/N ap-
proaches the universal amplitude 4y. The entry for N= o is
the value of A4y predicted by conformal invariance.

N Ux(K.)/N
2 2.24511
3 2.34026
4 2.39547
5 2.42213
6 2.43554
7 2.44296
8 2.44748
9 2.45044
10 2.45250
11 2.45398
12 2.45508
o 2.46044+0.00002
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To check the prediction (3.7) of conformal invariance

for the quantity 4y, we have calculated Uy(K,)/N for -

the Ising model on strips of a square lattice with widths
N =2,3,...,12 lattice constants, using the transfer-
matrix approach of Saleur and Derrida.!®> From Eq. (1.6a)
one sees that Uy(K_.)/N tends to Ay in the large- N limit.
The transfer-matrix results and the prediction of confor-
mal invariance are compared in Table I and Fig. 3. The
agreement is excellent.

IV. RESULTS FOR ISING SQUARES

In this section we derive the finite-size scaling behavior
of (M?) and (M*) implied by conformal invariance for
Ising squares with the partially periodic boundary condi-
tions of Fig. 2. The numerical value of the universal
quantity V* of Egs. (1.5) and (1.6b) is determined and
compared with transfer-matrix results.

For a spin continuum defined on the square with
corners at w=+5N*+5iN, (M?)yy is related to the
two-spin correlation function Gy y(w;,w,) by

N/2 N2 N2 N2
<M2>N,N=p2f du, f_N/Zdlh f du, f_N/szZGN,N(wl’wz) ,

—N/2 —N/2
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Uy (K) /N ' ™

2.4 \ e

244 \ e

202 i
0 0.02 0.04

FIG. 3. Ux(K,)/N as a function of N ~2 for Ising strips with
periodic boundary conditions and widths of N =5,6, . ..,12 lat-
tice constants, calculated with the transfer-matrix method. The
point on the vertical axis corresponding to N = o is the predic-
tion (3.7) of conformal invariance for A4,,.

4.1)

where, as in the preceding section, p is the areal density of the spins. An analogous formula relates (M*)y y to the
four-spin correlation function. Expressing the correlation functions for the finite square in terms of bulk correlation
functions with the help of Eq. (2.2) and converting the u,v integrations to x,y integrations, one obtains

(M?)y n=p" f_: dx f_: dy, f_ww dx, f_: dy, |w'(z)w'(z) | 272G o (21,25) ,
<1‘I4>N,1V“'_‘—p4 f_wwdxl f_wwdh T f:ow dx4 f-”w dy4 lw'(zl)' . w'(Z4) I 2_7’/2600(21, e

The bulk correlation functions are given by Egs. (1.3) and
(2.5) with =+, and

|w'(z) | =C | (1—2z3)(1—52z%) | ~1/2 (4.3)

as follows from Eq. (2.6) with kK =2~1/2, corresponding to
a square with edge length N. Equation (2.7) implies?
+N =CF(271/2)=1.85407C.

We have evaluated the integrals (4.2) with the Monte
Carlo procedure described in the Appendix and find

(M?) 5 xy=(1.243+0.002)N54p?B ,
(M*) y y=(2.06+0.03)N/%p*B? .

(4.4a)
(4.4b)

Again the N dependence is consistent with ordinary di-
mensional analysis?® and with finite-size scaling, which
implies [see Eq. (3.5)]

(M?)y,y=N9f/3h*~N1/*+d
and

(M*) 5 n—3H M)}y =N f/3h* ~ NH1/v+d

for a hypercube with edges of length N. Conformal in-
variance not only predicts the N dependence of the mo-
ments of the magnetization in Eqs. (4.4), but also deter-
mines the proportionality constants.

In the ratio (M*)y y(M?)5% the factors of N and the

(4.2a)
(4.2b)

,24) .

[

nonuniversal quantities p and B cancel. For the universal
limit V* of Eq. (1.6b), the Monte Carlo result is

V*=1.33+0.02 . (4.5)

To check the prediction of conformal invariance for
V*, we have calculated the quantity Vy(K.) of Eq. (1.5)
for Ising squares with edges of length N =2,4,...,14
lattice constants, using the transfer-matrix approach of
Saleur and Derrida.!®> The partially periodic boundary
conditions for even N indicated in Fig. 2(b) were imposed.
(Large-N transfer-matrix calculations with the odd-N
boundary condition of Fig. 2(c) are considerably more dif-
ficult.) The results are given in Table II. The Vy(K,)
with partially periodic boundaries and N even approach a
limiting value entirely consistent with the value of V*
predicted by conformal invariance. A sequence of
Vy(K,) for Ising squares with ordinary completely
periodic boundary conditions is also shown in Table II for
comparison. This sequence, which is consistent with the
Monte Carlo results of Blste and Bruce,!® extrapolates to
a value of V* about 13% smaller than for partially
periodic boundaries.

