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This Talk

A bit of history...

Clustering : The “physicist” scenario and exact 
simulations of impossible-to-simulate models.

Hard problems and the energy landscape : where the 
really hard problems really are.
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Random CSPs
Many constraint satisfaction 
problems display a similar 

behavior on random instances
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Random CSPs
Many constraint satisfaction 
problems display a similar 

behavior on random instances

Random K-SAT

What makes problems hard to solve ?

Experiment : 
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A SAT/UNSAT transition as the ration of clauses per 
variables is increased.

A peak in the difficulty of checking satisfiability close to 
the sat transition
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A peak in the difficulty of checking satisfiability close to 
the sat transition
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comes steeper as n increases. At n = 50, the prob-
ability of satisfiability stays close to 1 for m/n ra-
tios up to about 4; then the probability falls
steeply and remains close to 0 at all ratios greater
than about 5. In other words, almost any formula
with 50 variables and 200 clauses can be satis-
fied; but with 50 variables and 250 clauses, satis-
fiable formulas are rare. The abruptness of this
transition is intriguing. And it gets even sharper,
approaching the form of a step function as n be-
comes arbitrarily large.

The steepness of the crossover is one reason for
describing what happens in SAT as a phase tran-
sition. Changes of state in the physical world are
similarly abrupt: Water is a liquid at 1 degree Cel-
sius but a solid at –1 degree. The steepening of the
SAT transition as the system gets larger is also a
characteristic of phase changes, although a less-fa-
miliar one. When you measure size by counting
atoms, just about anything is enormous, and so
the “softer” phase transitions of small systems are
seldom apparent in everyday experience. Never-
theless, experiments and simulations that vary
the number of particles in a sample generate fam-
ilies of curves much like those in Figure 3.

Tabulating the effort needed to solve each prob-
lem instance brings further illumination (see Fig-
ure 4). At a low ratio of clauses to variables, the
problems are mostly easy. At very high ratios, the
effort per problem is only a little greater. In be-
tween is a hump in the curve where the average
difficulty is much higher; this peak in solution
cost corresponds to the crossover region in the
probability graph. For any given value of n, the
highest concentration of hard problems comes at
an  m/n ratio near the point where 50 percent of
the formulas are satisfiable. Also, as n increases
and the crossover becomes more abrupt, the peak
in the cost curve grows dramatically taller.

Here is a qualitative explanation of the cost
curve: In the underconstrained region (at a low
m/n ratio) a typical formula has many possible
solutions, and so it takes little effort to find one.
For example, the Davis-Putnam algorithm often
proceeds straight to a satisfying assignment, with
little or no backtracking. Overconstrained for-
mulas, on the other hand, are almost all unsatis-
fiable, with dozens of literals in conflict; an algo-
rithm will usually expose a fatal inconsistency
after checking only a small fraction of the possi-
ble labelings. The middle of the curve is where
problems are hard because this is the realm of
just-barely-satisfiable and almost-satisfiable for-
mulas. Here many partial labelings can be ex-
tended almost to completion before an inconsis-
tency appears. Thus few branches of the solution
tree are pruned away early.

Like the probability curve, the SAT cost curve
will look familiar to students of phase transitions
and critical phenomena. The canonical system for
the study of critical behavior is a ferromagnet near
its Curie point, which is the temperature where
the material loses all magnetization. Above the

Curie temperature, the electron spins that give rise
to ferromagnetism are randomly oriented, and so
they cancel out and leave no net magnetization.
As the material cools toward the Curie point, clus-
ters of spins line up in parallel, and at the Curie
point itself these clusters become effectively infi-
nite in extent: A magnet is born. The Curie point
also marks a sharp peak in the magnetic suscepti-
bility—the material’s sensitivity to a small external
field. At high temperature, an applied field has lit-
tle effect because thermal agitation disrupts any
incipient magnetized regions. At low temperature
the susceptibility is low again, but for a different
reason: A weak external field cannot overcome the
established magnetization. Near the Curie point
the material is exquisitely sensitive; the smallest
imposed field can reverse vast numbers of spins.
A graph of the susceptibility near the Curie tem-
perature looks just like the SAT cost curve, includ-
ing a tendency for the peak to become steeper and
to shift to slightly lower temperatures as the size
of the system increases.

Dissatisfactions
The idea of interpreting events in a purely math-
ematical system as phase transitions is not new.
The earliest instance I know of was in the context
of graph theory, and specifically in the study of
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Figure 3. Transition from satisfiable to unsatisfiable gets steeper as the

number of variables increases. Each dot is the average of 300 instances.

Figure 4. Peak in the cost of finding solutions also gets sharper as the

number of variables rises. Data are from the same instances as Figure 3.
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Where the really hard problem areRandom K-SAT

What makes problems hard to solve ?

