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In this talk I will present an history of the replica method.I am trying to summarise 55 years of work. I will skip many many things.

I will concentrate my story on spin glasses. I will not speak of

� Diluted models, e.g. on finite coordination regular graphs.

� Finite dimensional models.

� The comparison with numerical simulations and experimental data.

� ....

I will mainly speak of the simplest spin glass model, the Sherrington Kirkpatrick

model.



Replicas

H(C) = H0(C) + J H1(C) →
∑
a=1,n

H0(Ca)− β

2

( ∑
a=1,n

H1(Ca)

)2

J being random Gaussian variable.

In 1963 he applied the method to

Brout’s approach was applied to Ising models in random magnetic fields.

de Gennes (1971) introduced replicas for

H =
∑
ik

Ai,kσ(i) · σ(k) G(x) = n−1σ(0) · σ(x)

This approach was extended to self avoiding branched polymer. Here the replica

symmetry is O(n) and in most of the cases the replica symmetry in unbroken.



In 1972 Fortuin and Kasteleyn studied the n components

found

� n=2: Ising

� n=1: percolation

� n=0: random resistors



In 1974

H =
∑
i,k

Ji,kσ(i) · σ(k)

where Ji,k are Gaussian, i and k are neighbours and J2 = 1

They introduced the order parameter q = m2.

In 1976 Sherrington and Kirkpatrick introduced their

H =
∑

ik=1,N

Ji,kσ(i)σ(k)− h
∑
i=1,N

σ(i) J2 = 1/N

The exact solution implied a continuous transitions at h = 0 from q = 0 to q 6= 0 at

T = 1. No transition for h 6= 0.

They found a T = 0 for any h. At h = 0, T = 0

S(0) = − 1

2π
≈ −0.17



SK were able to write down N

� βf = lim
n→0

(Nn)−1
∫
dQ exp(−NβF (Q))

where Q is an n× n matrix and F (Q) can be explicitly written.

The conclusion was

f = lim
n→0

n−1min (Q)

The symmetry group is S(n), the permutation group, and SK took as

symmetric point

Qa,b = q



Negative entropy caused a lot head-scratching: a few people became temporarily

bold.Finally de Almeida and Thouless (1977) found what was wrong. The saddle point

could be used only if the Hessian matrix is non-negative

Ha,b;c,d =
∂2F

∂Qa,b∂Qc,d

They found that H has negative eigenvalues for T < Tc(h), with Tc(0) = 1, Tc(h) = 0

and limh→∞ Tc(h) = 0.

dAT also noticed that the eigenvectors ψa,b corresponding to negative eigenvalues

satisfiy the condition ∑
b

ψa,b = 0

People noticed that also at some temperature below the dAT transition, but in the

positive entropy region,

〈Z2〉 − 〈Z〉2 < 0



Two possibilities

One could use the J one writes an equation for the

magnetisation:

mi = tanh

(
β
∑
k

Ji,kmk − β2mi(1− q)

)

The equation can be derived using the cavity approach, i.e. comparing the system

with N and N + 1 points.

One studies the solutions of this equation.

to the same wrong results of the SK’s paper.It was realised that there was an

but the thermodynamics is given by the lowest energy ones.



We could stick to replicas:we have to find a new Q∗ such that

f = lim
n→0

min (Q∗) with H(Q∗) ≥ 0

This was not easy. The matrix Q should

permutation group

An important observation was that SK and KS found numerically that the ground

state energy was E = −0.77± 0.01 while the replica symmetric value was

E = −0.798, three standard deviations smaller.



Blandin, Gabay and Garel (1978) proposed to break the replicas into n=2 group of 2

replicas Q where equal to q1 in the same group and q0 in

different group. (An different proposal was done by Bray and Moore)

The results was

S(0) = −0.17/2 E(0) = −0.798

I extended the BGG model to break the replicas into n=m group of m replicas.

S(0) = −0.17/m E(0) = −0.798

In the limit m→∞ you get the right entropy, but the wrong energy!Notice that m is an integer!!!



You can define a free energy F (q0, q1,m); FSK(q) = F (q, ∗, 1)

In SK approach we q. In BGG we

respect to q1 and we q0, in my approach we

q1 and we q0 and m (this leads to m =∞).

At a MECO workshop at Trieste (March 1979) I presented my discontent in a poster.

Mistura (from Rome) told me that the approach was nonsense because I shouldminimise

I decided to

0 < m < 1 (m is no more and integer) and

S(0) = −0.01 E(0) = −0.765

The entropy was slightly negative, but the energy was perfect.



