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Exactly Solvable One-Dimensional
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We present a simple way of constructing one-dimensional inhomogeneous
models (random or quasiperiodic) which can be solved exactly. We treat the
example of an Ising chain in a varying magnetic field, but our procedure can
easily be extended to other one-dimensional inhomogeneous models. For all the
models we can construct, the free energy and its derivatives with respect to tem-
perature can be computed exactly at one particular temperature.
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1. INTRODUCTION

One-dimensional models in classical statistical mechanics are known to be
exactly and easily solvable. However, as soon as the one-dimensional
model becomes inhomogeneous,!! ie., the parameters that define the
model (magnetic field or nearest neighbor interactions for Ising models,
potential in the Anderson model, etc.) vary in space (random models or
quasiperiodic models), finding the exact solution usually becomes next to
impossible except in a few special examples® or in some limiting cases®*
(zero temperature, weak disorder,...).

In the present work, we show how to construct a large class of
inhomogeneous models (random or quasiperiodic) for which the free
energy (or Liapunov exponent) can be computed exactly. In order to
illustrate our method, we restrict our discussion to an Ising chain with a
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varying external field. Our method can nevertheless be easily extended to
Ising chains with nonconstant interactions in a varying field, to the
problem of diffusion in inhomogeneous media, to the problem of a quan-
tum particle in a varying potential, etc.

Our approach is rather artificial because we start by giving the
solution and then build the model knowing its solution. As a consequence,
we compute the free energy and its derivatives at a specific temperature
only. The calculation of the nth derivative with respect to temperature is
possible. Yet the complexity increases rapidly with the order of derivation.
The knowledge of the free energy at a single point is very reminiscent of
some spin models for which the partition function can be computed exactly
on some special lines in a phase diagram (the so-called disordered lines)®’
and also of the exact results known on the Nishimori line in spin glasses.®

In Section 6 we compare our work to that of Percus,!”” who computes
the site-dependent magnetic field that produces a given magnetization
profile.

2. SOLVING THE MODEL

Consider an Ising chain in a variable external field 4,. Its Hamiltonian

N~1 N
Ho)=— z Jo,6,, 1 — Z hio;

i=1 i=1

where as usual o, denotes the Ising spin (g,= +1) at site / and J is the
coupling constant. For certain choices of the A, we shall see that we can
compute the free energy exactly.

Let

Zy= ), expl~H#(0)]

ce{—11}"

be the partition function (notice we have normalized the temperature
T=1). The easiest way to calculate Z, is to use the transfer matrix techni-
que, which consists in expressing Z,,, , in terms of Z,. To be more specific,
define Z,(+) to be the partition function of the Ising chain starting at site
1, ending at site n, with the extra condition o, = +1. In the same fashion,
we define Z,(—) with ¢,= —1. Hence, for e= +,

n—2 n—1
Z,(e)= y exp <J Y 0,0, +Jeo, _ + Y h,-cr,-+6hn>

ge{~—11}n-1 i=1 i=1
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It is easy to see that

Z,(H)=e" e Z(+)+eZ,(—)]
Zyo(—)=e " e Z,(+)+e'Z,(—)]

Put
ra=2Z(+)/Z,(—) (1)
The above recurrence yields
e*r,+1
Vn+1=€2h”“7njr—e—27 (2)

Usually one is asked to compute the »,, given the 4,. Indeed, the free
energy Y per spin is expressed in terms of the r, in the following way:

-y = hm —logZN

N - ¢

= lim — log[ZN( )+ Zy(—)]

‘NITL{ Zx (zn~1(+)+z = )>+Nlog[zl(+>+zlt )]}
A}ljnwj Z log[e~ h"e"r,,l+e’)]+—]%log';/:ill} (3a)

We now make the assumption that as N increases to infinity, ry is
bounded. This is of course the common case. Then, using (2), we have

—y = lim Z log[(e~7r,_+¢’)e "]

n—l

i LY Ligre e r el )

—1

N — oo nle © n

1, 1 1+42r, ;cosh2J+r2
:_1 - 1 n n
2NL°ONn§I Og rn

Notice that
1 X 1 1 Y 1

i — log—= 1 — 1
N1—>00Nn§1 Ogrn NLmNngz Ogl’n71
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Thence

1 X 1
~x//=% lim 5 Y log <rn+—+200sh 2]) (3b)

N— o0 n=1 n

This calculation is valid provided the limits exist.

In the usual approach, it is difficult to compute the free energy because
the sequence r, is defined through the recurrence relation (2). If 4, is not
constant, r, can be too complicated to allow the calculation of the free
energy using (3b). We propose here to solve the problem from the “other
end.” We are given the sequence r,. We then obtain both the external field
h, from formula (2)

P + €2J

2h
=y, 4
ne2‘]rni1 1 ( )

and the free energy ¢ from formula (3b). We illustrate this principle in the
next Section, leaving the discussion of the derivatives of y to Section 5.

