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We consider two regimes where a trapped Bose gas behaves as a one-dimensional !1D" system. In the first
one the Bose gas is microscopically described by 3D mean-field theory, but the trap is so elongated that it
behaves as a 1D gas with respect to low-frequency collective modes. In the second regime we assume that the
1D gas is truly 1D and that it is properly described by the Lieb-Liniger model. In both regimes we find the
frequency of the lowest compressional mode by solving the hydrodynamic equations. This is done by making
use of a method which allows us to find analytical or quasianalytical solutions of these equations for a large
class of models approaching very closely the actual equation of state of the Bose gas. We find an excellent
agreement with the recent results of Menotti and Stringari obtained from a sum-rule approach.
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I. INTRODUCTION

Among the many experimental tools used to study Bose
condensates of trapped cold atoms #1$, the study of collective
modes has played a quite important role. Indeed, they are of
high importance both experimentally and theoretically. On
the experimental side they provide direct in situ information
on the system, which are free of the quantitative interpreta-
tion of expansion experiments !this is of particular impor-
tance for dense systems where the standard mean-field ap-
proximation does not work". On the theoretical side the low-
energy collective modes are the elementary excitations and
as such they play an essential role in the physical under-
standing of these systems. This is clear from the fact that
they reduce to phonons for homogeneous systems.
The recent developments in this field have shown, among

others, a growing interest in two different directions. One of
them is toward the study of systems with reduced dimension-
ality #2$. Indeed, it is experimentally possible to produce
anisotropic trapping potentials which are strong enough in
some directions to freeze the corresponding degrees of free-
dom. In these cases the ultracold atoms are in the ground
state corresponding to the motion in these directions, since
they do not have enough energy to reach the related excited
states. This produces systems which are effectively one di-
mensional !1D" or two dimensional !2D". These systems are
of high fundamental interest since their physics is expected
to have quite specific properties, different from those of 3D
systems, which are in particular quite relevant for
condensed-matter physics. By comparison atomic gases offer
particularly clean, controllable, and simple situations, quite
close to model systems.
Another trend is toward the study of strongly interacting

systems #2$. Indeed, most of the experiments have been per-
formed with gases where the interactions are weak enough to

be properly described by mean-field theory. We define
strongly interacting systems as those for which this descrip-
tion is no longer valid. In 3D this corresponds to dense gases.
For Bose gases the coupling to molecular states has been
observed and studied very recently in these dense systems
#3$, and one can hope to obtain in this way molecular con-
densates. Another interest is to bridge the gap between dilute
Bose condensates on one hand and liquid superfluid 4He on
the other hand where the interactions are very strong. For
Fermi gases it is also quite interesting to go to dense systems
because the BCS-like transition, which is presently very ac-
tively looked for, is expected to have a much higher critical
temperature in this regime.
Very recently Menotti and Stringari #4$ !MS" have dealt

with the problem of the collective oscillations in a 1D Bose
gas at zero temperature, trapped in a very elongated har-
monic potential well. They considered both the case of a
weakly and of a strongly interacting Bose gas. The first range
covers the high- to intermediate-density regime, where
mean-field theory is always valid at a microscopic level and
the system is described by the Gross-Pitaevskii equation #5$.
The high-density limit corresponds to the case where the
Thomas-Fermi approximation of this equation is valid, and
the elongated gas has physically the shape of a ‘‘3D cigar.’’
The intermediate-density regime corresponds to the case
where, for the transverse directions, all the particles are in
the Gaussian wave function describing the ground state of
the transverse harmonic potential and only longitudinal de-
grees of freedom are left. This specific situation is called
‘‘1D mean-field’’ regime. For this range the system behaves
for the low-frequency modes as a 1D system, since the trans-
verse collective degrees of freedom correspond to much
higher frequencies. However for this effective 1D behavior
the system is no longer effectively mean field !except in the
intermediate-density regime", i.e., specifically the chemical
potential is no longer linear in 1D density n1, although the
system is still microscopically described by 3D mean field.
This is because one has to average over the transverse direc-
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tions, which MS did from the Gross-Pitaevskii equation to
obtain the chemical potential %(n1) as a function of n1.
In the second range studied by Menotti and Stringari #4$,

the gas goes from intermediate density !where the interaction
is still weak and the 1D mean-field regime applies" to low
density where the interaction is effectively strong. For this
range the gas is physically in a 1D situation, with 1D particle
density n1. A famous example of a 1D strongly interacting
system is the Lieb-Liniger #6$ model of hard-core bosons, of
mass m, interacting via a repulsive delta potential g1&(z),
which they solved exactly. The paradoxical situation of a gas
strongly interacting in a dilute limit !the so-called Tonks-
Girardeau limit #7$" is actually due to the behavior of the
kinetic energy. A characteristic kinetic energy is '2k2/m ,
where k is typically related to the interparticle distance d by
k(1/d"n1. This is small in the dilute regime compared to a
typical interaction energy n1g1, the ratio between these two
energies being essentially the Lieb-Liniger coupling constant
)"mg1 /'2n1. For a D-dimensional space the ratio behaves
as nD

