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The large variability in the ramified structure of diffusion-limited-aggregation clusters suggests an
analogy between their branches and the phase-space valleys of spin glasses. We define the overlap ¢
of two growth sites, and study numerically the overlap function g (x) of two- and three-dimensional
aggregates. For isotropic aggregates we find that the average overlap decreases as a power law
when their mass N increases, indicating that the number of branches increases with N, and that the
overlap function and its fluctuations obey a scaling law. Analytical results are presented for the
infinite-dimensional limit on the Cayley tree. For anisotropic aggregates with b-fold symmetry
(b =2, 3, and 4), the average overlap obtained numerically has a finite limit for large N, and the
overlap function is in very good agreement with analytical calculations on a simplified model.

I. INTRODUCTION

The diffusion-limited-aggregation (DLA) model intro-
duced by Witten and Sander! is one of the most studied
growth models,? because of its appealing simplicity and
its relevance to various experimental situations. After
nearly one decade no complete analytical theory is avail-
able, in spite of the efforts spent.®> Recently several ap-
proaches have been proposed which aim to analyze in
more detail the ramified morphology of the aggregates:
wavelet transforms,* ramification analysis,” directed re-
cursive fractal models,® and spatio-temporal correlations
of active zones.” The overall shape of DLA clusters
grown in a restricted geometry has also been deter-
mined.?

However, a basic unanswered question concerns the
shape of large clusters grown in a radial geometry,
without anisotropy: Is the number of branches well
defined asymptotically? Or does it fluctuate from sample
to sample? Or yet does it increase to infinity? Inspection
of DLA aggregates indicates a large variability of branch
weights and structure; indeed, so much so that the ap-
parent number of main branches may often depend on
the observer and is not a precisely defined quantity. This
suggests an analogy between the branches and the phase-
space valleys of random systems such as spin glasses: the
analog of a microscopic state of the spin system is an ac-
tive growth site. We show how a natural notion of clus-
ter distance and of “overlap” q between two growth sites
can be introduced. The quantity so defined gives a pre-
cise, quantitative meaning to the qualitative notion that
“two sites belong to the same branch,” for irregular ob-
jects like DLA clusters, and we explore some of its prop-
erties in the present article.

Numerically, we will see that the average overlap (g
decreases slowly as the cluster mass NV increases, indicat-
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ing that for two- and three-dimensional isotropic DLA
the effective number of branches grows with N rather
than saturating to a finite value. The distribution of over-
laps is observed to follow a scaling law, where the scaling
function depends on dimensionality, but which contains
no free parameter if the scaling variable is expressed in
terms of (g ). Its fluctuations also follow a scaling law in
the same variable, suggesting that the relative sample-to-
sample fluctuations remain finite for large N.

By contrast, for two-dimensional (2D) clusters grown
using an anisotropic rule, the average overlap converges
to a finite limit and the scaled distribution of overlaps is
quite different from the isotropic case, for large enough
clusters. An analytic calculation, based on a simplified
model®!° for anisotropic growth, gives predictions for the
scaled distributions in very good agreement with the nu-
merical results.

The paper is organized as follows. In Sec. II the over-
lap ¢ for two sites and the overlap function g (x) of a clus-
ter are defined and examples are given, together with a
description of the algorithms used. A numerical study of
2D and 3D isotropic DLA is presented in Sec. III, and
the results are analyzed in terms of a scaling form for
g(x) and its fluctuations. Comparison is made with
analytical results for the Cayley-tree limit. Section IV is
devoted to 2D anisotropic growth. It contains numerical
results on clusters grown with uniaxial, threefold and
fourfold symmetry, and analytical results for the general
p-fold symmetry on a simplified model. The details of the
analytical calculations on the Cayley tree are given in the
Appendix.

II. BASIC DEFINITIONS AND EXAMPLES
A. Growth histories and overlaps

Let us consider an aggregate, all particles of which
bear a tag indicating their rank of arrival: the first parti-
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cle (the seed or root) bears the number 1; the most recent
one, the number N. In addition, one keeps track for
every particle of its antecedent, i.e., the (unique) particle
on which it collided with at the end of its diffuse motion,
so the whole succession of ‘“‘ancestors” between the root
and a given growth site (its “‘history”’) can be reconstruct-
ed.

