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Outlook

Density matrices, path integrals.

Ideal Bose gas with path integrals.

condensate fraction and permutations.

elements of path-integral Quantum Monte Carlo.

Feynman 1950s,

Ceperley-Pollock (1987)

work done with M. Holzmann. . .



Two descriptions of Bosons...

I) Energy levels
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Traditional approach

Easiest image of BEC
. . . population of ground
state.

Dif�cult to extend to
interacting gas

No systematic numerics

II) Density Matrices

¿ = ¯

¿ = 0
x5 x4x3x2 x1

x5 x4x3x2 x1 Framework of choice for
canonic Bosons.

Path integrals - PIMC.

Interactions easy to add.



Quantum mechanics

Potential:

V (x) =
1
2

m! 2x2:

Schrödinger equation:

H n =
�
�

~2

2m
@2

@x2 +
1
2

m! 2x2
�

 n = En n:

Algorithmic implementation (~ = m = ! = 1):
procedure harmonic-wavefu nc ti on
input x
 � 1(x)  0 (unphysical, starts recursion)

 0(x)  � � 1=4 exp
�
� x2=2

�
(ground state)

for n = 1; : : : ; nmax don
 n(x)  

q
2
n x �  n� 1(x) �

q
n� 1

n  n� 2(x)
output f  n(x)g (n � 0)



Quantum statistics I

probability to be in energy level n

� (n) / e� � En ;

. . . allows to compute partition function...

Zharm(� ) =
1X

n= 0

e� � En = e� � 1
2 + e� � 3

2 + e� � 5
2 : : :

= e� �
2

�
1

1 � e� �

�



Quantum statistics II (Density matrix)

probability to be in energy level n at position x

� (n; x) /
1
Z

e� � En  n(x) �
n(x)

probability to be at position x

� (x) / � (x; x; � ) =
X

n

e� � En  n(x) �
n(x)

density matrix

� (x; x0; � ) =
X

n

 n(x)e� � En  �
n(x0);

. . . generalizes Boltzmann distribution.

Z =
Z

dx � (x; x; � )



Three properties of density matrix

Convolution theorem:

� any(x; x00; � 1+ � 2) =
Z

dx0 � any(x; x0; � 1)� any(x0; x00; � 2)

Free-particle density matrix

� free(x; x0; � ) =
1

p
2� �

exp
�
�

(x � x0)2

2�

�

High-temperature limit (Trotter formula)

� any(x; x0; � ) � � � !
� ! 0

e� 1
2 � V (x) � free(x; x0; � ) e� 1

2 � V (x0) :



N-particle density matrix (distinguishable)

N-particle density matrix (distinguishable, interacting)

Z =
Z

dNx� dist(f x1; : : : ; xNg; f x1; : : : ; xNg; � )

(dif�cult)

N-particle density matrix (distinguishable, non-interacting)

Z =
Z

dNx � 1 p(x1; x1; � )� 1 p(x2; x2; � ); : : : ; � 1 p(xN ; xN ; � )

=
� Z

dx� 1 p(x1; x1; � )
� N

(trivial)



N-particle density matrix (indistinguishable-Bosons)

N-particle density matrix (Bosons, interacting)

Z =
1

N!

X

P

Z
dNx� dist(f x1; : : : ; xNg; f xP(1) ; : : : ; xP(N) g; � )

(dif�cult)

N-particle density matrix (Bosons, ideal)

Z =
1

N!

X

P

Z
dNx� 1 p(x1; xP(1) ; � ); : : : ; � 1 p(xN ; xP(N) ; � )

(non-trivial)



Boson density matrix II

write permutation in cycles, e.g.::
�

1423
1234

�
= (1)(243)

Z =
1
N!

X

P

ZP with, e.g.:

Z(1)( 243) =
Z

dx1 � 1p(x1; x1; � )
Z

dx2 �
� Z

dx3

Z
dx4 � 1p(x2; x4; � )� 1p(x4; x3; � )� 1p(x3; x2; � )

�

| {z }
� 1p(x2;x2;3� )

call z(� ) the single-particle partition function at � :

Z(1)( 243) = z(� )
| {z }

� 1

� z(3� )
| {z }

� 3

In 3-d trap: � k = (1 � exp [� k� ]) � 3 . . .