V. CONCLUDING REMARKS

The success of the conformal-invariance approach in
predicting 4y and V* for the Ising model provides fur-
ther evidence that in the continuum limit, finite-size scal-
ing behavior is fixed by bulk critical behavior when the
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TABLE II. Transfer-matrix results for Vy(K.) in Ising
squares. The sequence marked partially periodic was calculated
with the even- N boundary conditions of Fig. 2(b). The entry for
N = o is the limiting value V* predicted by conformal invari-
ance for this boundary condition. A sequence of Vy(K,) with
completely periodic boundaries is shown for comparison.

Partially Completely
N periodic periodic
2 1.23122 1.11929
3 1.13956
4 1.31183 1.148 40
5 1.15357
6 1.329 14 1.15693
7 1.15923
8 1.33635 1.160 86
9 1.16207
10 1.34003 1.16298
11 1.163 69
12 1.34217 1.164 25
13 1.16470
14 1.34352 1.16507
o 1.331+0.02

finite and infinite systems are related by a conformal
mapping. Several model calculations®*~%?#25 have con-
firmed Eq. (2.2) for two-spin correlations with mappings
of the plane or half plane onto an infinite strip or wedge.
We have considered four-spin correlations as well and the
more extreme mapping of the entire z plane onto a square.

As discussed above, the mapping (2.6) of the z plane
onto a rectangle generates partially periodic boundary
conditions, as shown in Fig. 2. It does not appear possible
to derive correlations in a rectangle with completely
periodic boundary conditions from bulk correlations using
the approach of this paper.

Pair correlations in several finite Ising systems with
free boundary conditions have been calculated by Kleban
et al.'® by conformal mapping of the results for the half
plane.!! The four-point correlation function of the two-
dimensional semi-infinite Ising model can, in principle, be
determined by the conformal-invariance method used by
Cardy'! to obtain the pair correlation function. Thus it
appears possible to calculate Ay and V* for the Ising
model (and other two-dimensional models) with free

( M2 >N,N =p2Bcl5/4J2 ,

D= [ dxy [T dyy [T axy [T dyy |(1—2D(1— $2h(1=23)(1 = $23) | 7192y —zy | 714,

with the help of Egs. (4.2a) and (4.3). To put the integral
in a more convenient form for numerical integration, we
make the substitutions

(A7a)

1 ,
z% 1_s, exp(i¢y) ,

z3 (A7b)

2 .
5, exPlig)
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boundary conditions with the approach used here and in
Ref. 18.

Finally, we note that the spatial dependence of the bulk
four-point function at criticality is not uniquely fixed'!® by
the critical exponent 7, unlike the spatial dependence (1.3)
of the two-point function. For this reason there do not
seem to exist simple general relations between Ay and 7
and V* and 7 analogous to Ag=(mn)~..

APPENDIX

We briefly outline the Monte Carlo procedure used to
calculate {(M?) and (M*) from the two- and four-spin
correlation functions for the strip and square geometries.
For Ising strips the normalized second moment m,(N) of
Eq. (3.1a) is given by

7/4
mz(N)= - PZBIZ , AD)
® 2
I,= f_ du fo "du(ZCoshu —2cosv)~1/8 | (A2)

_according to Egs. (2.4), (3.2a), and (3.3a). With the substi-

tution u =Ins, the domain of integration becomes finite,
and I, takes the form

1 2
I,=2 fo ds fo "dvs—7/8(s2—2s cosv +1)" 18
~7/8

(A3)

To weaken the s singularity, so that the integrand be-
comes square integrable,”® we make the additional substi-

tution s =¢® and obtain
1 2w
_ 16__ .8 —1/8
=16 [ dt [ ~dv(t'—2tPcosv + )7L (A4)

In our Monte Carlo procedure this integral was approxi-
mated by the sum

o, B
I2=32’)T./V'_1 z (ti16—2t,~scosv,-+l)'_l/8 N

i=1

(AS)

with the ?; and v; chosen at random in the intervals
1<t <0, O<v; <2, respectively. The fourth moment
m4(N) defined by Egs. (3.1b) and (3.2b) was evaluated in
a completely analogous fashion, with the same substitu-
tions for the original .integration variables. The results
quoted in Egs. (3.4) and (3.7) represent the average and
standard error of eight determinations of each integral
with 5 10® Monte Carlo steps per determination.
For Ising squares (M?)y y can be written in the form

(A6)

[

and obtain

1 4mr 1 ar
Jy= f() ds, fo d¢1 fO das, fO d¢2F(S1’¢1,S2’¢2) :
(A8)

We omit the explicit form of the integrand
F(S1,41,S3,¢,), which is long but simple to derive. The
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integrand has multiple singularities but is square integr-
able.? In our Monte Carlo evaluation J, was approxi-
mated by

N
Jy=@4m) 'S F(S1u¢11,S2002) (A9)

i=1

with Sy;,...,4y chosen randomly in the intervals
0<Syi<1,...,0<dy <4m. The moment (M*)yy of
Eq. (4.2b) was evaluated similarly, with the same substitu-
tions for the original integration variables. The results
quoted in Egs. (4.4) and (4.5) represent the average and
standard error of 100 determinations of each integral with
10° Monte Carlo steps per determination.
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