CHAPTER 5

ASYMPTOTIC TECHNIQUES IN NONLINEAR PROBLEMS:

SOME ILLUSTRATIVE EXAMPLES

V. Hakim

Introduction

1 Boundary-layers and matched asymptotic expansions

1.1 An elementary example of boundary layer; inner and outer expansions

1.2 Landau and Levich coating flow problem

1.2.1 Physical setting and dimensional arguments

1.2.2 The inner region

1.2.3 Matching between the inner and outer regions

1.2.4 Experimental measurement of the wetting film and miscellaneous remarks 2 Multiscale analysis and envelope equations.

2.1 The pendulum period by multiscale method

2.2 The nonlinear Schrödinger equation as an envelope equation for small amplitude gravity waves in deep water

2.2.1 A short introduction to water waves

2.2.2 Weakly nonlinear expansion of periodic waves and secular terms

2.2.3 Stokes’s nonlinear dispersion relation

2.2.4 Evolution of slowly modulated wavetrains

2.2.5 Miscellaneous remarks

2.3 Amplitude equation from a more general viewpoint 3 Fronts and localized states

3.1 Front between linearly stable states

3.1.1 Front solution for the real Ginzburg–Landau equation and mechanical analogy

5. Asymptotic Techniques 3 3.1.2 Localized states and front interaction 3.1.3 The complex Ginzburg–Landau case 3.1.4 Reaction-diffusion models

3.2 Invasion of an unstable state by a stable state

3.2.1 Continuum of front velocities in the Fisher–KPP equation 3.2.2 The criterion of linear marginal stability 3.2.3 Nonlinear selection of the front velocity 4 Exponentially small effects and complex-plane boundary-layer

4.1 Introduction 4.2 The example of the geometric model of interface motion

4.2.1 The geometric model 4.2.2 A perturbative approach 4.2.3 A simple shooting argument 4.2.4 Boundary-layers in the complex plane 4.2.5 Solution of the inner problem and non existence of the symmetric needle

4.2.6 Matching between the inner and outer region and exponentially small terms

4.2.7 Asymptotics of the inner problem via Borel summation

4.3 The viscous finger puzzle

4.3.1 Analytic solutions vs. experiments and numerics

4.4 Miscellaneous examples of exponential asymptotics in physical problems

4.4.1 Linear examples: Above barrier reflection in the semiclassical limit and conservation of adiabatic invariants

4.4.2 Exponentially small decay of solitary waves

4.4.3 Pinning of fronts and splitting of separatrices

References