3. A GENERIC EXAMPLE
Let us first recall a useful result due to H. Weyl (see Ref. 8).

Lemma. If (u,) is an equidistributed sequence (mod 1), then for all
Riemann integrable functions @ with period 1

. 1 X
lim ]Tfng

()= Ll ®(x) dx

N— o 1

Examples of such sequences are u,=na (« irrational), u,=n’x («
irrational), unz\/Z, etc., As for Riemann integrable functions, any real
periodic continuous functions with period 1 will suffice for our applications.

Suppose we are given an equidistributed sequence (mod 1), say u,,
and a continuous function ¢ with period 1. We choose r, = ¢(u,,). In order
to give a physical meaning to r,, we must assume ¢ >0 [because r, is the
ratio of two positive numbers; Eq. (1)]. We shall actually demand slightly
more, namely that there exists a constant C > 0 such that for all xe (0, 1),
o(x)> C. Apply Weyl’s lemma to

_ 1 .
P(x)=log| ¢(x)+——+2cosh 2J
L ¢(x) |

Then the free energy is given by

tev T 1 .
_l//:EL log _(p(x)—i——ax—)—&—ZCOSh 2]_ dx (5)
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4. QUASIPERIODIC AND RANDOM EXAMPLES

One can choose for u, a quasiperiodic sequence, say u,=(n+1)a,
where « 1s irrational. For example, take

Fp= )'n + (/]“3 - 1)1/2 = q)(un)
where

An=A+ Bcos2n(n+1)a, 0<B<A—1, airrational

The sequence r, is quasiperiodic.
The field 4, is then given by (4). More specifically

=i[log(A4 + Bcos 2n(n+ 1) o+ {[A+ Bcos 2n(n+ 1) a]>— 1}'?)
+log{e* + A+ B cos 2nno + [ (A + B cos 2rnna)> — 117}
—log{1+ Ae” + Be* cos 2mna

+e*[(A+ B cos 2rnna)* — 112} ] (6)

The field 4, s seen to be also quasiperiodic. A simple calculation using for-
mula (5) leads to

— i =1log{A4 + cosh 2J+ [(A + cosh 2J)* — B*]"*} (7)

We thus conclude that for a quasiperiodic field #, given by (6), the free
energy can be computed exactly and the result is (7).

In the previous example, r, and 4, are deterministic sequences. In the
same fashion one can construct random sequences. For example, if we
choose

A,=A+ Bcos(2nX,)

where X, is a uniformly distributed random variable on the interval (0, 1),
then the field 4, becomes random and is given by

h,=Ylog{A+ Bcos 2nX,+ [(4 + Bcos 2nX,)*— 1]}
+log{e™ + A+ Bcos 2nX, _,+ [(4+ Bcos2nX,_,)*—1]"%}
—log{1+ Ae* + Be* cos 2nX, _,
+e*[(A+ Bcos 2nX, _;)>—1]'7?}) (8)

The sequence 4, is random, but 4, is correlated to 4,_; and to A,
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because 4, and 4, , both depend on X, ,. Observe, however, that if the
X, are independent, there is no further correlation

[<hn+phn>—<hn+p><hn>:0 for p>2 or p$~—2]

It is clear that for the random sequence (8), the free energy is again
given by (7).

5. DERIVATIVES OF THE FREE ENERGY

We have seen in Sections 2 and 3 that, given the sequence r,, the
sequence £, is defined by
Lo ralr,—i+e*)

h,=xlog

"2 e*r, | +1 ®)

and the free energy  at f =1 is given by

1 1 X i
-—_ —_— 1' —_— —_
W 5 Jim < gl log <rn+rn+2cosh 2J> (10)

n

Suppose we want to compute the free energy of the chain where /4, is
defined by (9) at temperature 7=1/8+# 1. We then have to compute s,

defined by the recurrence
284
i € Snt 1

e 15,

(1)

Spy1=
As before, the free energy y will be given by

1 1 X 1
—ﬁl/]:EI\JIi—I:nooNngl log <s—n+s,,+2005h 2[3J> (12)
Obviously for =1, one has s, =r,. Computing the derivatives of y with
respect to B at =1 involves computing the derivatives of s, at f=1. Let
us show how to calculate diyr/df:

d(BY) i ! ”[ =
RO = 1lm - drn)+c(r")_ (13)
df |- N“OONngl ( nih=t
where 1 2—-1
rn—
C(",1)—§r’21+]+2rncosh2J
S (14)
d(r,) = o SO

r2+ 14 2r,cosh2J
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The careful reader may well criticize the liberty with which we inverted
the limit operator and the derivation. For each choice of the sequence r,,
one should actually justify this step. However, at this stage we wish only to
present a method and we disregard this mathematical technicality.