We were on the write track

In this case it was clear that one has to further break the replica symmetry.According to the referee this proposal was not worth the paper on which it was

written!One can break the replica symmetry introducing more block (mi i = 1,K) and more

q (qi i = 0,K).

Eventually one can perform the limit K going to infinity. Every depends on a

function q(x) x(q)) where ≤ x ≤ 1

energy F [q]. This was sent to the review in July 1979, just before summer vacations.The good news were that

� S(0) = 0

� 0

� E(0) = −0.7633



The bed news were:

� You do not understand what q(x) mean!

� The spectrum of H, albeit non-negative, is a mess. A continuum spectrum, a

discrete spectrum that accumates at zero, the eigenvalues 0 appears with infinite

multiplicity.

� The loop expansion is a terrible mess, full of infrared divergences: in the one

loop case you get of order 106 different term.The theory is always critical in the low temperature phase (i.e. Goldstone bosons).The corrections to the free energy in the SK model are numerically proportional to

N−2/3, suggesting that something should happens in dimension 6.



The interpretation arrives four year laters (1983)Many equilibrium states

Each state has his magnetisation mα(i), its free energy fα and its weight

wα ∝ exp(−βfα). These quantities are sample dipendent

For

PJ(q) =
∑
α,γ

wαwγδ(q − qα,γ) qα,γ ≡
∑
i=1,N mα(i)mγ(i)

N

Finally one gets

PJ(q) = P (q) P (q) =
dx

dq



A first surprise: PJ(q) fluctuates in a strange way:

PJ(q1)PJ(q2) =
1

3
P (q1)δ(q1 − q2) +

2

3
P (q1)P (q2)

My first reaction was that the theory was seriously flawed:

sense! 1
3 and 2

3???

One could obtain may equations of these kind using the relation∑
b

qa,b = q ∀a

Within a few months Mézard, Sourlas, Tolouse, Virasoro and myself, understood

that there the wα’s are distributed according to some probability distribution that

was natural:

P (fα) ∝ exp(βxfα) wα ∝ exp(−βfα)



A second surprise: ultrametricity

qα,γ ≥ min (qα,β qβ,γ) ∀β

If we define a distance dα,γ = 1− qα,γ , the states can be put on a taxonomic tree

with this distance.Who asked for ultrametricity?



A new formulation (Mézard, Parisi, Virasoro 1985):

D = {wα, qα,γ} P(D)

q(x)→ P(D)Cavity equations gives self-consistent equation for P(D).

We have also a free energy F(P)

F(P) = F [q]

Replica method was selecting P(D)

Why this one and why ultrametricity?

It was possible that the correct solution was much more complex and

non-ultrametric.Should we further break replica symmetry?



Mathematical physics saves us: Stochastic StabilityIn 1998 Ghirlanda and Guerra proved some of the strange identities (Aizenman and

Contucci extended their work).

The basic ideas is that if the system is

a random perturbations) you get relations of the form

PJ(q1)PJ(q2) =
1

3
P (q1)δ(q1 − q2) +

2

3
P (q1)P (q2)

Stochastic stability is equivalent to∑
b

qa,b = q ∀a

It is easy to check a P(D), that is stochastically stable and ultrametric, is unique at

fixed q(x).So ultrametricity was the missing link to prove the solution.



2003: the first Odyssey end!Guerra proves the lower bound:

F [q] ≤ f ∀q[x] → max
q(x)

F [q] ≤ f

Using Guerra results, a few month laters Talagrand proved the replica result.

max
q(x)

F [q] = f

Aizenman, Sims, and Starr generalise Guerra’s result and they obtainVery roughly

max
P
F(P) = f

All these three results tell us that the ultrametric probability distribution P(D)

derived from replicas saturates the bound. This does not solve the ultrametricity

puzzle because



Ultrametricity tamedAfter these papers there was a very strong attempt to find out if stochastic stability

implies ultrametricity.

Federico and I tried to get a counter-example, but fortunately we failed.

Finally after partial results obtained by many people, Panchenko (2013) found a

surprising simple proof that

closing the gap in proving the correctness or the replica picture.



My understanding is that nowadays the proof of the results for the free energy for

the SK model is rather straightforward, simpler than original proof of Talagrand.We use stochastic stability and ultrametricity to find the P that enter in the

Aizenman, Sims, and Starr relation:

max
P
F(P) = f

We obtain a P that is parametrised by q(x). We follow Guerra to compute F(P) and

we maximise F(P) with respect to q(x).

We could say that the

transformed into a rigorous computation.

Unfortunately near nothing has been done from the rigorous view point on thereplica approach