Counting permutations

[1] (1234
1234) (1)(2)(3)(4)

[2] (1243
1234) (1)(2)(34)

[3] (1324
1234) (1)(23)(4)

[4] (1342
1234) (1)(234)

[5] (1423
1234) (1)(243)

[6] (1432
1234) (1)(234)

[7] (2134
1234) (12)(3)(4)

[8] (2143
1234) (12)(34)

[9] (2314
1234) (123)(4)

[10] (2341
1234) (1234)

[11] (2413
1234) (1243)

[12] (2431
1234) (124)(3)

...

Write permutations as
cycles (not unique).

Give weight � k to cycle
of length k so that cycle

(1)(2)(3)(4) � � 4
1

(1)(2)(3; 4) � � 2
1� 2

: : :

(1)(2; 3; 4) � � 1 � � 3

Count weight YN of all
permutations of N
elements.

� k = 1
| {z }

8k

=) YN = N!



Last-element cycles (permutations)

Last-element cycle of length k containing
f n1; : : : ; nk� 1; Ng:

YN =
NX

k= 1

� k

8
<

:

Number of
choices for

f n1; : : : ; nk� 1g

9
=

;

8
<

:

Number of
cycles with

f n1; : : : ; nk� 1; Ng

9
=

;
YN� k

. . . gives for the total weight of all permutations

YN =
NX

k= 1

1
N

� k
N!

(N � k)!
YN� k

/ � 1
YN� 1

(N � 1)!
+ : : : + � k

YN� k

(N � k)!
| {z }

element N
in cycle of length k

+ : : : + � N



Recursion formula for ideal Bosons . . .

Apply recursion formula for permutations to the sum

ZN =
1
N!

X

P

ZP

. . . gives

ZN =
1
N

NX

k= 1

� kZN� k (with Z0 = 1):

NB: � k : single particle partition function at temperature k�



Recursion II

Recursion relation for canonic Bosons:

ZN =
1
N

NX

k= 1

� kZN� k (with Z0 = 1):

Exact N-boson partition function in external potential
(input: single-particle partition functions f � 1; : : : ; � Ng at
temperatures f � ; 2� ; : : : ; N� g)

Similar for f E; cv : : : g: thermodynamics



Recursion III

written out:

ZN / � NZ0| {z }
particle N
in cycle of
length N

+ : : : + � kZN� k| {z }
particle N
in cycle of
length k

+ : : : + � 1ZN� 1| {z }
particle N
in cycle of
length 1

40 ideal Bosons in isotropic three-dimensional trap:
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Energy levels
L

Condensate fraction

ZN - k k

restricted partition function with � k Bosons in ground state
8
<

:

part. function
with � k Bosons
in ground state

9
=

;
= e� � kE0ZN� k (choose E0 = 0)

� (N0) =
1

ZN

(
ZN� N0

� ZN� (N0+ 1) if N0 < N

1 if N0 = N



Energy levels
L

Paths

ZN - k

k
¾

restricted partition function with � k Bosons in any state

X

�

8
<

:

part. function
with � k Bosons

in state �

9
=

;
=

X

�

e� � kE�

| {z }
� k

ZN� k /
�

weight of
k-cycles

�

X

�

8
<

:

part. function
with k Bosons

in state �

9
=

;
=

�
weight of k-cycles

� weight of (k + 1)-cycles

�



Relation between N0 and cycle lengths

1000 Bosons in trap well below Tc :

10007811

cycle length k

probability ¼k
derivative ¼k -  ¼k+1

the derivative formula gives � (N0).

Structure k & 1: “condensation” into excited states



Snapshots of (non-interacting) clouds in 3 � d trap
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exist also for interacting Bosons (Markov chains )



Paths I (single particle)

“Real” paths of single particle in one-dimensional trap

0

¯

i  = 1i  = 1 i  = 2 i  = 3 i  = 4 i  = 5 i  = 6

i  = 7 i  = 8 i  = 9 i  = 10 i  = 11 i  = 12

Sample of Feynman “path integral”.

Generate paths � Path Integral Quantum Monte Carlo
(PIMC).



Paths II (pair of hard spheres)

Paths of two particles

accept

0

N

x1
0

x1

x2
0

x2
reject

0

N

x1
0

x1

x2
0

x2

Hard-sphere density matrix

� hard-sphere(f x1; x2g; f x0
1; x0

2g; � ) =
�

sum of paths
	

=
X

paths 1, 2

8
<

:

path 1
from

x1 to x0
1

9
=

;

8
<

:

path 2
from

x2 to x0
2

9
=

;

8
<

:

1 and 2
nowhere

closer than 2�

9
=

;



In � February 2006 from Oxford University Press