Formula (13) shows that the calculation of dy/df requires the
calculation of s,/s, at § =1 only. Formula (11) implies the following induc-
tion formula, which relates s, /s, ; tO §,/s,:

’

S”+1:a(r,,)s—"+b(r,,+l,r,, (15)
Sn+l Sy
where
e 1
= — 16
alrn) ="y <e‘”rn +1 e¥+ r,,) (16)
e2jrn eZJ
b(rn+1’rn):2hn+l+2'] ezjr,,+1~r,1+ezj (17)
Since the r, are positive, it is easily checked that
la(r,})| < [tanh J| < 1 (18)

Therefore, one can solve (15) easily:

’

"+1:‘b(rn+larn)+ i [ﬁ a(rnq)] b(r”*p’r”"‘pwl) (19)
p=0 0

Sn+l G =

s

Going back to (13), one finds

d x
KBy ivey v, (20)
dﬂ f=1 p=1
where
. 1 X
X=Jim 5 L dr)
.
Y:/\}Lmﬁn}::l C(rn)b(rn+lﬂrn) (21)
N P
Vo= Jim 2% etw| Latr, )] otr, iy
- n=1 g=1

Remembering that the sequence r, is given, it is now left to compute X, Y,
and V, either by Weyl’s theorem if r, is uniformiy distributed modulo 1 or
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by the strong law of large numbers if the r, are random variables. More
specifically, if r, = ¢(na), o irrational, then

= [ dlox)) ax "
Yzjol c{p(x)) b(o(x +a), @(x)) dx 23)

V= clotx) [ 11 a(go(x—qa))} bo(x— pa), o(x—pr—a)) dx  (24)

g="0

and if r, are independent random variables uniformly distributed on (0, 1),
X is still given by (22), whereas

=] [ ot bor), o(x)) dx dy (25)
U (x))dx]“l W(x))dx],,-
[ a((x)) bo(y), qo(x))dxdy] (26)

Notice that in this last case, the series 3, V/, is a geometric convergent
series.

Higher derivatives could be calculated in the same fashion. It goes
without saying that their expression is more complex, because it involves
higher derivatives of s,. This is of course unfortunate. Had we been able to
compute the derivatives, Taylor’s formula would have given us the
expression of the free energy at all temperatures.

The reason the construction of solvable inhomogeneous models is
possible is rather obvious. It is clear that for these models, if one changes
the temperature or any other physical parameter, the solution described
above no longer holds. However, we believe that it is interesting to dispose
of a class of models for which the free energy (or the Liapunov exponent)
and its derivatives can be known exactly, though it is only known at a
single temperature.

It is also clear that by choosing a more complicated sequence r, one
can obtain sequences k, that may look less bizarre than (6) or (8) (the
sequence r, we used in Section 4 was chosen in order to make the
calculation of § as simple as possible).

It would be interesting to see whether the very simple argument used
here could be generalized to construct inhomogeneous models which would



Exactly Solvable Models 447

remain solvable at more than one temperature. A first step in that direction
was discussed in the previous section. It would also be interesting to
generalize the above argument to transfer matrices of size larger than 2 in
order to treat the case of inhomogeneous models on strips.

6. COMPARISON WITH THE METHOD OF PERCUS"’

The difference between our approach and that of Percus is that we are
given the parameters r, = Z{*)/Z{~), whereas he is given the more physical
quantities m,, = (0/0h,) log Z,, which represent the magnetization at site n
(mean spin). We express the physical characteristics of the model in terms
of r, and Percus in terms of m,,.

Now, even though the magnetization m, has a more physical meaning
than r,,, there seems to be some gain in considering r,. For instance, on the
one hand, Percus notices that the external field 4, is a function of the three
variables m, |, m,, and m,,, [see his equality,”’ p. 303, relating u(x),
0. 1, Oy 04,1]. On the other hand, our Eq. (4) shows that £, is a
function of two variables only, r,_, and r,. We have reduced the dimen-
sion.

The two approaches are nevertheless consistent with one another. To
see this, it suffices to prove that r, is a function of m, and m, . ;. Indeed,
recall formulas (2) and (3a):

27
e“r,+1
rn+1292hn+1 27
r,+e
—h —J J N+1
log Z, = Z log[e (e ~"r,_,+e’)]+log P

We now compute the magnetization,

0
"6/1

m

If we consider the external field #,, as given, then formula (2) shows that r,
is a function of 4,, %,,..., h,. Hence, in the thermodynamic limit

arn—!-l
,,+,+e“ oh,

m,=—1+ Z

i=0

or Oy
mn — _1+ I i
T ,gl n+1+e2 ahn+1
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Put
& 1 or, .
S: o n+i
jglrn+i+ezjarn+l
Then
or 1 or
= |4ty n
T
and
or
m, .= —1+S"L
o ahn+l

We now wish to eliminate S between m, and m, . First note that

0r,/Oh, =12r,
and
Oy 1 Uty et —1 eV —1
= eg“nr =r 2
"o, (ra ey (e (e, + 1)
Hence
m, .= -1 +2rn+ IS
= 142 il S
m, = — r r
n n n+1 (r"+eZJ)(eZJr"+ 1) r”+eZJ

We finally eliminate S:

m,= —1+2r [”m"“ il ! }

2 (r,+e¥)e¥r, + 1)+rn+e”

This rather clumsy expression relates r, to m, and m, ., and establishes
our claim.

Notice, however, that the expression for r, in terms of m, and m,,
involves a second-degree equation, which seems quite unwieldy. The
relationship between our point of view and that of Percus, even though
clear, appears to be too complicated to allow a mere translation from one
system to another.
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