1#2/D , so it does not depend on density for D"2 and
decreases with density for D"3. Specifically, MS studied
the Lieb-Liniger model with %(n1) obtained numerically
from the Lieb-Liniger solution. In both ranges Menotti and
Stringari used a sum-rule approach to obtain the lowest-
frequency mode as a function of frequency. For the three
limiting cases of the 3D cigar, the 1D mean field, and the
Tonks-Girardeau limit, they recovered the results which they
obtained from the analytical solution of the hydrodynamic
equations.
In the present paper we will use the hydrodynamic equa-

tions as a starting point throughout. This is a quite natural
and general approach, since hydrodynamics is expected to be
generically valid to describe the dynamics of the system for
low frequencies and long wavelengths. In particular, this ap-
proach is quite natural for dilute Bose condensates since hy-
drodynamics appear as a consequence of the Gross-
Pitaevskii equation. Actually this is quite clear in 3D, but this
link is more ambiguous in 1D. Anyway, we will assume that
in 1D hydrodynamics is a valid starting point to obtain the
low-frequency collective modes of the system.
Quite recently two of us #8$ #Combescot and Leyronas

!CL"$ considered how the fruitful hydrodynamic approach
for collective oscillations in trapped Bose condensates, de-
veloped in the mean-field regime #9$, could be extended for
strongly interacting systems where mean-field is no longer
valid. It was shown that, in this general case, the linear hy-
drodynamics could still be written in a quite convenient way.
This made possible to find a number of specific functional
dependence for %(n) for which an analytical or quasianalyti-
cal solution could be obtained. Conversely, in the general
case it appears possible to approximate %(n) closely enough
by some of these specific cases, considered as models, to
obtain a very good approximation for the actual result, both
for the frequency and the shape of the modes. This method
can be applied to any mode. In fact the flexibility of this
modeling allows us even to invert experimental data cover-
ing a range of density to obtain the corresponding chemical
potential %(n). Since this method is equivalent to solving in
a simple and efficient way the hydrodynamic equations, it is

the purpose of the present paper to apply it to the case of the
1D Bose gas, in order to obtain the mode frequency from the
solution of the hydrodynamic equations, rather than from the
sum-rule method that MS used.
The paper is organized as follows. In the following sec-

tion we will recall the CL method. Actually their original
paper considered only explicitly the isotropic 3D case. So we
will write the generalization to any dimension D, since we
are interested in 1D, and present the models we will use.
Then in the following section we will consider the first case
investigated by MS where the gas is microscopically 3D
mean-field, but behaves as a 1D system for the low-
frequency modes. We will show that, even if mean-field does
not apply at a microscopic level, the same reduction to an
effective 1D problem can be obtained by generalizing the
procedure used by Stringari #10$ in the case of mean field.
We will obtain explicitly the 1D effective chemical potential
from the 3D %(n). Then, before turning to the case of the 1D
Bose gas, we will reinvestigate the case of the 3D mean-field
Fermi gas in an isotropic trap, which CL had already consid-
ered. This has been motivated by our preliminary results on
the 1D Bose gas which, although already quite reasonable,
were not as good as expected. This led us to improve our
method, essentially by making a first-order correction to the
result to take into account the small difference between the
model %(n) and its actual value. In order to assess the results
we have considered the 3D mean-field Fermi gas, for which
we had direct results from the numerical integration of the
hydrodynamic equations. We have also checked the sum-rule
method in this case. The final result of all these is that we
obtain the mode frequency with a relative precision of at
least 10#3 and often much better. Naturally this precision,
which was not looked for, is much better than necessary to
compare with experiment, and it is likely that there will be
some time before it proves useful to be so precise. On the
other hand, there is no reason to put aside this precision since
we have it fairly easily. Moreover, it gives us a very high
confidence in our results, all the more because we can use
different methods which agree within this precision. Finally
we will turn to the 1D Bose gas, present our results, and
compare them with those of MS. The excellent agreement we
find is a very good check for these two quite different pro-
cedures.

