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Exact Solution of the Totally Asymmetric
Simple Exclusion Process: Shock Profiles
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The microscopic structure of macroscopic shocks in the one-dimensional, totally
asymmetric simple exclusion process is obtained exactly from the complete
solution of the stationary state of a model system containing two types
of particles—“first” and “second” class. This nonequilibrium steady state
factorizes about any second-class particle, which implies factorization in the
one-component system about the (random) shock position. It also exhibits
several other interesting features, including long-range correlations in the limit
of zero density of the second-class particles. The solution also shows that a
finite number of second-class particles in a uniform background of first-class
particles form a weakly bound state.

KEY WORDS: Asymmetric simple exclusion process; shock profiles; second-
class particles; Burgers equation.

1. INTRODUCTION

Much attention has focused recently on nonequilibrium model systems
consisting of particles on a lattice, evolving microscopically under conser-
vative dynamical rules, and described on the macroscopic level by a
continuous density field which satisfies some equations of hydrodynamic
type.'?) Of particular interest arec cases in which the macroscopic equa-
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tions produce shocks. Such models usually have microscopic transition
rates which do not satisfy any detailed balance condition; that is, the
dynamics is not reversible with respect to any measure. In this paper we
provide an analytic description of the shock structure of one such model,
the much studied one-dimensional, totally asymmetric simple exclusion
process, whose macroscopic behavior is described by the Burgers equation,
by obtaining an exact solution for a related model system. Before
explaining these models in detail we describe briefly their context within
nonequilibrium statistical mechanics.

For systems with dynamics not satisfying detailed balance, there is no
general formula of the Gibbs type for the steady states. As a result, we do
not in general have even qualitative information about the nature of these
states or their dependence on the parameters entering the dynamics.
Almost all of our information about such driven diffusive systems comes
from computer simulations or from some approximate calculations using
renormalization group ideas or field-theoretic methods.®) These indicate
the existence of generic long-range correlations in dimensions greater than
one,* even when the dynamics is short ranged. This situation is in strong
contrast to the behavior when the dynamics satisfies detailed balance; in
this case the steady states are essentially Gibbs states for some short-
ranged Hamiltonian and therefore have exponential decay of correlations
in the weak-coupling or high-temperature regime.

One of the simplest models of driven diffusive systems is the asym-
metric simple exclusion process,'® in which particles on the one-dimensional
lattice Z attempt at random times to jump to an adjacent site, choosing the
site to their right with some fixed probability p and that to their left with
probability 1— p, with the attempt succeeding if the target site is not
already occupied. Here the Bernoulli measure v,, in which each lattice site
is occupied independently with probability p (0<p <1), is a (translation-
invariant) stationary state for any value of p; in this state there is a current
J=(2p—1) p(1 —p). The dynamics satisfies detailed balance with respect
to v, if and only if p=1/2. (In fact, the model may be formulated in any
dimension and always has product measures as invariant states; in this
regard it is not typical of driven diffusive systems.)

For the asymmetric simple exclusion process the mass density u(x, ¢)
on the macroscopic level—which is an appropriately scaled continuum
limit of the particle density in the microscopic model-—is described”*) by
the inviscid Burgers equation

u,+2p—1)u[l—u])., =0 (1.1)

It is well known that solutions of this equation can exhibit shocks (for
p#1/2). In the simplest such situation the macroscopic density u(x, ¢)
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satisfies u(x, t)=u, for x>xy(t) and u(x, t)=u_ for x < x,(¢), where
u, >u_ (when p>1/2) and the shock position x,(¢) moves with the
constant velocity (2p — 1)(1 —u, —u_).

An important question to ask of any model which produces shocks is
whether the sharpness of the density transition persists on the microscopic
scale. In the asymmetric simple exclusion process this problem has been
extensively studied both theoretically and numerically."*'? In either case
one must first locate the shock——that is, define precisely its position—on
the microscopic level. This may be done by introducing into the system a
special second-class particle,""” which evolves by a modified dynamical rule
chosen to keep the second-class particle near the shock; the position of
this particle may then conveniently be taken as the definition of the
(microscopic) shock location.

With this definition of shock location it has been established‘'*’ (see
also refs. 11, 13, and 14 for related results) that the shock remains sharp
on the microscopic level—i.e., that the (ensemble-averaged) particle density
as viewed from the second-class particle has a time-invariant distribution
which approaches the densities p, =u, at +co. Computer studies of this
shock profile in the case p=1 are described in ref. 16 (see also ref. 17).
These indicate that in general the density approaches its asymptotic value
exponentially fast. In the limiting case p, =p_ =p, however, when the
invariant measure on the original particles (now called first-class particles)
is Bernoulli and the density in a fixed frame is thus constant and equal to
p, the choice to view the system from the second-class particle produces a
“shock” profile for which the approach to p is governed by a power law.

In this paper (see also ref. 18) we study these questions for the totally
asymmetric model (TASEP) in which all jumps are to the right, that is, in
which p =1; for this system we derive exact formulas for the shock density
profiles discussed above. (In the conclusion we comment on extensions
to more general models.) Our method is to study a model containing
arbitrary numbers of first- and second-class particles,'*) which we call the
two-species TASEP. In particular, we first obtain an explicit expression for
the invariant measure of the two-species TASEP on a ring of N sites. This
solution, which is based on an earlier exact solution''®’ (see also ref. 20)
derived for a finite system with open boundaries and only first-class
particles, expresses the probability of any configuration as the trace of
a product of matrices or operators.

From this solution on the ring we then study shock profiles and other
phenomena by taking the infinite-volume limit N — co in various ensem-
bles. We consider three main cases. The shock profile between distinct den-
sities p . and p_ is studied—via an artifice**—through the infinite-volume
limit of systems with fixed, nonzero densities of both first- and second-class
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particles. On the other hand, the “shock” profile for the constant-density
case is obtained from the infinite-volume limit of systems containing one
second-class particle and a fixed density p of first-class particles. Finally, we
study also a pair of second-class particles in the presence of a finite density
of first-class particles, and find that they form a bound state.

In the next section we describe more explicitly the two-species TASEP
and the method we use to obtain shock profiles on the infinite line from the
exact solution of the model on the ring. We derive there a simple symmetry
property of the shock profiles and discuss as well several general properties
of the invariant measures. We also describe the organization of the remain-
der of the paper, where the exact solution is obtained and its consequences
in the infinite-volume limit are explored.

