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I. ISING MODEL IN D ≥ 2 – THE PEIERLS ARGUMENT

1. Peierls argument for the Ising model in D ≥ 2 C. Bonati, Eur. J. Phys. 35, 035002 (2014)

The model: Consider a classical Ising ferromagnet, defined for spins σ ∈ {+1,−1}:

E = −J
∑
(i,j)

σiσj − h
∑
i

σi , (1)

where J is assumed to be positive, and we set the applied magnetic field h to zero. We define the
average magnetization per lattice site as

m =
1

N

∑
i

σi =
N+ −N−

N
= 1− 2

N−
N

(2)

where N is the total number of spins and N± is the number of ±1 spins. In D ≥ 2, this system
undergoes a phase transition at the critical temperature Tc. In the paramagnetic phase (T > Tc),
the average magnetization in thermodynamic limit 〈m〉 vanishes, whereas in the ferromagnetic phase
(T < Tc) it does not. In this set of exercises, we will use the Peierls argument to show that 〈N−〉/N <
1/2− ε (for every N) in ferromagnetic phase, from which it follows that 〈m〉 > 0.

: The solution is fully explained in the reference: C. Bonati, Eur. J. Phys. 35, 035002 (2014). One
question that came up in class that may not be entirely obvious from the paper is how to arrive at
the result of part (c) in Exercise 1. The discussion between Eq. (10) and Eq. (11) brings us to the
following two expressions:

〈X(γiL)〉 ≤
∑
c∈C e−βE(c)∑
c̄∈C̄ e−βE(c̄)

(3)

and

E(c) = E(c̄) + 2JL . (4)

Substituting Eq. (1) into the right side of the inequality (2), we get

〈X(γiL)〉 ≤
e−2JβL

∑
c∈C e−βE(c̄)∑

c̄∈C̄ e−βE(c̄)

where the two sums are equal to each other because for a given contour, for every configuration c,
there is exactly one configuration c̄. This results in the following upper bound on 〈X(γiL)〉:

〈X(γiL)〉 ≤ X(L) ≡ e−2JβL . (5)