II. SOLVABLE MODELS FOR HYDRODYNAMICS

The CL approach #8$ can be extended quite generally to
anisotropic traps. We will not dwell here on this general situ-
ation since we do not intend to make a specific use of it. We
are only interested in very anisotropic traps. The intermedi-
ate situation of moderately anisotropic traps is indeed not
very convenient theoretically to extract information on the
system. Experimentally, it is also not so frequently used and
one rather deals much more often with very elongated or
very flat traps, which are quasi-one-dimensional or quasi-
two-dimensional. Let us just mention that, in the *-p mod-
eling !see below", we are restricted to *"2 in this general
situation. On the other hand, it is possible to extend the use
of quasipolynomial models !see below" to general aniso-
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tropic traps. We will rather show explicitly how the CL pro-
cedure can be used in any dimension D, having naturally in
mind the interesting cases D"1 and D"2. This will at the
same time allow us to provide a short reminder of this ap-
proach.
As MS and CL we restrict ourselves to the case of the

reactive hydrodynamics where dissipation is negligible and
thermal effects can be omitted. This is valid, for example, at
low enough temperature. In this situation we have to write
just the Euler equation mdv/dt"#“%̃(r,t) together with
particle conservation +n/+t!“•(nv)"0 for density n(r,t).
The global chemical potential %̃(r,t)"%„n(r,t)…!V(r) has
a contribution from the trapping potential V(r) and a contri-
bution %„n(r,t)… from the fluid itself, where %(n) is the
equilibrium dependence of the chemical potential on the den-
sity, as it results from thermodynamics. At equilibrium the
particle density n0(r) satisfies %„n0(r)…!V(r)"%̃ , where %̃
is the constant value over the system of the global chemical
potential. In particular, %̃ is equal to the value of the trapping
potential at the surface of the cloud #we take %(n"0)
"0]. For small fluctuations we introduce the departure of
the chemical potential from its equilibrium value

w!r,t ""%̃!r,t "#%̃"%„n!r,t "…#%„n0!r"…
"!+%/+n0"&n!r,t ",

where &n(r,t)"n(r,t)#n0(r) is the density fluctuation. As-
suming that the small fluctuations occur at frequency , gives
i,&n"“•(n0v)"n0“•v!v•“n0 which, together with the
Euler equation i,mv"“w , leads to

n0“2w!“n0•“w!m,2!+n0 /+%"w"0. !1"

Let us now restrict ourselves to an isotropic trap V(r)
in D dimensions, where r is the distance from the
origin. The equilibrium relation %„n0(r)…!V(r)"%̃ gives
(+%/+n0)(+n0 /+r)"#V!(r), where V!(r) is the derivative
of V(r) with respect to r. Then for a mode with spherical
symmetry w(r)"w(r), Eq. !1" becomes

rw"!#D#1!rL!!r "$w!#
m,2r

V!!r "
L!!r "w"0, !2"

where we have defined L(r)"ln#n0(r)$ with L!(r)
"dL/dr . More generally a mode with an angular depen-
dence w(r)"Y lm(- ,.)w(r) in 3D leads to

rw"!#D#1!rL!!r "$w!#!g! l "
r !

m,2r

V!!r "
L!!r ""w"0,

!3"

where g(l)"l(l!1). Similarly in 2D an angular depen-
dence w(r)"exp($il.)w(r) gives the same equation with
g(l)"l2. Finally, in 1D one gets again the same equation
with g(l)"0. In this last case it is better to rename the
variable z since it is the abscissa and goes from #R to R,

where R is the cloud radius. It is then convenient to make
explicit the dominant dependence at small r by setting
w(r)"rlv(r) which leads to

rv"!#2l!D#1!rL!!r "$v!#!m,2r

V!!r "
#l"L!!r "v"0.

!4"

This equation is valid in 3D and in 2D. It is also true in 1D
with l taking only two values: l"0 corresponding to the
modes w(z) even with respect to z or l"1 corresponding to
the modes odd with respect to z.
We focus now on the most common case of the harmonic

trap V(r)" 1
2 m/2r2, where Eq. !4" reduces to

rv"!#2l!D#1!rL!!r "$v!#!02#l "L!!r "v"0, !5"

with 02",2//2. This equation has the quite convenient
property to be scale invariant, if the same change of scale is
naturally made for L(r). In particular, it is unchanged under
the replacement r!r/R so we can take the cloud radius R as
unity in the following. More generally, the change of vari-
able y"r* leads only to a modification of the constants in
Eq. !5", provided again that the same change is made for
L(r). One finds explicitly

y
d2v
dy2

!# 1!y
dL
dy $ dv

dy #
02#l

*

dL
dy v"0, !6"

where 1"1!#(2l!D#2)/*$ . Finally, we note that L!
does not change if the density n(r) is multiplied by a con-
stant. So the absolute scale in density disappears and we
have to deal only with the reduced density n (r)
2n(r)/n(0). Similarly we introduce the normalized local
chemical potential % (r)2%„n(r)…/%„n(0)… where %„n(0)…
is related to the gas radius R by %„n(0)…" 1