2. DESCRIPTION OF THE MODEL AND
SUMMARY OF RESULTS

We begin by describing the two-species TASEP on a ring of N lattice
sites, with K, first-class particles, K, second-class particles, and K,=
N—K,— K, empty sites. No two particles are allowed to occupy the same
site, so that we may specify a configuration of the system by an N-tuple
(1, Tays Tn), Where t,=1 if there is a first-class particie at site 7, 7,=2 if
there is a second-class particle at site i, and 7,=0 if site 7 is empty. We treat
the site index as cyclic, so that 75 ,=71,.

The system evolves under a stochastic dynamical rule. During a time
interval dz each adjacent pair of sites in the system-—say sites i and i+ 1—
has probability dr of being selected for a possible exchange of their current
states. The exchange takes place if (a) site i is occupied by a first-class
particle and site i+ 1 is either occupied by a second-class particle or is
empty, or (b) site i is occupied by a second-class particle and site i+ 1 is
empty; that is, the possible transitions are

10-01, 1221, and 2002 (2.1)

Note that the number of particles of each type is conserved. It is easy to
see that any configuration can evolve into any other, so that the system is
ergodic and there is a unique stationary probability measure.

In Section 3 we derive an explicit expression for the probability of any
configuration in this invariant measure; the remainder of the paper
explores the implications of this representation for the behavior of the
system in the infinite-volume limit. Although it is possible to carry out the
analysis using the canonical ensembles introduced above, it simplifies
the computations to introduce superpositions of these—that is, grand
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canonical ensembles—in which the populations of particles can fluctuate,
adjusting the fugacities of the first- and second-class particles and of the
holes to produce some fixed densities of the various species.

In Section 4 we consider a system which contains a single second-class
particle and a fixed density p of first-class particles: Ky =1, (K;)/N=p;
the quantity which has a nontrivial infinite-volume limit is the density of
first-class particles as seen from the second-class particle. In this relative
frame the location of the second-class particle is taken to be i=0 and we
let d; denote the average density of first-class particles at sites i#0. The
average drift velocity of the second-class particle in a fixed frame is 1 — 2p,
as we show at the end of this section (see also ref. 15). Because this drift
velocity decreases with p, the effect of density fluctuations is that the
second-class particle is attracted toward regions in which the local density
has a positive gradient. Thus the density profile has d;>p for i>0 and
d;<p for i<0. We find that d, converges monotonically to p as |i
increases and, as indicated in the introduction, |d,—p|=~C |i|~* for
i} > 1.

We could, of course, take a infinite-volume limit with any constant
number of second-class particles. In Section 5 we consider the case K, =2,
(K, )/N = p. Somewhat surprisingly, the two second-class particles form a
bound state, with a power-law decay r~¥? of the probability of finding
them a distance r apart; the distance between them thus has infinite
expectation.

A time-invariant state in the ring geometry cannot support two
regions of distinct densities of first-class particles. It is possible, however, to
compute the density profile in the infinite system for the shock between
asymptotic densities p, and p_ (with p, >p_) by taking the infinite-
volume limit from the ring geometry at fixed densities p, = p _ of first-class
particles and p,=p_, —p_ of second-class particles. Again we suppose that
we look at the system relative to one second-class particle, located at the
origin; let us denote by 9; the average density of first-class particles at site
i, for i< 0, and the average density of all particles—both first and second
class—at site i, for i>0. Because the second-class particles ahead of the
distinguished one behave toward it as if they were first-class particles, it is
easy to see that J, is exactly the profile we seek. (This is a special case of
a method of ref. 14 for identifying a shock profile in a system of first-class
particles from the knowledge of a stationary measure for a system with
uniform densities of first- and second-class particles, viewed from a
second-class particle. The general method works for any asymmetry in the
ASEP—that is, for any value of p, not just p = 1.) The calculations for this
situation are carried out in Section 6, and the shock profile is discussed in
Section 7. We find that d, converges exponentially to p, as |i| > +oo0 and
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that the characteristic length of this decay diverges as (p, —p_)~* when
(ps—p-) 0

There are several simple general properties of the invariant states
of the two-species model. One of these, derived immediately below, is a
symmetry property—symmetry around a second-class particle, in the
two-component system, or symmetry of the shock, in the one-component
system:

d0_i+é;=p_+p, (2.2)

Another, derived at the end of Section 3 as a simple consequence of our
representation of the invariant measure, is that in the infinite system a
second-class particle has the effect of decoupling the regions on each side
of it; thus if we condition (as in the discussions above) on the presence of
such a particle at the origin and let f(r) and g(r) be functions which
depend only on the occupation variables 7, for i <0 and i > 0, respectively,
then

(Sglto=2>=Lfl19=25<gl10=2> (23)

{A similar independence holds for finite systems in the grand canonical
ensemble for expectations conditioned on the presence of at least two
second-class particles at specified sites.) A third property depends for its
derivation on the somewhat elaborate computations from the explicit for-
mula for the invariant measure which will be given later (see Sections 6 and
7): if we again condition on the presence of a second-class particle at the
origin in the infinite system with densities p, and p,>0 of first- and
second-class particles, then the distributions of first-class particles to the
right of the origin and of holes to the left of the origin are Bernoulli, with
densities p, and { — p, — p,, respectively.

The derivation of the symmetry (2.2) is based on the fact'® that the
invariant measure for the TASEP at density p with only first-class particles
is Bernoulli. Let us introduce new occupation variables ¢; and {, taking
values 0 and 1, where &, =1 (respectively {,=1) if and only if there is a
first-class (respectively second-class) particle at site i. Now the second-class
particles appear to the first-class particles to be indistinguishable from
holes; thus the first-class particles considered separately have a Bernoulli
distribution at density p,. On the other hand, we may ignore the distinc-
tion between the two types of particle as well as interchanges (12—-21)
between them; these new particles themselves form a TASEP system which
will have an invariant measure which is Bernoulli with density p; + p,.
Thus for all j #k,

Gy =p1 and  (GHOEAHL)>=(pi+p)* (24)
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If we write

LG+ LN +8k) > = LE8e > + (&L + LG+ 8e)>
then (2.4) implies that

py &L +py G+ L)>=2p1+pa (2.5)

Since p, '(¢,,> is the probability of a first-class particle at site j,
conditioned on there being a second-class particle at site %, and
p5 K&+ Lk)) is the probability of a first- or second-class particle at site
k, conditioned on there being a second-class particle at site j, for j <k this
is just (2.2) with i=k —j.