Now, let a pair of test particles 4 and B diffuse in-
dependently until they come into contact with the aggre-
gate, and let k be the rank of their closest common ances-
tor, i.e., the time when the histories of the two test parti-
cles bifurcated (see Fig. 1). We define the overlap g 45 of
the pair ( 4, B) as

k

948~ - (1)

If the only common ancestor is the root, ¢ =1/N and
vanishes in the thermodynamic limit. In particular, for a
perfectly symmetric cluster with b identical branches, the
probability that ¢ =0 would be (b —1)/b for N— 0.
The other limit g =1 is reached only if the two test parti-
cles hit precisely the last particle added to the cluster. In
fact, for large N, g=1 when the two test particles land
close to the tip of the same branch, as their latest com-
mon ancestor is then a recently added particle with a
probability tending to 1 when N —o.!' Intermediate
values of g measure the kinship of the test particles, in
the sense that they share a partially common history and
belong to subbranches that split off from the same main
branch.

If now many test pairs are launched the probability dis-
tribution P(q) is obtained. The rule of letting the test
particles diffuse before calculating g ensures that more
weight is given to the active growth zones near the tips
than to the screened fjords."? ,

For one given aggregate the distribution P(q) has a
very irregular structure, which reflects the irregular
shape of the cluster, and it is more convenient to study
the integrated distribution

x(q)= [ 'P(g"dg’ , )

FIG. 1. An aggregate with its particles (open circles) num-
bered according to their order of arrival. The overlaps of the
two pairs (4B) and (CD) of test particles (hatched circles) are,
respectively, g 4p = % and qcp = %.
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FIG. 2. Overlap function g(x) of one aggregate (mass
N =500 particles), computed using 10 test pairs.

or, as customary for spin glasses, the inverse function
g (x), which gives the value of g such that g 45 <q for a
fraction x of the test pairs.

A particular realization of g (x) for a 2D off-lattice ag-
gregate is shown in Fig. 2. It displays many large steps
that are not due to the finite number of test particles used
but to the irregular branch structure of the aggregate.
For each step, the value of g indicates that a branch split-
ting occurred at “time” t=Ngq, and if the two sub-
branches created have, respectively, growth probabilities
p, and p, at the end of the process, the step width is
given by 2p,p,. The average of g (x) over many samples
yields a smooth curve, but by analogy with spin glasses it
is possible and interesting to study the fluctuations in or-
der to know if self-averaging takes place for large enough
aggregates.”'”

Other definitions of the overlap can be considered, for
instance, by making only reference to the spatial struc-
ture of the aggregate, irrespective of the temporal corre-
lations (but keeping the diffusion-weighted average). For
the DLA, we checked that this would not substantially
change the results below, as the distance of a particle
from the root is on average monotonically related to its
time of arrival, and the present definition of overlaps is
both simple and convenient for comparison with analyti-
cal calculations.

B. Algorithms

To generate isotropic 2D and 3D DLA clusters we
used a simple off-lattice algorithm where initially a circu-
lar (spherical) particle of diameter a is launched at a ran-
dom position on a circle (sphere) of radius R + 8 centered
on the root particle, R being the outer radius of the clus-
ter and & being a few times the particle diameter (6=3a
was used, in general). Then, at every step the distance
din of the particle to the closest point of the cluster is
determined: if d;, <a, the diffusing particle stops and
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FIG. 3. Two aggregates of 10* particles grown using the algo-
rithms described in this paper: (upper panel) isotropic; (lower
panel) with threefold anisotropy (no noise reduction).

becomes part of the cluster; its antecedent is the closest
particle previously determined. Otherwise, it jumps to a
random position on a circle of radius (d,;,—p), with
p=0.8a. This algorithm produces DLA clusters of
slightly overlapping particles. Following standard prac-
tice, the particle is lost if the distance to the root becomes
too large ( > 4R, here). The calculations were run in FOR-
TRAN on the Convex C-1 computers at Saclay and Ecole
Normale Supérieure, using the standard random number
generator of the computer. No specific algorithm im-
provements were implemented, in order to keep the pro-
grams as simple and versatile as possible, except for vec-
torization of the calculation of the distance d of the
diffusive particle to the aggregate.

To grow anisotropic clusters we used the ‘“‘antenna”
method:'® the particle diffuses as previously, but when it
comes into contact, it is rotated towards fixed directions
depending on the contact sector. For the uniaxial case,
the degree of anisotropy can be modulated by varying the
ratio a of the angular sectors for accretion along the hor-
izontal and vertical axes. For fourfold anisotropy we
used the standard noise-reduction method!® to strengthen
anisotropy effects: every antenna of a cluster bears a
counter which is incremented each time the antenna is hit
by a diffusing particle. Accretion takes place only if the
counter reaches a threshold m, the counters on the other
antennas of the site are not put back to zero after accre-
tion, and for the test particles the sticking process is done
without any noise reduction (Fig. 3).