2 m/2R2. This
leads to % "1#r2, when r is expressed in units of R.
When one takes the model dL/dy"#p/(1#y), Eq. !6"

reduces to the hypergeometric differential equation

y!1#y "
d2v
dy2

!#1#y!p!1"$
dv
dy !p

02#l
*

v"0. !7"

The general solution of this equation, regular for y"0, is the
hypergeometric function F(a ,b;1;y), with a and b defined
by a!b"p!1#1 and ab"#p(02#l/*). The boundary
condition #8$ at the surface of the cloud y"1 gives the fur-
ther condition a"#n , where n is a non-negative integer. In
this case the solution is just a polynomial. This leads for the
normal-mode frequencies to the explicit result

,2

/2 "l!
*

p n!n!p!1#1 ". !8"

In particular, for the lowest-frequency mode which we will
consider below, corresponding to l"0 and n"1, the solu-
tion is merely v"(p!1)y#1 for frequency 02"*(1
!1/p). The above model, which we call *-p model in the
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following, corresponds explicitly to the equilibrium density
n (r)"(1#r*)p, which arises from the equation % "1#(1
#n 1/p)2/* linking chemical potential to density. In particular
for *"2, this is merely the power law % "n 1/p. Actually, if
we consider 1D bosons, the 3D cigar, the 1D mean field, and
the Tonks-Girardeau limit satisfy precisely this functional de-
pendence #4$ % "n 1/p between chemical potential and den-
sity, with the respective values p"2, p"1, and p"1/2.
This leads to the following result for the even mode frequen-
cies (l"0):

,2

/2 "2n!
n
p !2n#1 " !9"

and

,2

/2 "# 1!
n
p $ !2n!1 " !10"

for the odd mode frequencies (l"1). In this last case n"0
gives the ‘‘dipole mode’’ !oscillation of the gas as a whole"
with frequency ,"/ . These results are in agreement with
MS !their result gives the even or odd frequency modes,
depending on the parity of their integer k).
In addition to the simple *-p model considered above, CL

also found for v(y) a wide class of quasipolynomial solu-
tions for more complex models. These quasipolynomials are
actually very rapidly converging series, which in practice
behave as polynomials !one can safely cut them off above
some order" because the variable y is restricted by 03y
31. The corresponding models are dL/dy"
#4k"0

K pkyk/(1#y) and can be considered as series expan-
sion for (1#y)dL/dy around y"0 with increased accuracy.
They have in general K!1 parameters in addition to * . In
the following we will only use the K"1 model (K"0 is the
*-p model" which has three parameters * , p0, and p1 !we
will call it the three-parameter quasipolynomial model". It is
the solution of

y!1#y "
d2v
dy2

!!q2y2!q1y!q0"
dv
dy !!r1y!r0"v"0,

!11"

with q2"#p1 ,q1"#(1!p0),q0"1 ,r1"p1(02#l)/* ,
and r0"p0(02#l)/* . The solution v"4n"0

N anyn is found
by solving the recursion relation #8$ between the an’s result-
ing from Eq. !11". Furthermore, one requires aN!1"0 which
provides the equation, allowing us to find the mode fre-
quency 02. The cutoff order N is chosen large enough to
ensure perfect convergence. In practice we have taken in our
calculation N"9 or 10, which is large enough for excellent
convergence and small enough for very easy numerical cal-
culations.

III. REDUCTION FROM A 3D TO AN EFFECTIVE
1D PROBLEM

As we already discussed in the Introduction there is one
clear limit where a gas cloud can be considered as a one-
dimensional system. This is the case where the transverse
trapping potential is so strong, compared to temperature or
interaction, such that only degrees of freedom corresponding
to motion along the weak longitudinal trapping direction are
left. The transverse degrees of freedom are completely fro-
zen, the atoms being all in the ground state with respect to
transverse motion. However, there are weaker conditions un-
der which, with respect to the modes, one has still an effec-
tive one-dimensional physics. Indeed, if we deal with low
enough frequencies, the transverse degrees of freedom will
not be excited and we will still have to deal only with the
longitudinal degrees of freedom, which corresponds to a one-
dimensional physical situation. This occurs for very elon-
gated cigar-shaped traps where the transverse trapping is not
too strong. This corresponds to the 3D cigar regime studied
by Menotti and Stringari #4$. In their study MS used mean-
field theory to obtain the effective relation between chemical
potential % and one-dimensional density n1 to be used in
their 1D treatment. Here we want to show how this result can
be extended beyond the mean field, and how in the frame-
work of our approach we can derive the one-dimensional
equation for the modes in the 3D cigar regime. We basically
follow the procedure of Stringari #10$ which amounts to in-
tegrate Eq. !1" over the transverse variables.
We consider a harmonic cigar-shaped anisotropic poten-

tial, very elongated along the z axis

V!r! ,z "" 1
2 m!,!