The fact that we can view the two-species TASEP as a one-species
TASEP in two different ways also yields a simple argument that in a
uniform one-component TASEP at density p the velocity of a single
second-class particle is 1 —2p. For, if a small density dp of second-class
particles is added to such a system, then the new system may be regarded
as a one-component TASEP at density p + dp and hence the current must
increase from p(1 - p) to (p+dp)(1 — p —dp). On the other hand, since the
first-class particles alone form a TASEP, they still contribute a current
p(1 —p), and the additional current due to the second-class particles is
(1—2p) dp.

3. THE STATIONARY MEASURE

Our goal in this section is to derive an explicit formula for the
- probabilities of all configurations, in the stationary measure, for a system
of K, first-class and K, second-class particles on a ring of N sites. In an
earlier study"” of a system with open boundaries and with only first-class
particles such formulas were given in terms of certain matrix products.
Here we extend this method to the case of periodic boundary conditions
for a system with an arbitrary number of second-class particles.

If the system contains no second-class particles, then the stationary
measure is well known: all configurations are equally likely. For the rest of
the section we will therefore assume that the system contains at least one
second-class particle. We will show that the stationary measure may be
constructed with the aid of two matrices or operators D and E which
satisfy %)

DE=D+E (3.1)
If we define
A=DE—ED (3.2)
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then it follows from (3.1) that A4 is a projection (4?= A) and satisfies
DA=A and AE=A (3.3)

We suppose also that trace 4 < oo. (An example of such matrices will be
given below.) Then we claim that for fixed K= (K, K, K,) the probability
in the stationary measure of the configuration 7 is given, up to an overall
normalizing factor dependent on K, by the weight w(t) which is defined
by

Wi(T e Ty) =trace[ X -+ X py] (3.4)

where X;=E if 1,=0, X;=D if 1;=1, and X, =4 if 1,=2. Note that the
invariance of the system under rotation of the ring of sites, that is, under
cyclic permutation of the 7,, is preserved by the corresponding invariance
of the trace.

We next write down the stationarity conditions on the measure which
follow from the dynamics described in Section 2. In doing so we will use
the following standard notation: if T =(1,,..., T5) is a system configuration,
then t7 denotes the configuration obtained from t by interchanging t, and
7;. Now consider the possible change in the probability of a specific con-
figuration t during some time interval dz. For each pair of indices 7, i+ 1
with 7;7,,, of the form 10, 12, or 20 there is a probability dr that the
states of these sites will be interchanged during the time interval; on the
other hand, for each such pair i, i+ 1 with t,7,,, of the form 01, 21, or
0 2 there is a probability dt that an exchange will occur in the configuration
t%*+1 leading to the configuration 7. Thus the condition for stationarity of
the measure with weights w is that for all 1,

wi(t)= ) we(th ) (35)
{ilttip1=10,12,0r20} {ijtiti+1=01,21,0r02}

We now verify that (3.4) provides the weights of a stationary measure,
that is, according to (3.5), that for all t,

Y trace[ X, - X, X;, (- X ]

{iltitig1=10,12,0r20}

= Y trace[ X, - X, 1 X;--- Xx] (3.6)

{iltiti41=01,21,0r02}
Let us write X, --- X, possibly after a cyclic permutation which will not
affect the trace, in terms of blocks of consecutive identical matrices:
XI...XN: YIII... YI’;’"

where each Y;is D, 4, or E, and Y;#Y,,,, Y,,# Y. Now in each term
on the left-hand side of (3.6) we use the algebraic relations (3.1) and (3.3)
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to replace the product X,X;,, by a sum of two operators or a single
operator—that is, DE is replaced by D + E, while DA and AE are replaced
by A. The net effect of these replacements is that each boundary DE, DA,
or AE between blocks in the product gives rise to one or two terms:

.-DE--. > trace[---DE.--] + trace[---DE .- .]
--DA-- >trace[---DA -] (3.7)

where the caret denotes an omitted factor. Since each D block is followed
by an E or an 4, and each E block is preceded by a D or an 4, each D
block (respectively E block) gives rise to a term in which the rightmost
(respectively leftmost) factor in the block has disappeared; notice that in
the case of a DE boundary we get a term for each block. Thus we find

> trace[ X, - - X, X; ;- Xw]
{iltitiz1=10,12,0r20}
= Y  trace[Yh... YNl Yk (338)
{/1¥;=D,E}

Similarly, each block boundary X, X, ., of the form ED, AD, or EA con-
tributes a term to the right-hand side of (3.6) in which X, X;, , has become
X, X;; if we make the same replacements as above for the latter product,

?

then the net effect on block boundaries is
-ED-.. > .--DE--. > trace[---ED ---] +trace[---ED -]
- AD -+ > ---DA ... >trace[---AD---] (3.9)
- EA--- > - AE--- > trace[-- - EA---]

Now the D blocks lose their leftmost and the E blocks their rightmost
factors, and we find that

Y trace[ X, - X, X;-- Xy]
{iltiti21=01,21,0002}
= ¥ tace[Y{ o YpTloovi] (3.10)
{/1¥j=D,E}

Comparison of (3.8) and (3.10) verifies (3.6).

We turn finally to the question of existence of matrices D and E
satisfying (3.1). If we write D=1+ d and E=1+ e, then the algebra (3.1)
satisfied by D and E reduces to de =1, so that if D and E are finite dimen-
sional, then d=e~!, D and E commute, and 4 =0. This trivial solution
may in fact be regarded as giving the correct weights for the system with
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no second-class particles. To treat second-class particles, however, we must
take D and E to be infinite dimensional; a simple solution'” of de = I with
noncommuting d, e takes e to be the right shift operator on semi-infinite
vectors and d to be its adjoint, leading to

1100 100 0
0110 1100

p=lo0o o0 11 ., E=|lo0 110 (3.11)
00 0 1 00 1 1

A is then the projection on the first component of the vector and has
trace 1:

A={1X{1]= (3.12)

O O O =
[ e B v B e
.OOOO
.OOOO

where <1|=1[1,0,0,..]. Of course, our results are independent of any
explicit representation of the matrices, depending only on (3.1), (3.2), and
the fact that 4 has finite trace. For notational convenience in the balance
of the paper, however, we will assume that A4 is a one-dimensional
projector and write 4 =|1><{1| as in (3.12). We will also use the specific
representation (3.11), (3.12) in the Appendix.

There is, however, one important property of the stationary state
which is easy to see in this representation. Let us consider configurations
(ty,--, Tn) which have second-class particles at two specified sites, say j and
N. Then the weights of such configurations factorize:

Wi Ty Ty) = 1] XXy 1151 D, SFRTED. GV} 1> (3.13)

when 7;=1,=2. In later sections we will consider the infinite-volume limit
of these systems, conditioning on the presence of a second-class particle at
site N, or equivalently at the origin in the limit. Because of the factorization
(3.13), there is in the limit independence between the portions of the system
to the left and right of the origin, as expressed by (2.3).