min

III. ISOTROPIC AGGREGATES

A. Average overlap

In order to reduce statistical uncertainties and allow
the precise study of size effects, we generated a rather
large number (N, =100 or more) of middle-sized isotropic
aggregates: mass N <4000 for d =2, N =2400 for d =3.
For each sample the overlap distribution was obtained by
launching a number N, of test particles, storing their
growth history, then drawing at random a number N, of
pairs from the list, among the N7 possibilities. Typically,
N, was equal to 1000 and N, to 2500 for the largest sam-
ples. We checked that this procedure introduced negligi-
ble bias, as compared with the use of independent pairs,
while saving much computer time for large samples (at
the expense of main memory storage), and that this value
of N, was large enough to give g (x) for each aggregate
with sufficient accuracy. To obtain g (x), the N » values of
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FIG. 4. Variation of the average overlap (g ) and the aver-
age square overlap (g, ) with aggregate mass N: (a) d =2; (b)
d =3. The error bars correspond to one standard deviation.
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g were stored, then sorted in increasing order, so that the
kth value gave q(k/N,). Finally, averages were taken at
fixed k, over a number of samples.

For a given sample we measure the mean overlap g by

— 1
9=— 3 qup - (3)
NP pairs A4,B 48

The average of g over many samples, which we denote
(g ), was found to decrease with size (Fig. 4), without
sign of saturating to a finite value. In d =2, it decreased
from {(g)=0.200 for N =32 to 0.107 for N=4000.
Analysis via a simple power-law dependence

(g)~CN~# (42)

yields effective values of B that decrease steadily from
B=0.14 in the range N =500-1000 to B8=0.07 in the
range N =2000-4000. On the other hand, an expression
of the form

(g)=~C'/In(N/N,) (4b)

gives a good fit in the range N =32-2000, as shown in
Fig. 5.

Of course, one cannot exclude that {(g) might con-
verge to a finite but very small value. However, it will be
shown later on that, for anisotropic star-shaped clusters
with a fixed number b of branches, the average overlap
has a finite limit when the mass N — o0, of order b ™! for
large b. As there is no particular reason to expect that
asymptotically isotropic DLA clusters have 13 branches,
say, we tentatively conclude that (g ) vanishes for large
N, with a very small exponent f3; or, more likely, with a
logarithmic law, Eq. (4b). For very large off-lattice clus-
ters, N up to 108, the apparent number of branches seems
indeed to grow slowly.!’

For d =3, a power-law fit is in better agreement with
the data than a logarithmic decay. The measured value of
the exponent 3 decreases, however, a little with size, from

30!IIIIIIIIII!!!II|I(II

I I ]

L d=3 4

I
20 — —
— B 1 T
1 L 4
s | I |
\ i . 4
10 — N . —
B d=2 T
Ol!lllll}lllll(llllllllj
0 2 4 6 8 10
In N

FIG. 5. Inverse of the average overlap {(g)~' vs InN, for
d=2and d =3.

£=0.29+0.01 in the range N =150-600 to

=0.2410.02 in the range 600-2400.

B. Scaling law for g (x)

We also analyzed the mean square overlap (F given for
one aggregate by

1 2
9°= 2 4ap (5
NP pairs A,B

and its average over many samples, which we denote
(g,). From our numerical data we observed that (g, )
has very nearly the same dependence over N as (g ) (and
not as {g)?): the ratio {(g,)/{q) remains practically
constant in two dimensions, and in d =3 it decreases
much more slowly than each of the terms separately.
The same remark holds for the quantity {g2/g ), that is,
if one takes the average over many samples only after
computing the ratio of the moments of P(g) (see Fig. 6).

This suggests that the (averaged) distribution of over-
laps P(q) has a simple size dependence and can be
decomposed into a contribution concentrated near g =0
and converging to a 8 function for N— o plus a non-
trivial part that depends on N only via a multiplicative
factor

P(g)=(1—¢€)b(q)+eP*(q), (6)

where €e—0 for N— o and P*(q) is independent of N
and normalized: f (IJP*(q)dq =1. A plausible interpreta-
tion of such a form for P(q) is that the effective number
of branches grows with N like € ! and the average distri-
bution may be viewed as just the superposition of contri-
butions from individual branches. Then,