2 r!
2!,z

2z2", !12"

with ,z%,! . The gas has a transverse Thomas-Fermi radius
R(z) which depends on the location on the z axis. Since on
the border of the cloud the local chemical potential %„n0(r)…
is zero, the equilibrium relation between potential and
chemical potential gives

1
2 m!,!

2 R2!z "!,z
2z2"" 1

2 m,z
2Z2, !13"

where Z is the maximal extension of the cloud along the z
axis. We integrate Eq. !1" over the transverse position r! , at
fixed z, inside the disk r!3R(z). The first two terms of Eq.
!1" are “(n0•“w)"“!(n0•“!w)!“z(n0•“zw). When
the first term is integrated, from the divergence theorem it
gives 25n0•“!w to be evaluated for r!"R(z). This is zero
since the density n0 is zero at the cloud surface.
Now we come to the fact that the transverse degrees of

freedom are not excited. In this case we have local equilib-
rium in the transverse direction. This implies that the
chemical-potential fluctuation w(r) does not depend on r!
and depends only on z, so we have to deal only with w(z).
Hence “!w"0 #at the lowest order in (,z /,!)2]. Then in
order to integrate “z(n0•“zw) over the transverse variable,
it is more convenient to use, instead of r! , the local equi-
librium chemical potential %„n0(r)… as a variable. From the
equilibrium condition %„n0(r)…!V(r)"%̃ , we have d%"
#m,!

2 r!dr! and Eq. !1" leads us to
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! %
0

%(z)
d%n0"6z

2w!“z! %
0

%(z)
d%n0"•“zw

!m,2w%
0

%(z)
d%

+n0
+%

"0. !14"

Here the integration over % goes from zero !corresponding to
the cloud border" to %(0,0,z)2%(z)2 1

2 m,z
2(Z2#z2),

which is the local chemical potential on the z axis. Since w
depends only on z we have taken it out of the integral, to-
gether with its derivatives. We are left with 7d%+n0 /+%
"n0„%(z)…, where n0„%(z)… is the equilibrium density on
the z axis. Let us introduce

L!z ""ln! %
0

%(z)
d%n0!%"" . !15"

The argument of the logarithm is just the transverse average
7d%n0(%)(7dr!n0(r) of the three-dimensional density.
We have “z exp L(z)"n0„%(z)…d%(z)/dz , with d%(z)/dz
"#m,z

2z2#dV(z)/dz , where V(z)" 1
2 m,z

2z2"V(0,z) is
just the trapping potential on the z axis. Actually for our
derivation we do not need a harmonic dependence on z for
the trapping potential. On the other hand, it is necessary to
have a harmonic dependence on r! , for our change of vari-
ables. Taking all these into account, Eq. !14" becomes

w"!L!!z "w!#
m,2

V!!z "
L!!z "w"0. !16"

This is exactly the equation we have already obtained for 1D
situations. In these cases we would have defined L(z)
"ln n0(z). We see that we just have to replace the one-
dimensional equilibrium density n0(z) by the transverse av-
erage n1(z)27d r!n0(r)"257d%n0(%)/m,!

2 of the three-
dimensional density. This sounds a physically very
reasonable result. In the mean-field case we have %"gn0,
which leads to 7d%n0(%)"%2(z)/2g , and for a harmonic
potential Eq. !16" becomes explicitly

1
4 !Z2#z2"w"#zw!!02w"0, !17"

with 02",2/,z
2 . This is as expected in agreement with

Stringari #10$. The above mean-field relation n1(z)
"5%2(z)/m,!

2 g , with g"45'2a/m , is also in agreement
with MS result %"2',!(an1)1/2 for the 3D cigar regime.
This makes clear that our above treatment works only for
this 3D cigar regime, since the transition to the 1D regime
requires us to include quantum effects, which are beyond the
Thomas-Fermi approximation we had to use, consistently
with hydrodynamics. Note finally that we could obviously
apply the same treatment to a 2D pancake geometry.