In the remainder of the paper we will consider several different infinite-
volume limits of the system described here, in which we either fix a finite
number of second-class particles or consider a finite density of second-class
particles. In each case we will concentrate on calculating the limiting values
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of the particle density profiles; however, it is easy to extend the computa-
tions to show that the (weak) limit of the measure defined here—that is,
the limit.of all correlation functions—exists in each case.

4. THE PROFILE SEEN FROM A SINGLE
SECOND-CLASS PARTICLE

In this section we consider systems which contain a single second-class
particle, and ultimately derive an exact expression for the stationary
density profile of first-class particles, seen from the second-class particle, in
an infinite system in which the first-class particles have average density p.
In the process we also find formulas for this profile in the canonical and
grand canonical ensembles for finite systems.

We begin by considering a system of N sites, with a single second-class
particle (K, =1) and K, = K first-class particles. Since the cyclic symmetry
of the model implies that the weights of configurations in the steady state
depend only on the positions of the first-class particles relative to the
second-class particle, we may choose a frame in which the second-class par-
ticle is always at position N. Equation (3.4), with the notation 4 = |1 )>{1],
then becomes

N-—1

W (Tp, Tomn Ty 1, 2) = (1] H X (15 (4.1)
i=1
where X, =D if t;=1 and X,=E if 1,=0. From this one can in principle
calculate the conditional density {z,|ty=2)x at any site i# N in the
system—that is, the probability that site i is occupied—by

Zconﬂgurations WK(TI s Togeres Ty 15 2) T;
(tilty=2k= (4.2)
2conﬁgurations Wk (Tl s Toses TN 15 2)

where the sums run over all the configurations with K first-class particles
and K,=N—1—-K empty sites.

The quantities (t;}ty=2), can in fact be computed from (4.2) (see
Remark 4.1 at the end of this section), but the constraint of a fixed number
of first-class particles makes the calculation rather complicated. It is more
convenient to work in the grand canonical ensemble, in which the number
of first-class particles can fluctuate. For this purpose we introduce two
parameters which play the role of fugacities: x for first-class particles and
z for empty sites. (It would be sufficient to introduce only one of these,
since the total number of available sites is fixed at N— 1, but the use of
both makes the symmetry between first-class particles and holes more
apparent).
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In the grand canonical ensemble the unnormalized weight
Wp(Tys Tap Ta -1, 2) of the configuration (ty,.., Ty_,,2) with K first-
class and K,=N— K, — 1 holes is given by

WN(TU Toyes TN 15 2) zxKIZKOWK(TIa Tases Ty —15 2)

N—1

=) [T [eDe+zE(1=1)] [1)  (43)

i=1

The density d;(N) at site i # N is then

:Zt WN(Tlﬁ Tases TN 15 2) T;
2 Wty Tapes Ty 15 2)

where the sums, no longer restricted to fixed K, and K, run over 7;=0, 1
for j=1,.., N— 1. Introducing

d,(N)

(4.4)

C=xD+:zE (4.5)
we see that these densities are easily expressed in terms of the matrix C:

<1| CileCN—ifl “>
¥ty

d/(N)=x (4.6)

From (3.2) and (3.3) it follows that D{l)=|1), (1| E=l}|, and
DC—-CD=z|15{1], so that

IS IRl
dy(N)=1 TGRS (4.7)
et aget
d(N)=d;s (N) = xz AT (48)
and
et
dN*l(N)—x<1[CN¥ll1> (49)

Thus the computation of the 4;{N) is reduced to the evaluation of the
matrix elements (1| C"|1). These are calculated in the Appendix, both
exactly [see (A.5)],

" _ n pnp 1 n+t\/n
e |1>_,,§oxz p+1( P ><p> (410)
and in the large-n limit [see (A.6)],
1 C"11>:————~(\/}+\/})2n+3 (4.11)
‘ 2 \/7—t n¥(xz)3*

Note that these results are symmetric in x and z.



Asymmetric Simple Exclusion Process 825

As always in the grand canonical ensemble approach, one must choose
the values of the fugacities x and z in order to fix the density of the
first-class particles to be p. It follows from (4.3) and (4.6) that the average
number {K,;) of first-class particles in a system of N sites (including the
second-class particle, i.e., with N-—1 sites available for the first-class
particles) is

<K1>=x—d—log<1|CN‘1J1> (4.12)
dx

Then for large N, from (4.11),

<K1>:N7x—% (4.13)

so that, in the infinite-volume limit, a density p of first-class particles in the
system is obtained when x and z satisfy

7}%:;) (4.14)

Note that x and z are determined only up to an overall factor. Note
also that the fluctuations in the density go to zero in this limit: from
(K%Y — <K >*=x(d/dx){K,)» we have that for large N,

2 2\ 1/2
&)%) =5 1
N N JN
so that the results of the canonical and grand canonical ensembles agree in
the large-N limit.
We now turn to the evaluation of the infinite-volume limit of
the profile. Let us define, for all i>0, d,=lim,_, . d;(N) and d_;=

Hmy_, o dy_,(N). We may use the asymptotic formula (4.11) for
{1} C" |1 to evaluate the N — oo limits of (4.9) and (4.8):

X 2

NENC

and for all i>0, from the exact expression (4.10) for the matrix elements
of C,

d_ = (4.16)

d_; | —d_;=xz{1] ci—! ll)(\/}+\/§)-2i—z

S AV .
_ 1— 2i—=2p ,2p+2 417
Eopﬂ(p)( p >( P g (17
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These formulas determine the profile to the left of the second-class particle
in the infinite-volume limit: for i >0,

izl o1 /a\/n—1
=t 3T () e s
El ol +1\p/\ p

Similarly, the N — oo limits of (4.7) and (4.8) determine the profile to the
right of the second-class particle:

=2p— p? (4.19)

z
and for i >0,

di—dpy = xz{1| C 11X +/2) ¥ 2=d_,_ —d_, (420)
Then

i—-1 n—1 _1
di=2p—p'~ ) Y — < >(np >(1—p)2”2ppz’”2 (4.21)

=1 p— oP+1

For example, considering (4.18) and (4.21) for i=2 and 3 yields

d ,=2p*—2p%+p*, d_y=3p>—6p° +9p*—~6p° +2p°  (422)
d,=2p—2p*+2p>—p*, dy=2p—3p*+6p>—9p*+6p°>—2p°
(4.23)
and so on.

