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We consider the evolution of configurations in a layered feed-forward neural network. Exact ex-
pressions for the evolution of the distance between two configurations are obtained in the thermo-
dynamic limit. Our results show that the distance between two arbitrarily close configurations al-
ways increases, implying chaotic behavior, even in the phase of good retrieval.

Several authors have recently predicted the existence
of chaos in the dynamics of soft-spin models,! diluted
asymmetric spin-glasses,> and some neural network mod-
els.’ For diluted asymmetric neural models this chaotic
behavior can be observed even in the good retrieval
phase. It is therefore interesting to know whether such
chaotic behavior is a general feature of such neural net-
work models or is special to those which have been stud-
ied so far.

The number of neural network models with exactly
soluble dynamics is, up to now, very limited. To our
knowledge they can be classified into two classes: (a) di-
luted networks and (b) layered networks. For diluted net-
works it has been shown® that a chaotic behavior is al-
ways present. The purpose of this paper is to show that
layered neural networks, studied by Meir and Domany*
(MD), exhibit a very similar chaotic behavior.

The model we study is the following. Consider a sys-
tem of L layers, each containing N spins S/. Each spin is
connected to all spins on its neighboring layers, while no
connections exist within each layer. The bonds between
layers are unidirectional, i.e., the network is feed-forward.
We concentrate here on zero temperature, i.e., fully
deterministic, and parallel dynamics. Thus the state of
layer [ is determined by the state of the previous layer ac-
cording to the equation
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S!=sgn (1)

The couplings J,/j are chosen according to the prescrip-
tion’
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where &/, v=1,...,p are the representations of the
stored key patterns on each layer. In the model studied
in this paper we take each £/, to be +1 with equal proba-
bility. More details concerning this model can be found
in Ref. 4. The main quantity of interest in neural net-
works is the overlap of the current configuration S/ with
the patterns £/, embedded in the network. Therefore it is
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convenient to define a quantity mL which measures the
“closeness” of the current state S/ on layer [ to the pat-
tern §,I-H on layer [:

N
mi=~ 3 Slel, (3a)
i=1

Reference 4 gave an exact form for the layer-to-layer re-
cursion relation of the quantity m |, which measures the
“time” evolution of the overlap between the state S/ and
key pattern number 1 (the “‘condensed” pattern), assum-
ing that the initial state had large overlap m ] with pat-
tern 1 on the first overlayer, and random overlap with all
others. In turns out that the evolution of m! is coupled
to the variable ¢/ which measures the mean square of the
overlap of S/ with the other patterns (u > 1)

(3b)

p>1

Denoting the state of the “new” layer with a prime, the
recursion relations obtained in Ref. 4 can be written

m'=erf(m /V2q ),

5 4)
q’za-}—-e""z/" .

T
Here a=p /N is the ratio between the number of patterns
embedded in the network and the number of sites per lay-
er. We have also suppressed the subscript 1 attached to
m, so that an m with no subscript refers to pattern 1.
Note that we have modified our definition of ¢, with
respect to that appearing in MD, by multiplying the q of
MD by a. Solving these equations two types of behavior
were found. For a>a,~0.27 any initial configuration,
however close to the pattern £{ on the first layer, always
iterates to an asymptotic zero overlap. For a<a, two
types of behaviors can be seen. If m!<m}(a) then, as
for a>a,, any initial configuration ends up with
m*=m>=0. However, if m' >mcl(a) the asymptotic
overlap m * is very close to 1. In fact, for «—0 one finds
172
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In this paper we calculate the time evolution of the
overlap between two configurations S/ and S .. !, Consider
two initial states S;' and S;! on the first layer, and let them
evolve according to the same rule given in (1) and (2).
Define the overlap between the states on layer / as

Q’—i % S/§! (6)
- N = i~
Clearly, if the two configurations are identical, i.e.,
Q'=1, they remain identical at all times. In other words,
Q =1 is a fixed point. However, two thinks can happen:
either Q =1 is a stable fixed point of the dynamics, or it is
unstable. If it is unstable, this means that two arbitrarily
close initial configurations diverge away from each other.
In this paper, we obtain the analytic expression for the
evolution of Q'. We always find that dQ'/dQ = as
Q — 1, showing that the behavior is always chaotic.
As described in Egs. (1) and (2) the time evolution of
the two configurations is given by the following relations:

S =sgn(h;),

- ~ (N
S i=sgn(h;),
where the fields 4; and h; are given by
hi = 2 g;ymp ’
I
_ . (8)
hi=3 Eium,, -
I
Here m, is defined in Eq. (3a) and m, is similarly

defined, with S; instead of S;. The essentlal thing to note
is that the quantities m, and 71, depend only on layers 1
to (I —1) and not on the random variables £, of the new
layer /, marked with a prime. Thus, it is easy to see that
the random variables h; and h, for is£k are uncorrelated,
and similarly for 4; and &,. However, the fields 4; and A,
on the same site are correlated; treating these correlations
is the basis of the calculation which follows. Let us note,
that it is the independence of fields on different sites on
the same layer, that makes this model exactly soluble. In
the exactly soluble diluted networks,? it was also this in-
dependence which made the model soluble. However,
the reason for the fields on different sites being indepen-
dent in the diluted models is not the same: in Ref. 3 it
was due to the fact that with probability approaching 1,

(m;ﬁi . zsgn §1v§11m+m + 2 §1v§1y n
p#\ 1

(m;,r’r‘z i’ nd Nz z sgn glvéllm +m + 2 §IV§I;J N
l;t_[ p;tvl

In order to calculate the averages of these quantities
over &;,=11 we need the probability distributions of the
variables appearing in these equations. Looking at the
diagonal part (14a) first we define

sgn

sgn
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as the system size goes to infinity, the trees of ancestors of
any two sites are disjoint.

To proceed further we must calculate the overlap be-
tween the two configurations. Due to the independence
of the fields on different sites, we make the following re-
placement, valid in the limit N — c0:

1 ¥ e &
- 2 SI'IS;—>(S"’S[> ’ (9)
Ni:l

where the averages are with respect to the random vari-
ables {&;,]. Thus we have from Eqgs. (7), (8), and (9)

=<sgn [ ima sen S, > . (10)

Performing the averages over 52#’ remembering that the

sgn

m,’s and m 'S are uncorrelated with them we obtain
1
Q'= dxdy—————+
ff Zﬁ(qq__SZ)]/Z
Xe —(qxz+qy2—2sxy)/2(qq—sz)
Xsgn(m +x)sgn(m +y) , (11
where
g=3 mi, §= 3 M},
1 (>1)
> p(> (12)
s= 3 m,m, ,

and m=m,, m=m,. In deriving Egs. (11) and (12) we
have assumed that m, and 7, are O(1/V'N ) for p> 1.
The recursion relations for m, i, ¢, and § are given in
Eq. (4).

To derive the recursion for s, we note that m/, and 7.,

can be written as

’ 1 ’ ’ ’ ’
mV:'stgn §1v§11m+mv+ 2 givgiy,my, ’
i H
,1
| o (13)
m ,v= —N 2 sgn g:vé';lfﬁ +fﬁv+ E g;vﬁ:’yﬁiy
i M
ptv, |

[

Forming the product m m |, and taking the sum over v
we get s’ as defined in Eq (12). It is convenient to
separate the product m . |, into two contributions (the

diagonal and the nondlagonal) as follows:

gtv§11m+m + 2 gzvglp u o (14a)
y' vl
§ngnm+m,+ 2 §iEum, (14b)
y¢1 1
r
2 g:’vg;'pm;n y= E é-;vggymp . 15)
p,;fv,l y;v,l
Calculating the probability distribution P(x,y) of (x,y),
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we obtain, to leading order in N,

P(x,y)=

’

1 gx’4qy*—2sxy
212 %P | S o2
2m(qg —s°) 2(qg —s*)

(16)

where ¢, g, and s are defined in Eq. (12).

In order to deal with the nondiagonal term (14b) we
must separate the random variables into two groups. In
the first group M, we have the terms for which
&§iv6iu=E5£j,, and in the second group M,, terms for
which &} £}, =—§,£;,. Since the patterns are random,
the sizes of the two groups are equal. We now need the
probability distribution of the four (correlated) random
variables x,x,,y,,y, defined by

X1= 2 é:’vé‘:’ymp’ Xy= 2 g:’vé_;ymy’
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= 2 g;vg;ymy’ V2= 2 g;vé—;ymy .