IV. FIRST-ORDER CORRECTION

As we have already explained in the Introduction, we
have improved the modeling used by CL and presented
above by including a first-order correction to the straight
model evaluation of the mode frequency. This correction will

be used in the two following sections, but we present it in-
dependently in this section for clarity. So let us now consider
the possibility of correcting to first order the small difference
between our model evaluation of the mode frequency, ob-
tained for the model L0(r) !this can be the *-p model or the
three-parameter quasipolynomial model", and the actual re-
sult corresponding to the true L(r). This can be done conve-
niently, for example, by converting Eq. !6" into a second-
order differential equation which is formally identical to a
Schrödinger equation !that is without first derivative".
This is obtained by the change of function 8(y)
"v(y)#y1n0(y)$1/2 which leads to

#
d28

dy2
!V!y "8"0 !18"

with the effective potential

V!y ""
1
2 L"!

1
4 !L!"2!# 02#l

*
!

1

2 $L!
y !

1!1#2 "

4y2
.

!19"

Equation !19" is a Schrödinger equation corresponding to
zero energy !and '2/2m"1). If we have a change &L"L
#L0, this gives a corresponding change for V(y) and a
variation of the energy which can be calculated by a conven-
tional first-order perturbation theory. In order to keep the
energy equal to zero, we also have to give a compensating
variation &02 for the frequency, which is just the correction
we are looking for. Explicitly this gives

%
0

1
dy!12 &L"!

1
2 L!&L!!# 02#l

*
!

1

2 $ &L!
y !

&02

*

L!
y "82

"0. !20"

The &L" term can be integrated by parts !the integrated term
is zero for the range of parameters we are interested in".
When one uses L!"n0!/n0 and writes 8(y) in terms of v(y),
one gets finally

&02

* %
0

1
dy!#n0!"y1#1v2"%

0

1
dy&L!n0y1#1v

&!02#l
*

v#yv!" . !21"

V. THE 3D MEAN-FIELD FERMI GAS

For the reasons presented in the Introduction we study
here, on the 3D mean-field Fermi gas, how to improve the
results obtained #8$ by CL, concentrating specifically on the
lowest-frequency compressional mode. The first point to
consider is how to best approach the actual % (n ) by a model
% mod(n ). This has to be done by minimizing some estimator
I of the difference between our model and the actual physical
equation. Since we have been interested in precision evalua-
tion, the choice of the estimator I of the difference between
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our model and the actual physical equation of state becomes
a relevant one. We have considered mainly three estimators.
The first two are pretty obvious:

I2"%
0

1
dn #% !n "#% mod!n "$2

and

I2"%
0

1
d% #n !% "#n mod!% "$2, !22"

and there is no reason why one of them should be system-
atically better than the other one. Note that one way to rec-
oncile these two estimators would be to introduce a third one
where, instead of dealing with the ‘‘horizontal’’ or ‘‘vertical’’
distance between the two curves, one would consider the
distance between the two curves perpendicular to them.
However, since this is somewhat more complicated and does
not bring a decisive advantage, we have not implemented
this solution. On the other hand, all these estimators do not
introduce a specific weighting while one could wonder, for
example, if the high-density regions are not more important
than the low-density ones. One possible way to introduce
such a weighting is to require that the result of the first-order
correction we perform be as small as possible. However this
correction, Eq. !21", contains the shape of the mode itself,
which is naturally not known before we have calculated the
estimator and found its minimum. A possible way out of this
dilemma is to retain only that factor in the correction which
does not contain the mode and take, for example,

I"%
0

1
dyy1#1n0&&L!&. !23"

However, this estimator proved in our tests to be no better
and even somewhat worse than the simpler estimators, Eq.
!22". In the end, this question of the estimator choice turned
out to be a secondary one because, once the first-order cor-
rection is made, either of the estimators, Eq. !22", is good
enough and gives excellent precision. In the same spirit, once
an estimator is chosen the minimization process may be dif-
ficult when there are different minima in competition !a well-
known problem in spin glasses, for example". However, be-
cause the corrected results are anyway very good, there is no
need to go to the precise minimum, and an approximate
minimization is enough.
For the 3D mean-field Fermi gas, with reduced units, the

chemical potential is given in terms of the density by

% "
3n 2/3#29n 

3#29
, !24"

where 9 is the coupling constant which goes from 9"0 for
the free Fermi gas to 9"1 when the attractive interaction is
strong enough to produce a collapse. It is given by 9
"2kF&a&/5 in terms of the negative scattering length a and
the Fermi wave vector kF . Naturally, the interest of this
study is that we have the results of the direct numerical in-