With the aid of the formula [see (A.9)]

°° . . 1
-1 —2i+2 _ 24
i§1< | | >(\/;+\/;) ) p(1—p) (424)
we see that
lim d_,=d_,+xz Z QI C I x+/2) 7 2=p  (425)

This is of course expected, since at large distance we should recover the
uniform density p. Similarly, lim,_ . d;=p. We may also calculate the
approach.to this limiting density:

Xz 1 p(1—p)1"* 1
d,  —d_,~ _z[ p)] S (426)

2/l /x+/2)xe) L an
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for large 7, which implies that

p—d_,g[ﬁ%:p.)]”z L (4.27)

l’l/Z

We see that the profile decays as the square root of the distance; the mean
field theory'®) predicts an exponent 1.

Note that from (4.18) and (4.21) we recover that fact that
d;+d_;=2p for all i, as already known from (2.2).

Remark 4.1. The results obtained within the grand canonical
ensemble can be recovered from a direct calculation in the canonical
ensemble with K first-class particles, that is, from (4.2). For this purpose we
consider the denominator Z,(K) of (4.2):

Zy(K)= Z Wi(Tis Tages Ty 15 2) (4.28)

configurations

where the sum is restricted to the configurations with one second-class
particle on site N and K first-class particles distributed on the remaining
N — 1 sites. If we multiply Z, (K) by x*z¥~!~ % and sum over K, we obtain
['see (4.3)] the grand canonical partition function:

N-—-1
Y xF N RZ(K) =<1 eV (4.29)
K=0
If we now compare the coefficients of x and z in (4.10) and (4.29), we see
that
1 NY/N-1
Zy(K)=—— 4.30
w(K) K+1<K><K> (4.30)

We can then make use of the commutation relations and some algebra to
find formulas for the average occupations in this ensemble. For example,

Zy_(K—1) K(K+1)

{Tvo1)k= Z. B NO-1) (4.31)
_Zy (K- 1)+ Zy (K—1)

(Ty_2)k= Z v (K)
CKK+1) KK+ D(N=KN—-K-1)
SNN-1) T NN—12(N=2) (4.32)

and so on. In the limit K, N - oo, with K/N — p, we find that {ty_ >«
converges to d_,; for example, (4.31) and (4.32) recover (4.16) and (4.22).
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5. THE BOUND STATE BETWEEN TWO
SECOND-CLASS PARTICLES

In this section we consider the case of two second-class particles in a
system of first-class particles at density p. We will show that in the infinite-
volume limit the two second-class particles form a bound state, and that
the probability of finding them a distance r apart has power-law behavior,
decaying as r~*? for large r.

From our formula (3.4) for the weights w, as traces we know that in
the canonical ensemble, with two second-class particies and a fixed number
K=K, of first-class particles, the weight for the configuration with the
second-class particles r units apart [with 1 <r<(N—1)/2]—say at posi-
tions N and r—is easily computable if we specify the occupation variables
for the other sites to be 7,=0, 1. This weight (if we take N odd to simplify
counting) is given by

—1 ’ N—1

Wi Tre15 2 T e Ty )= AL TT XGIKHE T XGi1) (51

=1 i=r+1

where X;=D if t;,=1 and X;=E if t;,=0. As in the previous section, it is
convenient to introduce the grand canonical ensemble with fugacities x for
first-class particles and z for holes. Then from (5.1) the probability p, ()
of finding the two second-class particles a distance r apart is

pa(r) =1 C7HIK CY L)

(N—1)/2 —1
X[ ) <1|CS"111><11CN5"|1>] (52)
s=1

where C=xD + zE as above. In the infinite-volume limit we must again
choose x and z to satisfy (4.14) to ensurc that the density of first-class
particles is p; then the probability p(r) =limy_, , px(r) that the particles
are a distance r apart is

pw(r)=<1|cr~‘|1>(ﬁ+ﬁ)2('*’[2 <1|c3|1>(ﬁ+ﬁ)25]
(5.3)
r—! 1 r\/r—1
= (1 — ‘2P 1— 2r—2p—2 __ " 54
p1=9) T P01 =p) p+1(p>( ; ) (5:4)

For small r we may use (5.4) to find p(r) explicitly; for example,

Po(1)=p(1—p) and p.(2)=p(1—p)[p>+ (1 - p)’]. For large r we may
either estimate p . (r) directly from (5.4) or use (5.3) together with the
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asymptotic results (4.24) and (4.11) for the matrix elements of C; in either
case, we find

1 1

7<) Spli =)

(5.5)
Thus the two second-class particles form a rather unusual bound state: the
decay of p..(r) is a power law and the average distance between the two
second-class particles is infinite.

It is easy to extend this analysis to a finite system with any fixed
number m of second-class particles. We find that in the limit N - oo the
m particles form a bound state in which the probability for relative
distances r; between the ith and the (i+ 1)th particles is T1"5" p..(r.).
This factorization is an example of the decoupling of the system across
second-class particles discussed at the end of Section 3.

Remark 5.1. All these results can be easily recovered with the
canonical ensemble. Here

r—1
pN(r): Z Zr(k) ZNfr(K_k)
k=0

(N—1)2 s—1 i
X[ IS Zs(q)ZN;s(K~q)] (5.6)
s=1 g=0

where Z, (k) is given by (4.30). Now one can show that if N, K — oo with
K/N — p (and r and k are fixed),

Zy_ (K—k)/ZNy(K)~p*(1—p)*r—H)

so that (5.6) becomes

-1

po(r)=Y Z, (k) p*(1 —p)2r—*-D
k=0

w s—1 —1
X[ )N Zs(q)pz"(l—p)z"“"“’} (5.7)
s=1 ¢g=0
The denominator in (5.7} is, from (4.29) and (4.24),
Y O I 2) = (58)
NZ0 p(1—p)

and therefore with (4.30) one recovers (5.4). We note that the argument in
fact gives additional information: the probability that the two second-class

822/73/5-6-2
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particles are a distance r apart with exactly k first-class particles between
them. In the infinite system this probability is

1 r\/r—1
1 p)2r—2k—1 2%k+1_ o N2r—2k—1 2%+ 1 )
Z,(k)1-p) p k+1(k>( i )(1 p) p (5.9)

