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Abstract. We have measured the roughening exponent y at the interface between a pair
of growing Eden clusters. Qur numerical results suggest that y differs from the corresponding
exponent for a freely growing interface, and that it depends on the initial geometry of the
clusters, which grow into a vacant sector with an angle 8. For 8 < 180° we find y =1, and
our results are consistent with y =2 for 8=180°and y =1 for &> 180°.

Recently there has been much interest in the roughening properties of the free interface
of a growing medium (Viscek 1989, Krug and Spohn 1990). A number of models,
including the Eden model (Eden 1958) and ballistic deposition (Family and Viscek
1985}, have been proposed to describe the interface of growing structures in situations
ranging from the growth of a film by deposition to the growth of bacterial colonies or
of tumours. A key quantity of interest is the roughening exponent y which describes
the fluctuations in local height h(x) through {[h(x) — h(y)]*> oc|x — y|**. Numerical
stimulations (Krug and Spohn 1990) of such models indicate that the roughening
exponent x is universal and depends only on the dimension d of space (provided that
the number or the size of the particles deposited in each growth step has a distribution
which is not too broad (Zhang 1990)). For d > 2 there is as yet no theory which yields
the exact value of y but the results of numerical simulations (Family and Vigcek 1985,
Wolf and Kertesz 1987a, b, Kim and Kosterlitz 1989, Forrest and Tang 1990) and of
Flory-like theories {Halpin-Healy 1989) predict that ¥ decreases with d. For d = 2 the
value y =3 has been obtained for some exactly soluble models (Meakin er al 1986),
as well as from the theory of the Burgers’ equation (Foster et al 1977, Huse er al 1985),
and this prediction has been verified in many numerical studies (Wolf and Kertesz
1987a, b, Kim and Kosterlitz 1989).

In contrast with the free interface problem, the interface between two growing
clusters has not been studied extensively. The purpose of the present work is to describe
simulations of this process for a pair of Eden clusters, focusing on the roughening
properties of the interface between them. Qur results indicate that the interface is
characterized by a roughening exponent y which is different from the exponent yq,..
for a freely growing interface. We also find that ¥ depends on the initial geometry of
the clusters.

Our simulations follow the growth of a pair of clusters on the square lattice (d =2),
starting from a corner with an angle 6, as depicted in figure 1{a). Clusters 1 and 2
grow into the semi-infinite region of initially empty sites, according to the Eden growth
rule. Each site is described by an occupation index ; which takes values 0, 1 or 2,
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Figure 1. {a) The initial configuration for a pair of clusters which meet at an angle 8 = 270°,
Sites in region 1 {2) belong to cluster 1 (2) and the remaining sites are vacant. {(b) An
example of the interface between the clusters. Also shown are the cluster boundaries at
two intermediate stages.

corresponding to site i vacant, or belonging to cluster 1 or cluster 2, respectively. A
list of (vacant) sites at the cluster boundaries is maintained throughout the process.
In each growth step one of these sites is chosen at random, and is declared to belong
to the cluster on whose boundary it lies. In case it is in the intersection of the boundaries,
the site is randomly assigned to a cluster. Once each site in the L x L simulation region
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regions having o; = 1 and o; = 2}, is examined. An example of such an interface, between
two clusters which initially formed an angle of 270° is shown in figure 1{4}, along
with the cluster boundaries at two intermediate stages of growth.

In order to study the roughening properties of this interface, M (=2000} indepen-
dent realizations of the growth process were performed. For each site i we compuuted

M
m=M"Y o(s) (1)
s=1
where (s} is the value of o; at the end of realization s. We define the width w(x) of

the interface at absissa x as
wix) =Y {(m —1}2—
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where the sum is over all sites with absissa x. The chief contribution to the sum comes
from sites i for which the probability p; to belong to cluster 1 is neither very small nor
very close to 1. In fact it is easily seen that
dm —1H2—mW=pn(1—
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m). (3)
Hence w(x) measures the spread of the interface at x. We performed simulations for
several geometries (the values of # shown in figure 2), and for lattice sizes 50 x50,
100 % 100, 200x 200 and 400 x 400. The end of the initial interface between clusers 1
and 2 was always placed at the origin of the lattice.
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/ Figure 2, Examples of the seven growth geometries considered. The
values for the initial angle 8 are A: tan{#/2)=1; B: tan{8/2)=1; C:
tan(8/2)=2; D: tan(8/2) =c0; E: tan(8/2) = -2; F: tan{#/2) = -1;
G: tan(8/2) = -1,