tegration of the hydrodynamic differential equation, which
gives us a benchmark for our modeling. Even this direct
integration has a limited precision, which in our case is not
extremely high because there is no reason to work for very
high precision. So CL used the classical Runge-Kutta routine
with standard precision. The resulting numerical noise can be
estimated directly from inspection of their results for 02 as a
function of 9 and its first-order difference. We have an ab-
solute precision of 10#3 for these results on 02.
The results of our calculations for 02 as a function of 9

are summarized in Fig. 1. It is clear that all the approximate
methods give quite a reasonable agreement with direct inte-
gration. So we have plotted in Fig. 2, with a much magnified
scale, the difference between our various approximate calcu-
lations and the direct integration. As found by CL the zeroth-
order *-p model gives already quite satisfactory results. In-
deed, the maximum deviation from the direct integration is
found around 9:0.9. For 9"0.9 it gives 02"2.59 com-
pared to 2.505 from direct integration. It is easy to see why
this region for 9 is more difficult for *-p modeling. This can
be understood from the behavior of the equilibrium density
n0(r) near the origin. Since % "1#r2, we have in general
n0(r):n0(0)!O(r2). On the other hand, at the collapse 9
"1 we have +%/+n0"0 and near the origin n0(r):n0(0)
!O(r). Near the collapse, n0(r) is, so to speak, switching
from one behavior to another. So it is clear that its analytical
behavior will be more complex and its modeling will be
accordingly more difficult.
Making use of the three-parameter quasipolynomial

model makes a very important improvement as can seen in
Figs. 1 and 2. Indeed for 9'0.4 the results are within the
noise of the direct integration, that is, within 10#3 from the
exact result. Then for higher 9 it starts to deviate with a
maximum deviation of 0.03 for 9"0.9, then it gets back
essentially to the exact value at the collapse.
For comparison we have also plotted in Figs. 1 and 2 the

result from the sum-rule method #9$, which is basically a
variational method. We have adapted it in the following way

FIG. 1. Reduced lowest compressional mode frequency 02

"(,//)2 for a Fermi gas within the mean-field approximation as a
function of the coupling constant 9 . Full line: exact result from the
numerical integration of the hydrodynamic equation. Long-dashed
line: sum-rule result. Short-dashed line: zeroth-order *-p model.
Dotted line: zeroth-order three-parameter quasipolynomial model.
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to our present problem. We start with the expression given by
MS for the monopole frequency #4$ 2,M

#2"#d ln;r2</d/2

!here we do not use the cloud radius as unit length". This
relation is more conveniently expressed in terms of the os-
cillator length lo"!'/m/ as

0M
2 "8# d ln;r2<

dlo /lo
$ #1

, !25"

where, as above, 0M
2 ",M

2 //2 and the derivative is taken at a
constant number of particles N. Now, we express ;r2< as a
function of lo , a, and the coupling constant 9 defined above.
In order to calculate ;r2<"7d3rr2n0(r), we make in this
integral the change of variables t"kF /k*, with 352n0(r)
"kF

3 and k*"5/2&a&. Using the equilibrium equation !24",
we get r2"lo

4k*2P(9 ,t), with P(9 ,t)"92#t2# 2
3 (93

#t3). After a straightforward calculation, we get

;r2<"
2
35

lo
10k*8F2!9", !26"

N";1<"
2
35

lo
6k*6F0!9", !27"

where Fq(9)"#70
9dt t3P (q!1)/2+P/+t . From these two

equations, we have

d ln;r2<"!F2!/F2"d9!10
dlo

lo
, !28"

d lnN"!F0!/F0"d9!6
dlo

lo
, !29"

where Fq!"dFq /d9 . Since we take the derivative at constant
N in Eq. !25", we can eliminate d9 from Eqs. !28" and !29"
and using Eq. !25", this yields

0M
2 "

4
5#3F0F2!/F0!F2

. !30"

The calculation of 0M
2 !i.e., the monopole frequency" there-

fore simply amounts to calculate four integrals. As it can be
seen in Figs. 1 and 2, the sum-rule method does remarkably
well for 9'0.4 where it gives results within our direct inte-
gration noise. Then for larger 9 it starts to deviate and gets
worse and worse when one goes to the collapse, where the
deviation reaches 0.18. This is clearly linked #11$ to the fact
that the density has a linear dependence on r at the collapse,
as we have seen, while the sum-rule method is best suited
when there is a quadratic dependence at the center. In this
respect one has to keep in mind that, even near the collapse
for the trapped gas cloud as a whole, most of the gas has a
density far from the one corresponding to the collapse of a
homogeneous gas, because of the inhomogeneity caused by
the trapping potential.
When we apply first-order perturbative correction, as we