6. A POSITIVE DENSITY OF SECOND-CLASS PARTICLES

In this section we study the infinite-volume limit in the case in which
the first- and second-class particles have positive densities p, and p,,
respectively. We begin with a finite system—a ring of N sites—and since we
want to calculate the particle densities as seen from a second-class particle,
we choose the frame in which site N is occupied by such a particle. One
approach is to work in the canonical ensemble, with K| first-class and K,
second-class particles, and then take the limit N, K, K,— co with
K,/N - p, and K,/N — p,. As in the previous sections, however, it is more
convenient to work in the grand canonical ensemble for the sites
L, N—1

We therefore introduce three fugacities (two would be sufficient), x for
the first-class particles, y for the second-class particles, and z for the holes,
and define a matrix G as the obvious generalization of the matrix C
introduced previously:

G=xD+ yA+:zE (6.1)

Then the densities d,(N), a;(N), and e;(N) of first-class particles, second-
class particles, and holes, respectively, are given by

Q| GTIDGY L

dz(N)=x <1'GN_1|1> (62)
_ A GTAGY 1|1
a;(N)=y <1|GN71|1> (6.3)
and
ey(V) =z G EGT I (64)

ALY

In the Appendix we give a recursion relation (A.12) and from that an
explicit formula [see (A.14)] for the matrix elements (1] G"{1); to com-
plete the determination of the densities, we will express the numerators in
(6.2)-(6.4) in terms of the known quantities (1| G" |1} and (1| C" |1 }.
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First, it is simple to obtain the explicit form for the density of second-
class particles: since 4 =|1><1]|, we have from (6.3) that
AJG I GM L)

ALGYH|L)

a(N)=y (6.5)

To treat the density d;(N) of first-class particles we first note that,
from (6.2) and the fact that D |1> =|1) [see (3.3)],

aje 2t

SRR RN

(6.6)

Next we note a simple consequence of the matrix algebra (3.1)-(3.3):
x(DG — GD) = xy(DA — AD) + xz(DE — ED)
=(xy+xz)A—xyAD=(x+ y)(z+ y}A— yAG (6.7)
Clearly (6.2) and (6.7) imply that for i> 1,
d;(N)—d,, (N)= (6.8)

4PN G GY 2 [ =y G AT GY L
<1| GN—I Il>

which can be rewritten using the recursion (A.12) as

AJG KA CN 2 1)

(N)—d, = 6.9
d(N)~d;, (V) AT (69)
The formulas (6.6) and (6.9) determine all the &,(N).
The determination of the e,{N) is similar. First,
A6V 215
N=z~—"—~ 6.10
el( ) Z<1|GNk1|1> ( )

Then, from
2(EG — GE)=zx(ED — DE)+ zy(EA — AE)
= —(zx+zy)A+zyEA= —(x+ y)(z+ y)A+ yGA  (6.11)
and (A.12) we find

APC A6 Ly

ei(N)—ei+l(N):_XZ <]|GN-1|1>

(6.12)

Equations (6.10) and (6.12) determine all the e,(N).
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We now consider the infinite-volume limit of these densities. The
large-n behavior of (1| G"|1) for y*> xz is determined in (A.16):

<1 G"|1>:<1—f§>[(—y—+—xﬁi-z—)}n (6.13)
y y

From this we may determine the values of x, y, and z which in the large-N
limit give densities p, of first-class particles, p, of second-class particles,
and 1 - p, — p, of holes:

x d X

= lim 2% Ny = .

P Ngandxlog<1|G I y+x (6.14)
.oy d N ¥ —xz

= lim =—1 eV dH>=—"r— 6.15
P2 NLooNdy og(1| I (y+x)(y+2) ( )
1— lim 24 10e(1| GY |1y =—2 (6.16)

Pr1—=pP2= ! Nz g ytz -

It is clear from (6.15) that the assumption y*>> xz leads to a consistent
determination of x, y, and z, unique up to an overall factor; for y N (xz)Y?
WE TeCOVer p, = \/;/(\/;-{—\/;) as in the case (4.14) with a finite number
of second-class particles. (For y* < xz a calculation similar to that yielding
(A.16) shows that (1| G" |1> ~[1— p/(xz)"*]72{1| C"|1), so that the
number of second-class particles in the infinite system is finite and diverges
when y ~ (xz)'?).

We can now compute the infinite-volume limit of the densities d4,(N),
a;(N), and e;(N) at site i relative to the second-ciass particle; as in
Section 3, we define d;,=Ilim, _, . d;(N) and d_,=lim,_, ., dy_;(N), for
i> 0, with similar definitions for a,; and e, ;. We begin with a discussion of
the situation to the left of the origin. From (6.6), (6.13), and (6.14)-(6.15),

v
(y+x)(y+2z)

while the difference equation (6.9) yields

d_,= =pi(p1+p2) (6.17)

¥ n+1 -
domdoat Z <y+x)(y+2)> caremib
=P1(P1+P2)
izttt 1 e\/n—1
+,§1 ,,,op_ﬁ(px P )

x[pilpy+p) 17 [ —p A —pi—pr)]" 7 (6.18)
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where we have used the asymptotic behavior (4.10) of {1} C*[1) in the
last step. Moreover, because the condition y?> xz guarantees that the
asymptotic growth of (1| C" |1} is slower than that of (1] G" |1} [com-
pare (6.13) and (4.11)], the difference equation (6.12) for the e, implies that
e ;=e_;,=e_; for all i>0. This constant density is easily determined
frome_;=1—a_,—d_,; since (6.5) and (6.13) imply that

a_ =y /(y+x)y+z)=p,+p(1=p—p)
using the value (6.17) for d_, yields
e_ij=e =l—a_,—d_,=1-p,—p, (6.19)
Finally, the density of second-class particles is determined simply from the

above expressions for d_; and e_;:
a_j=l—e_;j~d_;=p +p,—d_; (6.20)

We obtain in a very similar way expressions for the densities to the
right of the second-class particle. From (6.10),

er=(1—p)1—p,—p3) (6.21)
and then from the difference equation (6.12), for all i>0,

e,=(1—p))1—pi—p,)
i—1 n—1 1 n n_l
+n§1 EOFH(p)( p )
x[pi(pi+p2)1 LA —p )1 —p,—p)]" 77 (6.22)

Finally, for all i> 0, from (6.9) (which implies d;=d,, ), (6.21), and the
fact that a, = p,+p(1 —p; —p>),

di=pi (6.23)

and
a,=1—d—e,=1—p,—e, (6.24)

In the remainder of this section we make several comments on these
results; in the next we discuss their relation to shock profiles in a system
consisting only of first-class particles.