1 1
(g)= P(g)dg=¢ P*(q)dqg , (7)
q foq q)dgq foq q)dgq
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FIG. 6. Mass dependence of (g2/g) [the average over sam-
ples is taken after computing the ratio of the first and second
moments of the overlap distribution P(q)].
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()= [ 'q*P(qdg=c [ 'q*P*(q)dg , ®)

and the ratio (g, ) /{g) converges to a finite value even
though (g ) vanishes for large N. The integrated distri-
bution x (g) is given by

x(q)=quP(q’)dq'E1——e+ef0qP*(q’)dq' , 9)
so that
l—x(q)%eflP*(q')dq’ . (10)
q

Eliminating € in favor of a directly measured moment of
P(q), for instance {q ), via Eq. (7) and inverting Eq. (10),
one finally obtains a scaling expression with no adjustable
parameter

g(x)=F((1—x)/{q)), N—oo . (11)

It is easily shown by injecting relation (11) back into Eq.
(7) that with this choice of variables the function F(z) is
normalized:

fo""F(zMz:l ) (12)

The scaling function F(z) depends on the space dimen-
sionality and is a characteristic property of the growth
process.

A plot of g versus z =(1—x)/{gq) for different sizes is
presented in Fig. 7 for d =2. The results fall on a univer-
sal curve, showing that Eq. (11) holds at least in the range
of sizes studied, where (g ) itself varies by 40%. The re-
sults for d =3 are displayed in Fig. 8 and also show good
agreement with a scaling form.

The nontrivial part of the overlap distribution P*(g)
can then be reconstructed from F(z), if desired, through
the relation P*(q)~ |dF /dz| ™!, with ¢ =F(z). P*(q)isa
monotonically decreasing function of g in d =3, as easily
seen from Fig. 8. In two dimensions there is an inflection
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FIG. 7. Overlap function g(x) and its fluctuations Ag(x)
(lower curves) vs the scaling variable z=(1—x)/{q ), for two-
dimensional aggregates of mass N =250 (400 samples), 1000
(200 samples), and 4000 (100 samples).
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FIG. 8. Overlap function g(x) and fluctuations Ag(x) for
three-dimensional aggregates of mass N =150 (dotted lines, 400
samples), 600 (200 samples), and 2400 (100 samples).

point in F(z), which implies a minimum for P*(q), but its
location moves closer to ¢ =1 when N increases, and our
data are not extensive enough to rule out the possibility
that the minimum of P*(q) is a size-dependent effect.

The quantity g (x) shown in Figs. 7 and 8 is an average
over many samples. The g(x) of each individual aggre-
gate fluctuates around this average. If we define
[Ag(x)]? as the variance of the g(x), the results for
Ag(x) also displayed in these figures indicate that it
obeys the same scaling law as g (x)

Ag(x)=G((1—x)/{q)) . (13)

This implies that the relative fluctuations remain con-
stant as N increases.!>!* In more expressive but approxi-
mate terms, this means that the number of branches fluc-
tuates around an increasing average, i.e., branches keep
splitting and dying on large scales.

Returning to the spin-glass analogy, isotropic DLA
and spin glasses both have a function ¢ (x) which fluctu-
ates from sample to sample. For spin glasses the fluctua-
tions of g (x) are due to the fluctuations of the multivalley
landscape, whereas for DLA they represent the random
shapes of the clusters. An important difference, however,
is that in the case of DLA (g) seems to vanish when
N — oo and one has to rescale (1—x) to observe nontrivi-
al limits, Eqgs. (11) and (13).

C. Dependence on space dimension

It is instructive to study the dependence of the scaling
function F(z) on space dimension, and to consider a few
cases where it may explicitly be calculated analytically.
In one dimension accretion occurs on a line, and the ag-
gregate is just a chain of N particles. In the limit N — o,
only two values of g are possible: ¢ =0 or g =1, with



43 GROWTH HISTORIES AND OVERLAP DISTRIBUTIONS OF . . . 893

equal probabilities 1, and there are no sample-to-sample
fluctuations (for finite N, there are fluctuations due to the
random order of arrival of the last particles on each side).
The overlap function g (x) is a step function: g(x)=0 for
x <1,g(x)=1for x >, so that

(g)=(gy)=1, (14)
and the scaling function F,(z) is simply

1, z<1

Fix)=1g 7>1. (15)

The infinite-dimensional limit corresponds to aggre-
gates grown on a Cayley tree, and it has been shown in
previous work!® that DLA is then identical to the Eden
model, with equal growth probabilities for all boundary
sites. It turns out that one can compute the average of
x (gq) for that system, for any branching ratio K of the
Cayley tree. The details of the calculation are given in
the Appendix.