Experiment : 
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Answer #1: Near to the colorability threshold.         
(Cheeseman, Kanefsky, Taylor’91; Mitchell, Selman, Levesque’92)

Where the really hard problem are
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The clustering transition 
and the glassy phase

cd cs
Monday, November 23, 2009



E=0
cd cs

E=1

E=2

E=...

Glassy landscape: many minima
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Glassy landscape: many minima

The energy landscape is glassy and has many 
“trapping” minima in the whole clustered phase
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“Hard SAT” phase ?
The “           ” problemq log q

 Average
degree c

q log q 2q log q
D. Achlioptas et al. Nature 2005

• Consider q color (with q large enough) and a large 
random graph of average degree c
• W.h.p this graph is colorable if c<2q log q
• However, no algorithm is able to do so efficiently 
(polynomial) for c> q log q !

Talk of L. Kirousis

Monday, November 23, 2009



“Hard SAT” phase ?
The “           ” problemq log q

 Average
degree c

q log q 2q log q

COL UNCOL

D. Achlioptas et al. Nature 2005

• Consider q color (with q large enough) and a large 
random graph of average degree c
• W.h.p this graph is colorable if c<2q log q
• However, no algorithm is able to do so efficiently 
(polynomial) for c> q log q !

Talk of L. Kirousis

Monday, November 23, 2009



“Hard SAT” phase ?
The “           ” problemq log q

 Average
degree c

q log q 2q log q

COL UNCOL
Easy HARD

D. Achlioptas et al. Nature 2005

• Consider q color (with q large enough) and a large 
random graph of average degree c
• W.h.p this graph is colorable if c<2q log q
• However, no algorithm is able to do so efficiently 
(polynomial) for c> q log q !

Talk of L. Kirousis

Monday, November 23, 2009



“Hard SAT” phase ?
The “           ” problemq log q

No one has ever seen the solution of, 
say 5-coloring, for large enough c and N=106

 Average
degree c

q log q 2q log q

COL UNCOL
Easy HARD

D. Achlioptas et al. Nature 2005

• Consider q color (with q large enough) and a large 
random graph of average degree c
• W.h.p this graph is colorable if c<2q log q
• However, no algorithm is able to do so efficiently 
(polynomial) for c> q log q !

Talk of L. Kirousis
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“Hard SAT” phase ?

 Average
degree c

q log q 2q log q

COL UNCOL
Easy HARD

α
2K/K  logK 2Klog2

SAT UNSAT
Easy HARD
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“Hard SAT” phase ?

 Average
degree c

q log q 2q log q

COL UNCOL
Easy HARD

α
2K/K  logK 2Klog2

SAT UNSAT
Easy HARD

NoCluster CLUSTER

NoCluster CLUSTER
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Answer #1: Near to the colorability threshold.         
(Cheeseman, Kanefsky, Taylor’91; Mitchell, Selman, Levesque’92)

Answer #2: When the space of solutions is “clustered” 
and the landscape glassy                                      
(Mezard, Parisi, Zecchina’02)

Where the really hard problem are
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So... everything is fine ?
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So... everything is fine ?

No !!! We have a 
major problem !!!
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The “Hard” phase is 
(sometime) easy!

3-col: clustered phase for c>4... but a rigorous simple algorithm works until c=4.03 !! 
(Achlioptas & Moore ’03)
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3-col: clustered phase for c>4... but a rigorous simple algorithm works until c=4.03 !! 
(Achlioptas & Moore ’03)

3-col: Monte-Carlo annealing works well much beyond c=4 (Saad & Van Mourik 02’)

K-SAT: Walk-SAT and variant can finds solutions in the clustered phase (M. Alava et al. 
PNAS ’08, Ardelius & Aurell ‘06)
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3-col: clustered phase for c>4... but a rigorous simple algorithm works until c=4.03 !! 
(Achlioptas & Moore ’03)

3-col: Monte-Carlo annealing works well much beyond c=4 (Saad & Van Mourik 02’)

K-SAT: Walk-SAT and variant can finds solutions in the clustered phase (M. Alava et al. 
PNAS ’08, Ardelius & Aurell ‘06)

Q-col: The same happens in coloring (Zdeborova & FK ’07, Kurchan & FK ‘07)

The “Hard” phase is 
(sometime) easy!
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Is something wrong ?
The predictions of clustering is made with the 
replica/cavity method, which is not rigorous...

... so we need to check the cavity predictions. 

Rigorous technics tell us there IS clustering, but 
proofs work only for q and K large enough... and 
for c and α larger than the predicted ones.

It is thus important to check the cavity 
predictions in simulations

Mora, Zecchina, Daudé, Mézard, 
Achlioptas, Ricci-Tersenghi, Coja-Oghlan
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Puzzles....