Notice from these formulas that for the measure in the infinite-volume
limit, conditioned on the presence of a second-class particle at the origin,
the density e ; of holes to the left of the origin and the density 4, of first
class particles to the right of the origin (where i>0 in each case) are
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constant. It is easy to extend these results and show that, under this condi-
tioning, the holes to the left and particles to the right of the origin have
Bernoulli distributions with densities 1 —p, —p, and p,, respectively. We
have no simple explanation for this extremely simple property of the
invariant measure.

Next we observe that, using (A.7), it can be shown from (6.18) that

lim d_,=p, (6.25)

i— oo

and that the approach is exponential, since from the difference equation
(6.9) and the asymptotic formulas (4.11) and (6.13) one has

1 L
_ - _ _ — /4
d_; dfi—z\/;iyz Lopi+p2)(1—p)(1—py—p,)]

X {[pi(pr+ )1+ 11— p )L —p,—pa)]2 1240 (6.26)

Similarly
lim e;=1—-p;—p> (6.27)

i— oo

with the same exponential approach.

If one sets p; = p and p, =0 in (6.26), then the difference in neighbor-
ing densities reduces to (4.26) and the decay of the density to its asymptotic
value is algebraic; conversely, it is interesting to notice that the only case
in which the decay of d_; is not exponential is p,=0. As p, 0,
the characteristic length of the exponential decay is asymptotically
4p(1—p)p,; % On the other hand, according to the remark in the
paragraph above, the density of first-class particles to the right of the origin
here (d;, with i > 0) is constant for all values of p,, p,, and in particular in
the p, = p, p, =0 limit; this is in apparent disagreement with the situation
[see (4.21)] when there is only one second-class particle in the system. The
resolution of this paradox is that the slow decay of the densities to their
asymptotic values when p, =0 [see (6.26)] implies that even in this limit
an infinite number of second-class particles remain in the system. These
particles form a bound state, so that the second-class particle at the origin
is surrounded by infinitely many others and sees a very different environ-
ment from that seen by a single second-class particle in the presence of a
density p of first-class particles. We remark that these second-class particles
are distributed as in the systems with a finite number of second-class par-
ticles discussed in Section 5: the distances between consecutive second-class
particles are independent and the probability that such a distance has value

ris p(r) [see (5.4)].
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Finally, by combining the explicit expressions above for &; and e; we
obtain

d_;+a;+d;=2p,+p> (6.28)

for all i>0, in agreement with (2.2).

7. MICROSCOPIC SHAPES OF FRONTS

As observed in Section 2, the results of the previous section allow us
to determine the microscopic shape of the shock front between densities
p_=p;and p, =p,+p, in a system of first-class particles, as seen from
the position of a single second-class particle which is introduced into the
system to locate the shock front. To do so we define densities ¢, for all i #0
by

d; if i<0
= 7.1
J {dﬂ—a,» if i>0 (7D

Thus 8, is the density profile of a new species of particles, consisting of all
first-class particles to the left of the origin and of all first- and second-class
particles to the right of the origin. Consideration of the dynamics shows
that in fact the particles of this new species, together with the distinguished
second-class particle located at the origin, do behave as a system of first-
class particles as seen from a single second-class particle (in the new system
one ignores interchanges between particles of the new species, and ignores
also the old second-class particles to the left of the origin).
Since lim, , ,,, d;=p, and lim, , ., a,=p,, the densities ¢, satisfy

lim §,=p_ and lim 6,=p, (7.2)

I— —a i—> o

so that this is indeed a system with a shock between these two densities.
The exact shock profile to the left of the origin follows from (6.18): for

i>0,
izt 1 e\ /n—1
5_i=p_p, —
miTher +,,§1 p;0p+1<p>< 14 >
x(p_p ) l—=p Y1—p)}"7 (7.3)

The shock profile to the right of the origin follows from (6.22), since
0;=1—e,fori>0:
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di=p,+p (1—p,)
et N AYE |
" p_OFH(p)( p )
x(p_p ) [A=p )1=p)1""" (74)
For example, we find
d_y=p_pys O a=p_p,tp_p.(l-p_ )l—p,) (75)

and so forth; for i large there is exponential convergence to p_,

Lo p (—p Y1=p )"
2. /mi*”

x{p_p )P+ [(1=p Y1=p )12} (76)

with characteristic length diverging as (p, —p ) 2 when (p, —p_) N 0.
The corresponding results for §;, i >0, may be obtained from the symmetry
0i+0_;=p,tp_.

In the limit p, =p, p,=0, ie, p_=p, =p, these results recover the
“shock” profile found in Section 4. But, as discused at the end of Section 6,
the makeup of the density profiles in the two situations is quite different.
In the p, v O limit, the excess density ahead of the origin is contributed by
second-class particles; the density of first-class particles is constant and
equal to p in this region. Similarly, behind the origin the density of holes
is constant and equal to 1 — p, and the lowered density of first-class par-
ticles reflects the presence of second-class particles. The density profile §,
found here coincides with the profile d; of Section 4, however, because a
second-class particle interacts with the second-class particles ahead of it as
if they were first-class particles and with those behind it as if they were
holes.

O_,_1—0_;

8. CONCLUSION

In this paper we have found an exact solution of the two-species,
totally asymmetric simple exclusion process, first on a ring and then in the
infinite-volume limit on the lattice Z. From this solution we have calculated
exact shock profiles in a one-species TASEP as seen from the location of
a single second-class particle, both for the true shock between different
asymptotic densities and for the artificial “shock” seen by the second-class
particle in a uniform density of first-class particles. We have also observed
that two second-class particles in a uniform density of first-class particles
form a weakly bound state.
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The exact solution which we have introduced in a ring of sites can be
extended in two ways to models with other jump rates. First, we may relax
the requirement that the process be totally asymmetric and consider the
case in which particles—both first and second class—jump to the right with
probability p>1/2 and to the left with probability g=1— p. In this case
we may find the steady state with the aid of matrices D and E which
satisfy )

pDE —qED = (p—qg)(D+E) (8.1)
A= DE— ED will then satisfy
pDA—gAD=(p—q)A4 and pAE—qEA=(p—q)4 (8.2)

If we assume that trace A is finite, we may again take the weight w (1) of
a configuration 7 = (ty,..., Ty) to be

WK(TI,..., TN)=tI'aCC[X1---XN] (8.3)

where X;=F if 1,=0, X;=D if 1,=1, and X;=4 if t;=2. By a slight
generalization of the proof given in Section 3 for the p =1 case, we may
then show that the wy are the weights of a steady state for the dynamics.
Equations (8.1) and (8.2) may be realized by the choice

1 « 0 0 - 1 0 0 0 -
0 1 a O o 1 0 O

D=0 0 1 o , E=1 0 o, 1 0 (8.4)
0 1

0 1 0 0 a

where o, satisfies a? = 1 — (g/p)". The matrix 4 = DE— ED is then given by

oy 0 0 0
0 ay,—ay 0 0

0 0 0 0y — 03

Because we have assumed that ¢ < p, the matrix elements of 4 decrease
exponentially and trace 4 =1lim,_, , o;= 1.