The main results are that the average overlap and the
second moment of P (q) decrease as

(g)=C,(InN)/N ,
<‘12>zC2/N ’

(16a)
(16b)

so the exponent defined above in Eq. (4a) is here B, =1.
The integrated distribution x(g) obeys a scaling law
analogous to Eq. (11), but there is a difference with the
finite-dimensional cases: one has to use the second mo-
ment (g, ) of P(q) rather than (g ) to obtain the scaling
form, as the first moment of the scaling function is
infinite. With the variable y defined by

y=01—x)/{q,) , 17
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FIG. 9. Overlap function g(x) vs the scaling variable
y=(1—x)/{q,), for dimensions d =1 (vertical dashed line),
d =2 and 3, (both solid lines, numerical results on our largest
samples), and d = oo (dotted line, analytical result for the Cay-
ley tree in the limit of infinite branching ratio).

the scaling function is given when K — o by
g=F_ (y)=1/(1+y) . (18)

For the tree problem we did not find a way of directly
obtaining the analytical expression for the average of
g (x), so we calculated it numerically by Monte Carlo
sampling, for comparison with the results in d =2 and 3.
The two averages, over x at fixed g or over g at fixed x,
seem to coincide asymptotically—but to compute g (x)
accurately we had to use a large number of test pairs,
AGZX>AL

Comparison of the results for various dimensions (Fig.
9) shows clearly a systematic trend, when the space di-
mension increases, toward a slower decay of the scaling
function F(z) for large values of z. This is in agreement
with the qualitative idea that screening effects are weaker
for higher d, so the incoming particles can reach deeper
into the aggregate, and this gives a higher proportion of
overlaps g which are small but nonvanishing in the ther-
modynamic limit.

IV. ANISOTROPIC AGGREGATES INd =2

It was initially realized by Ball and Brady'® that the
global shape of two-dimensional DLA clusters is very
sensitive to anisotropy in the sticking probability; and it
is now accepted that anisotropy is a relevant perturba-
tion, in the sense that, for instance, the large-scale behav-
ior of lattice-grown clusters reflects the symmetry of the
lattice. It is then natural to investigate how anisotropy
affects the overlap distribution defined above. Also, that
study provides insight into the relationship between the
average overlap (g ) and the number of branches, for ob-
jects where the latter is fixed.

A. Numerical results

We have studied star-shaped aggregates with b-fold
symmetry, for b =2, 3, and 4, using the antenna method
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FIG. 10. Average overlap (g ) vs mass N for 2D star-shaped
aggregates of different symmetries: biaxial (+), threefold (O),
and fourfold (O). The results for isotropic aggregates are
shown for comparison (error bars). The dash-dotted line indi-
cates the analytical result of Sec. IV B for b =3.
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tropic 2D aggregates with b branches: (a) b =2, N =4000, 50
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reduction factor m =5). The dotted lines correspond to the
analytical results for the simplified model studied in Sec. IV B.

as described in Sec. II B above, and the noise reduction
trick for b =4. The first important difference with the
isotropic case is that the average overlap has a finite limit
for large clusters, which depends on the number b of
branches (Fig. 10) and on the noise-reduction parameter,
at least for the sizes studied. Moreover, the form of the
overlap function g (x) is strongly dependent on the sym-
metry, with a sharper cutoff for larger b, as seen from
Fig. 11, where the reduced variable z=(1—x)/{q) is
used to make comparison with the isotropic case easier.

It is apparent from Figs. 10 and 11 that when the num-
ber of branches increases the average overlap decreases
and comes closer to the value of {g) measured on our
largest isotropic clusters, but F(z) becomes less and less
similar to the isotropic function F;,(z)—so that there
exists no branch number for which the distribution P(q)
approximately fits the isotropic case. For b =2, F(z) and
Fi,(z) have some similarity, with a tail for relatively
large values of z, but the (g ) are very different. For
larger values of b, the anisotropic F(z) have a sharp
cutoff absent for isotropic DLA.

B. Analytical results on a simplified model

The difficulty of the DLA model comes from the dis-
placement of the particle-absorbing boundary when ac-
cretion takes place. In the presence of a fixed boundary
of simple shape, the diffusion problem may be solved in
two dimensions, using conformal transformations,”!® and
the spatial distribution of the growth probability obtained
explicitly. This provides a simplified model of growth if
one supposes that no branching occurs and that the clus-
ter shape remains unchanged, up to a scale factor. We
now show how to calculate g (x) in that model.

let us consider the growth of a star-shaped cluster with
b-fold symmetry, the branch length L being supposed to
be much larger than its width W. The probability p(A)
that a diffusing particle hits a branch at a distance d =AL
from the root is

}\b/2*1

_b A
pr)= T (1—A%)172 (19)

This expression is given, for instance, as Eq. (2.9) of Ref.
10, and is obtained by the simple conformal mapping

z—f(z2)=[(z8"?—z772) 12i]?"" , (20)

which maps the unit circle onto a star with b branches.
Since for the case of the unit circle the solution of the La-
place equation is just In(z), one obtains for the corre-
sponding solution V(z) of the Laplace equation in the
case of the b-branch star

Viz)=In[f  Y2)]
=(2/b)In[(1—2z")"2+zb72] | (1)

The growth probability is proportional to the normal
derivative of V(z), so by differentiating Eq. (21) one re-
covers Eq. (19), with A=|z|.