Our results (for In w{x) against In x) are presented in figure 3 for the seven
geometries considered, i.e. tan(8/2)=1, 1, 2, ©, =2, —1 and —3, corresponding to
cases A, B, ..., G, respectively. Cases A, B and D exhibit well defined power-law
behaviourin w(x}. In the other cases the graphs are somewhat curved and it is difficult
to extract a reliable value for y. Moreover cases F and G show strong finite-size effects,
in that the curves for different lattice sizes are not superimposed. On measuring the
slopes in figure 3 for large values of x, one obtains the following estimates:

XAZXBZO‘Bs X(_‘zo-39 X[)EO.GS
4
Xe= xe=xc=09, (4)

However, because the graphs are curved in most cases, these exponent estimates should
be regarded as preliminary; simmulations on larger lattices may yield somewhat different
values. We believe that our results are consistent with
i 6 < 180°
x=13 6= 180° (5)
1 0> 180°.

At the moment we have no way, other than via simulations, to determine y, so the
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Figure 3. (a) Interface width w(x) against x for cases A, B, C and D. (b) w{x) against x
for cases D, E, F and G.

values proposed in (5) should be regarded as conjectures. (One can, however, imagine
that a mean-field-like approximation of the kind recently developed to describe the
roughening properties of an interface in the 20 Toom model (Derrida ef al 1990) could
be extended to the Eden interface problem to predict x.)

We also investigated several alternatives to the simulation procedure described
above. In some cases the interface was initially oriented along the diagonal y=x,
rather than along the x axis. This geometry was used to study directed growth, in
which clusters could only expand in the +x and +y directions. Finally, we considered
a different definition of the position Y(x), of the interface at x: Y(x)=
sup{y| o, # o, ,_1}, (i.e. the first row at which one encounters the interface, starting
from the top of a column). In this geometry a perfectly smooth interface would follow
the line y = x, and so the width at x may be defined through: wix) = ([ Y{x) = x]*.
None of these variations yielded any qualitative change in the interfacial roughening.
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The value x =3 for 8 <180° is supported by the following argument. One knows
that for a single growing Eden cluster, with a flat interface at time t =0, the fluctuation
of the height h(r) at time ¢ is characterized by an exponent w, i.e.

(h*(1) ~(h(1)y ~ ™ (6)

with w =1 for d =2. The surfaces of a pair of clusters growing into a corner with
6 << 180° grow freely until they meet. Therefore their height difference h,(¢) — h,(¢) has
fluctuations of order ¢/* until they meet and the (local) growth process ceases. In
effect, the interface is a record of the height fluctuation at the moment when the clusters
meet. The time required for the cluster boundaries to meet at absissa x is proportional
to x (t = x/sin(8/2). Therefore the difference in height h; — h, typically has a magnitude
~x'? implying an interfacial width w(x)~ x'/3.

It would be interesting to study larger lattice sizes, in order to verify the conjectured
values given in (5). As the shape of very large Eden clusters grown on the square
lattice is known to be anisotropic (Krug and Spohn 1990) it is conceivable that for
some lattices, or some other orientations, that the three regions we observed above
still exist, but with a critical angle noticeably different from 180°. We also note that
the measured value, ¥ ~0.9 for 8> 180° (cases E, F and G), might not reflect the
intrinsic roughness of the interface. In fact, the interfaces shown in figures 1(b) and
2E-Z(G do not appear much rougher than for § = 180" Since the initiai angie between
the clusters becomes rounded during the growth process, it is quite possible that
asymptotically the roughening for 8 > 180° is the same (x =3) as for ¢ = 180°. This is
consistent with the results shown in figure 1(b): the interface between the clusters is
seen to be orthogonal to the cluster/vacuum boundary, which appears to flatten as the
growth process continues. In this regard, we note that it may be necessary to revise
the definition of the interface thickness w(x) for > 180°. If the interface were smooth,
but had a random orientation, then we would find y =1, using w(x) as defined above.
Finally we note that it would also be of interest to change the geometry, for example
by starting from a curved or a random interface.
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