Prediction of clustering transition...

... but rigorous proofs exist only for large 
enough q (color) or K(in SAT). 

Why is the clustered phase sometime so easy 
if the landscape is so glassy and complex ?
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Clustering :
Simulations of impossible-to-simulate models
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A closer look to clustering
Clusters can be seen as fixed points of Belief propagation

cd cs

In the cluster phase, there are many such fixed points, and 
SP is doing statistics over them !
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A closer look to clustering
Clusters can be seen as fixed points of Belief propagation
In the cluster phase, there are many such fixed points, and 

SP is doing statistics over them !

Proofs ?
All rigorous works 

concentrate on fixed point of 
BP with frozen variables

But at the onset of clustering, 
variables are NOT frozen !

Monday, November 23, 2009



A closer look to clustering
Clusters can be seen as fixed points of Belief propagation
In the cluster phase, there are many such fixed points, and 

SP is doing statistics over them !

Proofs ?
All rigorous works 

concentrate on fixed point of 
BP with frozen variables

But at the onset of clustering, 
variables are NOT frozen !

Simulations ?

The cavity prediction is for 
“typical solutions”

Perfect sampling is almost 
impossible numerically !!!!!
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The Planted Ensemble
in the coloring problem

1) Color randomly 
the N nodes

Consider the 3-coloring problem with N nodes and M links.
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The Planted Ensemble
in the coloring problem

Consider the 3-coloring problem with N nodes and M links.

1) Color randomly 
the N nodes

2) Put the M links randomly 
such that the planted  

configuration is a proper 
coloring
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The Planted Ensemble
in the coloring problem

1) Color randomly 
the N nodes

3) Now, we have created a problem               
for which we know the solution

Consider the 3-coloring problem with N nodes and M links.

2) Put the M links randomly 
such that the planted  

configuration is a proper 
coloring
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Faster than-the-clock simulations
Do this procedure for c<cc. According to Lenka’s talk 
yesterday, this procedure is equivalent to the picking a 
typical solution at random in a random graph.

This has actually been proven rigorously in some cases

Montanari and Semerjian ‘06, for XOR-SAT
 Achlioptas and Coja-Oghlan ’08, for q-coloring but only (so far) for cq<cc  
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Faster than-the-clock simulations
Do this procedure for c<cc. According to Lenka’s talk 
yesterday, this procedure is equivalent to the picking a 
typical solution at random in a random graph.

This has actually been proven rigorously in some cases

Montanari and Semerjian ‘06, for XOR-SAT
 Achlioptas and Coja-Oghlan ’08, for q-coloring but only (so far) for cq<cc  

With cq=3.83(q=3) versus cc=4
       cq=7.81(q=4) versus cc=8.46
        cq=12.52 (q=5) versus cc=13.23
        cq=17.70 (q=6) versus cc=18.44
        cq=29.15 (q=8) versus cc=29.90
        cq=41.70 (q=10) versus cc=42.53

         and cq→cc for q→∞ to leading order
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Faster than-the-clock simulations
Do this procedure for c<cc. According to Lenka’s talk 
yesterday, this procedure is equivalent to the picking a 
typical solution at random in a random graph.

This has actually been proven rigorously in some cases

Montanari and Semerjian ‘06, for XOR-SAT
 Achlioptas and Coja-Oghlan ’08, for q-coloring but only (so far) for cq<cc  

With cq=3.83(q=3) versus cc=4
       cq=7.81(q=4) versus cc=8.46
        cq=12.52 (q=5) versus cc=13.23
        cq=17.70 (q=6) versus cc=18.44
        cq=29.15 (q=8) versus cc=29.90
        cq=41.70 (q=10) versus cc=42.53

         and cq→cc for q→∞ to leading order

Use them in simulations !
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Testing the clustering predictions
Prediction: beyond the so-called 

“clustering” threshold, 
a non-trivial and non factorized 
fixed point of BP is obtained if 
one starts from an equilibrium 

configuration 

ψfactorized = (
1
q
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M =
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NON TRIVIALTRIVIAL
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Cavity predictions for the clustering 
transition can be tested with great accuracy !
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Cavity predictions for the clustering 
transition can be tested with great accuracy !

Clustering is definitively present !

In order to close the gap between rigorous proofs 
and the “exact” cavity predictions it is necessary 

to look on non-frozen variables

Maybe this can be done via reconstruction on tree ?
cf Montarani & Mézard ‘06, 

FK, Montanari, Ricci-Tersenghi, Semerjian & Zdeborova ‘07
Sly ‘08, Maneva ’09...
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Algorithms:
Where the really hard problems really are...
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Landscapes: 
canyons, 
mountains 

and valleys...
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Zero energy states

Positive energy states

Zero energy states

Positive energy states

Canyon dominated Valley dominated vs.