The distance overlap g, between two test particles is
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gs(A,B)=min(d ;,dg)/L =min(A ,,Az) (22)

if they hit the same branch (probability 1/b), and
q4(A4,B)=0 otherwise. The cumulated distributions of
distance overlaps x,(Q) is then given by the probability
that g; = Q:

_b—1 1 1 2
x( @@=+ 1= [ [ par ]| . 23)
Inserting Eq. (19) into (23), one obtains
2
. 4 T .
xd(Q)—l—-% 5 Tsin 1(Qb/z)‘ . (24)

To make contact with anisotropic DLA clusters and
with our original definition of the overlap g, which takes
into account the “time” of arrival, it is necessary to make
a few more physical assumptions. The first common
ancestor of two test particles that arrived on the same
branch at times ¢, and ¢ is close to the oldest particle,
ie.,

qAB=min(tA,tB)/N 5 (25)

in other words, their tips are thin and they do not contain
long filaments that make a small angle with the branch
axis; instead, their structure is more dendritelike.
Secondly the time of arrival ¢, of the kth particle is (on
average) directly related to its distance d, to the root
through

t/N=~(d, /L)*, (26)

with =3 in this simplified model.'® The time overlap

distribution is then given by
2/3

x(@)= 27" Putg g’ = x40 @7
and the average overlap to be compared to the simula-
tions is

(q)=['0*"P,(Q)dQ

0
1
=3[ 0" 11-x,Q)1dQ . 28)

For the triangular star, one can calculate explicitly this
integral

(g)=4(m—2)/(37%)=0.15422. .., b=3 (29)
as well as the one giving the mean square overlap
(g,)=(m*—4)/(6m*)=0.09912..., b=3

in close agreement with the numerical results for aniso-
tropic aggregates with threefold symmetry:
(q)=~0.153+0.001, {q,)=~0.097+0.001, for 100 sam-
ples of 4000 particles. For the cigar (b =2) and the cross
(b =4) one obtains, respectively,

_Jo.18119..., b=2
(g)= 0.13402..., b=4

to be compared with the numerically obtained values
(g )»=0.166%0.002 (50 biaxial aggregates of 4000 parti-
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FIG. 12. Analytical results of the overlap function in a
simplified model of anisotropic aggregation. The number of
branches varies from b =2 to b =6 (solid lines for even b,
dashed lines for odd b).

cles, sticking ratio a=7) and (g)=0.141£0.002 (50
fourfold symmetric aggregates of 1000 particles, with
noise reduction factor m =5).

When the number b of branches is very large one has

(g)y=~(g)=b '+0(b7?), b>>1 (30)

and it is legitimate to expect that for large isotropic clus-
ters (g) ! is a quantity that increases like an effective
number of branches.

We show g (x), as determined from Egs. (24) and (27),
versus (1—x)/{q), for b varying from 2 to 6, in Fig. 12.
The agreement with the numerical simulations displayed
in Figs. (11a)-(11c) is very good, showing that the ap-
proximations made in the simplified model are reason-
able.

V. CONCLUSION

In this paper we have tried to develop an analogy be-
tween the random shapes of DLA clusters and the ran-
dom structure of valleys in the phase space of spin
glasses. For DLA clusters we have shown that one can
define a function g (x) analogous to the order-parameter
function of mean-field spin glasses, and which seems to
remain non-self-averaging, even in the limit of infinite
clusters. One main difference, however, between DLA
and mean-field spin glasses is that as NV increases one has
to rescale 1—x by (g ) in order to obtain a scaling func-
tion g versus (1—x)/{q ). This rescaling is very reminis-
cent of a recent proposal by Parisi and Virasoro?® to gen-
eralize the definition of the broken symmetry of replicas
by allowing some rescaling.