A different extension is to the case in which the asymmetry is still
total—only jumps to the right are permitted—but the three types of
jumps, 1001, 12521, and 20—>02, occur at different rates, say
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1, r, and s, respectively. Now the invariant weights are given by (8.3) if the
matrices D, E, and A satisfy

DE=(D+E), rDA=A, and sAE=4 (8.6)

The proof is as in Section 3. To satisfy (8.6) we may, as in the case r=s=1
considered in the body of the paper, take 4 to be a projection operator,*?)
but now A =|V)<{W]|, with |V} a right eigenvector of D and (W] a left
eigenvector of E:D |V =r""|V) and (W| E=s '<{W]|. Several explicit
realizations of such D, E, |V, and (W] are given in ref. 19.

APPENDIX

In this Appendix we collect various formulas involving the matrix
elements of powers of the fundamental matrices C and G used in computa-
tions in the grand canonical ensembles.

We begin with the calculation of (1] C"[1). The matrix C=xD + zE
defined in (4.5) is a tridiagonal matrix in the representation defined in
(3.11):

x+z X 0 0
z x+z X 0
C= 0 z x4z x (A1)

We may think of C as the unnormalized transition matrix of a one-dimen-
sional walk in which the walker can at each step go to the right with a
weight x, go to the left with a weight z, or remain at its present position
with a weight x + z; because the matrix is semi-infinite, the walk cannot go
to the left of site 1. The quantity (1] C" |1} is thus just the total weight of
all the walks of n steps starting and ending at 1. But the number of such
walks which take a total of p steps to the right (and also, of course, p steps

to the left) is
EIG)-G0) (*

where the first factor is the number of ways to choose 2p nonzero steps
among the n steps and the second factor is the number of walks of 2p steps,
with p steps each to the right and left, which go from 1 to 1 without visiting
0; this number can be computed by the method of images. Thus

n —[’1/2] n n—2p r 2p _ 2p
=g (3w (7)-(2,)] @
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Equation (A.3) may be rewritten in a convenient alternate form using

the identity
a b a+b
() (o) x4

which is easily verified by induction on « from the fundamental identity

<n;1>=(:1>+(mi1)

as follows:
[n/2] 1 /2
=5 (1) wrar e — ()
p=0
S (e ()
b—0 k=0 \2P k p+1\p
z n! _ q <n+1—q)
= g n—q
TS Z(p) pt1
noo
_ _<"+1><”>xqzw (A.5)
—odt+1\ g /\q

From this we may obtain the large-n behavior of (1| C" |1, for example,
by calculating the contribution of the values of 4 which dominate the sums:

2n+3
<1[C”ll>:% (A.6)

It will also be useful to have an expression for the generating function
of the (1| C" |1). From (A.3), for |A] < (/X ++/2) 2

» ) o [n/2] 2 , (2p)i
z "ACt |ty =Y, Z( > "(x+2z)" T (xz) 1)

= n=0 p=0

p+q ¢ 120t ap oy (2P
= 2 Z ( ) (x+2) A (XZ) m

p=0 ¢g=0
-3 - (2p)!
_pgo [1—A(x+2)]"> l(izxZ)pp! T
:l—l(X-i-Z)—{[1;/1,2)(;_1_2)]2_4,{2)62}1/2 A7)

where we have used the standard Taylor series
_ _ 172 0 2 !
1—(1—4u)'” _ ‘ (2p) ur (AS)
2u o (p+ 1)
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The formula (A.7) simplifies at the radius of convergence: when
A= (Jx+2)2

> N NCEN 1
A C Y/ x+/z) = = (A9)
P VY NENRED)
where in the last step we have taken p= \/;/(\/;—k\/z), as in Sections 3
and 4.

We finally turn to the discussion of the matrix elements of G =xD +
yA + zE defined in {6.1). It is convenient to begin with the calculation of
the generating function of the (1| G"|1). By writing G=y4+C=
y 11|+ C, we see that for 4 sufficiently small,

s} k+1
(W[Z 1| c"|1>] (A.10)

n=0

18

Y A G Ly =
n=0

k=0

1| C"|1>l:1—iy f i) c"|1>]l (A11)

n=0

i 18

n=0

We now claim that the (1] G |1) satisfy the recursion

<1|G"-1|1>—’§<11c"-111> (A.12)

To verify this claim, we note that if (A.12) is satisfied, then

S 1) 6" “>=[1#(y+x;(y+2)i]‘
n=90

{1—%1 5 ,1"<1ac"|1>] (A.13)

n=0

and it is easy to see from the explicit formula (A.7) for the generating
function of the (1} C"|1)> that (A.11) and (A.13) are identical. The
recursion (A.12) together with the initial case {1{ G°|1) =1 leads to

\ =(y+x)(y+z)"[1_ -
<1'G'1>[ y } G002

(o) wew]

so that the explicit expression for the (1] G" |1 may be obtained with the
aid of either of the expressions (A.3), (A.S) for (1| C?|1). Finally, we
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may find the asymptotic form of (1| G”|1) directly from (A.14). We
consider only the case y?>xz needed in Section6; then taking
A=y/[(y+x)y+2z)] in the generating function (A.7), we have

= y ¢ Jiy X +2) AL
Z(—————( ) ALy =5 (A.15)

SNy +x)y+2)
so that (A.14) yields
<1|G"11>:<1~1§>[M(L+i)} (A.16)
v v
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NOTE ADDED IN PROOF

It can be shown (see E. Speer, The two species totally asymmetric
simple exclusion process, to appear in Micro, Meso, and Macroscopic
Approaches in Physics, ed. M. Fannes, C. Maes, and A. Verbeure, Plenum)
that the translation invariant steady state of Section 6 has exponential
decay of correlations, is non-Gibbsian, and is the unique extremal state
with densities p;, p,; the full proof of the Bernoulli property of first class
particles to the right of a second class particle is also given in this article.
We thank E. Andjel for pointing out the importance of some of these
questions, and P. Ferrari for helpful comments on the manuscript.
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