A question of basins of attraction

EASY HARDvs
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How to compute the feature 
of the landscape ?
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First concentrate on the energy 
where large barriers appear
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First concentrate on the energy 
where large barriers appear
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Then take a point at random on this line
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Then take a point at random on this line

Monday, November 23, 2009



Compute the size of the “valley” bellow 
this point for different energies
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Now you know everything about the 
typical valley starting from this energy
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And you know where the dynamics will end !
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This can be done using 
the “following state” 

formalism

FK & Zdeborova arxiv:0909.3820 Zdeborova Talk yesterday
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This can be done using 
the “following state” 

formalism

...and also by planting !

FK & Zdeborova arxiv:0909.3820 Zdeborova Talk yesterday
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The Planted Ensemble
in the coloring problem

1) Color randomly 
the N nodes

Consider the 3-coloring problem with N nodes and M links.
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Consider the 3-coloring problem with N nodes and M links.

1) Color randomly 
the N nodes

2) Put the M links randomly 
such that the planted  

configuration has a finite 
fraction of mistake
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The Planted Ensemble
in the coloring problem

1) Color randomly 
the N nodes

3) Now, we have created a problem for which we 
know a typical configuration at this energy
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The Planted Ensemble
in the coloring problem

1) Color randomly 
the N nodes

3) Now, we have created a problem for which we 
know a typical configuration at this energy

Consider the 3-coloring problem with N nodes and M links.

2) Put the M links randomly 
such that the planted  

configuration has a finite 
fraction of mistake

Now simply use BP initialized 
in this configuration

for different temperatures !

(temperature allows to select
the desired energy)
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Valleys

Canyons
4-coloring of 9-regular random graphs
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Valleys

Canyons
4-coloring of 9-regular random graphs

3-XOR-SAT with L=3

 0
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e(T) in 4-COL (c=9)

Td
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Zero energy states

Positive energy states

Zero energy states

Positive energy states

Canyon dominated Valley dominated vs.

When do we go from one to the other ?

EASY HARDvs
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Zero energy states

Positive energy states

Zero energy states

Positive energy states

Canyon dominated Valley dominated vs.

When do we go from one to the other ?

EASY HARDvs

When the typical solutions are frozen (BP marginal fully 
biased) then we are in a valley dominated landscape !
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cd cs

Take-Home message
Why does a glassy landscape is able to break ergodicity     

but yet allow some solutions to be found easily ?
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but yet allow some solutions to be found easily ?

Zero energy states

Positive energy states

freezing
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cd cs

Take-Home message
Why does a glassy landscape is able to break ergodicity     

but yet allow some solutions to be found easily ?

Zero energy states

Positive energy states

Zero energy states

Positive energy states

Zero energy states

Positive energy states

freezing

The focus will be on future developments
and interactions between physics and 
computer science, thus brave conjectures 
and challenges will be very appropriate.

Thank you,
Elitza and Matteo
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Answer #1: Near to the colorability threshold.         
(Cheeseman, Kanefsky, Taylor’91; Mitchell, Selman, Levesque’92)

Answer #2: When the space of solutions is “clustered” 
and the landscape glassy                                      
(Mezard, Parisi, Zecchina’02)

Where the really hard problem are
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Answer #1: Near to the colorability threshold.         
(Cheeseman, Kanefsky, Taylor’91; Mitchell, Selman, Levesque’92)

Answer #2: When the space of solutions is “clustered” 
and the landscape glassy                                      
(Mezard, Parisi, Zecchina’02)

Answer #3: When all or most of solutions are frozen so 
that the landscape is truly complicated....                                   
(FK & Zdeborova ‘‘07-09)

Where the really hard problem 
really are
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A set of questions and conjectures

Local algorithms:
Can they find solutions beyond clustering ?
It is possible to find solution in the hard valleys-dominated region ?

ConjecturesMonte Carlo:
Is it possible to sample efficiently beyond the clustering transition?
It is possible to find solution beyond the clustering transition ?
It is possible to find solution in the hard valleys-dominated region ?

Message passing:
Can they find solutions beyond clustering ?
It is possible to find solution in the hard valleys-dominated region ?
Is it possible to find solution when all solutions are frozen ?
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Dall’Asta, Ramezanpourand & Zecchina ’08
Zdeborova ’08 (private communication)
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Example:
Studying Monte-Carlo annealings starting from equilibrium

Prediction:
Monte Carlo cooling and heating follow a well defined line
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e(T) in XORSAT (c=3,K=3)

Td

XOR-SAT problems
(Parity-check)

H({S}) =
�
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