The analogy discussed in this paper between a growth
model (here DLA) and the spin-glass problem has been
already noticed elsewhere: the problems of ballistic depo-
sition or Eden growth are known to be closely related to
the problem of directed polymers?"?? in a random medi-
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um, which exhibits, at least at the mean-field level,?
properties very similar to mean-field spin glasses [broad
distribution P(q), non-self-averaging effects]. So one can
wonder whether the analogy between growth models and
spin glasses is only qualitative or is much deeper, imply-
ing quantitative similarities, for example, in the fluctua-
tion laws of g (x).

From the point of view of DLA, our study of the func-
tion g (x) seems to distinguish between anisotropic and
isotropic clusters. A rough definition of the number of
branches as (g ) ! seems to indicate that the number of
branches increases as N increases. This in particular im-
plies that DLA clusters are more complicated than sim-
ple self-similar fractals. It would be interesting to under-
stand the N dependence of (g ) in a finite-dimensional
case and to know whether this exponent can be related to
the exponents D, of the multifractal structure of the
growth sites.?*
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APPENDIX: OVERLAPS FOR DLA
ON THE CAYLEY TREE

It has been shown previously!® that DLA clusters and
Eden clusters have exactly the same statistics on the Cay-
ley tree. This means that screening disappears complete-
ly on this particular lattice and that all boundary sites
have the same probability to be occupied by the diffusing
particle. This property and the fact that the number of
boundary sites is completely determined by the total
number of particles in the aggregate make the calculation
of different statistical properties possible. For example,
the mean giration radius and the mean density profile for
aggregates of IV particles have been computed in Ref. 18.
The Cayley-tree results represents the statistics of aggre-
gates of N particles grown on the Euclidean lattice of Eu-
clidean dimension d tending to infinity (d — ). Correc-
tions of order 1/d have been computed and discussed in
Ref. 25. It appears that the two limits d — o0 and N —
do not commute and that the Bethe-lattice computation
(d — o and then N — o) does not give a control of the
more interesting other limit (N -—c and then d-— ).
In spite of this problem, the Cayley-tree DLA is a model
that exhibits some of the properties of irreversible
growth. It is therefore of some interest to show that the
function P(q), as defined in Sec. A, can be computed in
this model.

Let us first recall some simple results obtained in Ref.
18. Since there is no screening on the Cayley tree, all
growth histories have equal probability. This is why the
statistics of DLA clusters is different from the statistics
of animals.?® Geometrically identical clusters are distinct
if they have a different growth history (i.e., if the particles
have not been added in the same order) and the weight of
a geometrical configuration is proportional to the number
of ways it can be grown.

Let us first compute the number gy of different growth

FIG. 13. A cluster of N =4 particles (solid circles) numbered
in their order of arrival, on a Cayley tree of ramification K =2.
Diffusing particles can stick on one of the five empty boundary
sites (open circles). This particular geometrical structure can be
obtained in three distinct ways, among the 24 possible histories
of four particles.

histories for clusters of N particles on a Cayley tree of
ramification K (Fig. 13). The number of empty boundary
sites for a cluster of j particles on this lattice is
1+j(K —1). A cluster of j +1 particles is created from a
cluster of j particles by adding a particle in one of its
empty boundary sites. Therefore the number gy of
different growth histories is simply

r

N—1
gv=II [1+j (K —D]=(K —1)¥
j=0

N +

(A1)

This is conveniently encoded in the generating function
g (x) [denoted by g(X) in Ref. 17]:

3 gv X"
N=o N!

g(X) :[1_(K—1)X]1/(]_K).

If

(A2)

It is also helpful to compute the number of growth his-
tories gy ¢ in which no particle is added on the empty
boundary sites that follow the site occupied by the sth
particle. This is easily obtained since nothing is changed
before the sth particle is added, and at stage j > S, among
(K —1) empty boundary sites K are not allowed to be
filled. The number of available boundary sites at this
stage is therefore (K —1)(j —1) and the number gy s of
histories obeying the constraint is

N—1
gns=8s Il (K—1)j—1)
j=s

(N —2)

— K — N-—-S
gs(K =7 259

This can again be encoded in a generating function
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< 8&W,S) N
X, 8= X

=g XS[1—(K —1)X]'75 . (A4)

Having recalled these simple results, we can now proceed
to the distribution of overlaps. In the test part a particle
pair is thrown. Each particle can land on any of the
1+ N (K —1) boundary sites with equal probability. So
for a particular aggregate each one of the
[1+N(K —1)]? ordered pairs of boundary sites can be
chosen with equal probability. For each pair, there is a
particle in the aggregate that is the last common ancestor
of the two boundary sites. If this particle is the Sth one
in the aggregate the overlap of the couple is defined by
g =S /N. The suitably normalized histogram of values of
g is the function P,(q) for the aggregate a. Let us denote
by C,(N,S) the number of couples that have the Sth par-
ticle as last common ancestor. Then

N
S C,(N,h)=[1+N(K —1]? (A5)
S=1

and
_ CN,S)
[1+N(K —1)]?