HEM, HEM,

It is easy to see that the probability distribution for
X1,X,,¥1,Y, can be factorized:

P(x1,x2,y1,02)=p(x 1,y )p(X3,9,) » (18)
with
~ 2 2
gxi+qyi —2sx;p;
qq —s’

p(x;,p;)=

gg—sH2

(19)

Note that (19) differs from (16) by a factor of 2 in the ex-
ponential, due to the fact that each group M; has aN /2
terms.

At this stage we are ready to calculate the averages of

HEM, HEM, Egs. (14a) and (14b), which can be expressed in the fol-
(17) lowing form:
1
mm') =L 31 (sgn(m,+em +x)sgn(/m,+em+y)) , (20a2)
vty 2
v>1 N v>1 e==*1
< > m.m (,) = L3 (sgn(m,+em +x, +x,)sgn(, +&m +y,—y,)) . (20b)
v>1 nd

We note that since m, and 7, are expected to be
O(1/V'N), we may, to lowest order in N, neglect the
terms containing m , and 77, in the diagonal contribution
to Eq. (20). However, this is not permissible in the nondi-
agonal part, since these terms contribute a term of O (1)
to s’ (actually, the lowest-order term, obtained by setting
m,,,m, =0, vanishes).

Bearing these observations in mind, we calculate the
various averages to obtain the final expression for s’:

, 1
s =af fdx dy Il —

—(qx2+qy2—2sxy)/2(qq~sz)
Xe

S2)l/2

X sgn(m +x)sgn(m +y)

+_%/_2e—m2/2qe—ﬁt2/2q . (21)
m(qq)

This expression, together with (4), gives the evolution of
s. Of course, from (11) one can get the evolution of the
overlap Q. It takes a particularly simple form in the case
where the two patterns have zero overlap with the con-
densed pattern. [From Eq. (4) we note that if the initial
overlap of each pattern with the condensed pattern is 0O, it
will remain so at all times.] Setting m,m =0 in Eq. (21)
we obtain

2s
m(qq)

’

s'=a l—ltan_'(qq/sz—l)”2 + (22)
m
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In Fig. 1 we present our exact results and compare them
to computer simulations, which can be seen to agree very
well with them.

Returning to the general recursion relations expressed
in Egs. (4), (11), and (21), one can study the stability of

I

the fixed point Q =1, corresponding to the two patterns
becoming identical. Consider two configurations with
the same projection (m =) on pattern 1, and with the
same g (g =g). One can calculate the stability of the fixed
point Q =1 (which corresponds to s =¢). Using (4) and
(21), one can show that for (g —s) small
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4a e=m 449 L 0(g —s) . (23)

m

q-s

I_sl=
q q+s
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FIG. 1. Comparison between the analytic results, shown by
continuous lines, and numerical simulations, for a=0.1. The
upper curve corresponds to a situation where the initial over-
laps m and /i were above m/(a), while the lower curve corre-
sponds to initial overlaps m,m =0, i.e., below m!(a). The ini-
tial values are Q0 =0.6, m =0.8, and m =0.64, for the upper
curve, and Q@ =0.6, m =m =0 for the lower curve. The simula-
tion results were averaged over 2500 patterns, with N =500
spins per layer.
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We see that the fixed point g =s is unstable. This implies
that the fixed point Q =1 is unstable too, because from
(11) one has for (g’ —s') small

l—Q’zi(q’—S') . (24)

This shows that the distance between two very close
configurations always increases.

For a—0 it is possible to give the analytic form for the
fixed point value of the overlap Q. Expanding Eq. (11) at
the fixed point, we find

Q*zl—%e‘“". (25)

T
We note that this is exactly the value obtained by Derrida
et al.? for the diluted network. This equality holds also
for the asymptotic value of m*, as given in Eq. (5). As

38 BRIEF REPORTS 3119

found in the case of the diluted networks>
l-m*>>1-0*,

where m *, the asymptotic value of m for a—0 is given in
Eq. (5). This implies that the two patterns approach one
another more closely than either one approaches the
stored pattern. Of course, as a increases, one expects m *
and Q* to differ from those found in Ref. 3 since the
equations giving the evolution of m and Q are different.
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