We are going to compute the mean value ( P(q)) of P,(q)
over all aggregates:

P,(q) where S =¢gN . (A6)

(P(@)=-LSP, (g
&N "4

_ 1
enl1+N(K —17]?

C(N,gN), (A7)

where we have defined the total number of couples (over

all aggregates) that have overlap S |

(N —S)
g"l g"K gm,S (m '—S)!nl! . nK!

i#j

S [1+m(K =D][1+n (K —=D]+ 38, o

C(N,S)=3 C,(N,S) . (A8)

This last quantity can now be computed by counting the
aggregates of N particles in a particular way. We first
group together the aggregates that have the same number
ny,...,ng of particles on the K branches following the
Sth particles. The number of such clusters is

(N —S)!

Eny " B T S G S 1 !

where m =N —(n,+ - +ng) (A9)

since after the addition of the Sth particle N —S particles
remain to be added. If n|, ..., ng particles are added on
the K branches following the Sth particle, m —S particles
remain to be added elsewhere. Therefore the aggregate
can be viewed as a cluster of m particles with no particle
following the Sth one, plus X clusters of n,, ..., ng par-
ticles rooted at the Sth particle. The combinatorial fac-
tor appears, since after time S, at each time step any of
the K +1 clusters (the main cluster and the K clusters
rooted at the particle) can grow.

For each such aggregate a particle pair has an overlap
s because of either of the following.

(i) The two particles fall on two different branches fol-
lowing the Sth particle and there are

i#j
such possibilities.
(ii) One of the branches following the Sth particle is
empty and the two particles fall on the corresponding
boundary site. There are obviously 2,-8,,'_,0 such possibili-

ties.

Therefore the contribution to C(N,.S) of these clusters is

(A10)

i

The total number of pairs is obtained by a summation over the different groups of aggregates that is over the {#;}. In-

troducing the generating function
e CV,S) un

C(X)= ——X", (A11)
N2=S (N —S)
one obtains, using (A 10),
C(X)=g(X,S)gX U X){K(K—1)[g(X)+(K —1)Xg'(X)]*+Kg (X))} (A12)
o yS -5 2K —1
=g X°[1—(K —1)X] K(K—1)[1—(K —1)X] 1—K +K | .
Therefore the total number of couples of overlap S is
riv+2K-1
K—1 (N —1)
C(N,S)=g (K —1)V"2 |[K(K—1) +K (A13)
2K —1 (S—1)
r|s+ X —1
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The function { P(q)) is obtained by normalizing C (N, S) using (A7) and (A1), and the ensuing formula is the main result
of this appendix:

1

K—1 l (N—1)
1 (S—1)

K—1

rs+

1 K
v+ 55

K
P=——K k-1
PO = TN k=T

+ (A14)

1 K
S‘+
K—1

S+ X —1

S=gN

The first term represents the contribution from pairs of particles falling on different boundary sites. The second one
comes from pairs of particles that fall on the same site, and its contribution is smaller by 1/K than the first term in the
large-K limit. We neglect it in the following for simplicity. The results are nonetheless exact for any K if during the
test part one keeps only the pairs of test particles that have fallen on different sites and modifies the normalizing con-

stant accordingly. So we replace formula (A 14) by

1 K
) vt | R
POV =ryvE ok - | K7V X
Ste—7 | [St %=1
_K [N(K —1)+K]
NIS(K—D+1I[S(K —1D+K] |—gn

The moments of { P(q)) can be easily computed. For in-
stance,

1 X N K IaN
= P|— ~—
{a) NS§1S< N > K—1 N
1 X S K 1
2y 1 2 2 V- =
ta NZS§1S<P Nb K-1N’
vl Jogifp| S\ K 1 1
=17 S§IS<P N > K—1i—-1N
The function X (g) is given by
%+(K—1)
X(@= 3 (P(S,N))=qK .
1<S<Ng 7V.+(K_1)q

For DLA in two and three dimensions, we have argued
that if 1—X (g) is normalized by a moment of P(g), one
obtains a well-defined nontrivial function in the limit
N — co. This is also true on the Cayley tree (except that
one should not take the first moment that has a logarith-
mically anomalous scaling behavior). For example,

1—X(q) _ (K—1)1—gq)
(g% K P
N+(K 1)q

and in the limit N — oo,

1—X(q)
(g?)

1
——1.
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