have described above, we obtain a quite remarkable im-
provement. This is seen in Fig. 2 !the results have not been
plotted in Fig. 1 since they would not be distinguishable
from the direct integration". Indeed, the results we get from
quasipolynomial modeling agree over the whole range of
values for 9 with those of direct integration, within the nu-
merical noise of 10#3. This is quite gratifying, but perhaps
not completely unexpected, taking into account that we have
three adjustable parameters plus a correction. More surpris-
ing is that the corrected *-p model also gives results which
are almost within numerical noise, though the quasipolyno-
mial results are slightly better. Since without correction the
quasipolynomial model is clearly much better, as it can be
seen in Fig. 1, this excellent final agreement of the *-p
model is perhaps partially coincidental, although we find the
same feature in the following section for the 1D Bose gas.
It is clear that the excellent agreement within 10#3 of the

results from the quasipolynomial and the *-p model gives us
much confidence in the validity of the result itself within this
precision. We could ignore the direct integration and only
infer the final result from what we obtain from the various
models. This is naturally the point of view that we will adopt
in the following section when we will study 1D bosons.
In this respect, as we mentioned already, it is interesting

to note that the first-order perturbative correction essentially
takes care of the difference which appears when we use dif-
ferent modeling and/or use different estimators and/or use
different minima of these estimators. In particular, as we
have already mentioned, if one requires very precise results,
it is not always easy to locate the absolute minimum of an
estimator. The use of the first-order perturbative correction
solves this problem since, as we have seen, the dispersion of

FIG. 2. Difference 102 of the reduced mode frequency between
various model results and direct integration of the hydrodynamic
equation. Open circles: zeroth-order *-p model. Open up-triangles:
sum-rule method. Open squares: three-parameter quasipolynomial
model with first estimator in Eq. !22". Open down-triangles: three-
parameter quasipolynomial model with second estimator in Eq.
!22". Filled circles: corrected *-p model. Filled squares: corrected
three-parameter quasipolynomial model with first estimator in Eq.
!22". Filled down-triangles: corrected three-parameter quasipolyno-
mial model with second estimator in Eq. !22".
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the corrected results is very small compared to the one of the
uncorrected ones. So we are allowed a little imprecision in
the choice of the parameters of our modeling, since the first-
order perturbative correction will compensate for the result-
ing error in the mode frequency. It is naturally interesting to
study this point in more detail. We have done it for a worst
case situation 9"0.9, a value near a maximal dispersion of
the results as we have seen. We have only considered the
*-p model in order to have only a two-dimensional param-
eter space. We have covered the range 1.153*31.4, 1.65
3p31.9. The lines of equal values for the first of the esti-
mators, Eq. !22", are drawn in Fig. 3. Since we are near the
minimum, these lines are elliptical. One sees that the mini-
mum is quite shallow for the direction in the *-p plane cor-
responding to the large axis of these ellipses. We have also
shown in this figure the region where the corrected *-p
model gives a result within $10#3 from the direct integra-
tion. It is quite satisfactory that this region goes very near the
minimum of our estimator !the difference is basically within
the noise" and is essentially oriented along the large axes of
the ellipses !naturally we have generically a line in the *-p
plane corresponding to any given value of 02). Again for the
corrected *-p model, we have plotted in Fig. 4 the lines of
equal values for 02 being, respectively, at $10#3, $2
&10#3, $5&10#3, and $7&10#3 from the direct integra-
tion result 02"2.505. We see that one can take values for
(* ,p) which correspond to an estimator three times larger
than the minimum and still obtain a result for 02 which is at
worst only within $5&10#3 from the exact result. The cor-
responding value of the estimator shows that the average
deviation between the model and the exact %(n) is roughly
1%. This shows that, even with a modeling which is not
very precise, we can obtain a very good result for 02.
When one sees the range of values for the parameters

giving essentially the correct mode frequency, one may won-

der if there is no other criterion than the above estimators to
find a priori the best set of parameters. An interesting possi-
bility in this direction is to say that the best parameters
should not require any first-order correction at all. So one
should use sets of parameters giving zero correction. These
sets correspond to a line in the *-p plane which is shown in
Fig. 4. We have calculated the corresponding mode frequen-
cies. We have found that, although the results are fairly in-
dependent of the parameter set, they fall systematically
slightly above, at 2.514, compared to the correct result 2.505.
Actually either of the estimators, Eq. !22", turns out to be the
best criterium to find the correct result !the difference be-
tween these two being within the numerical noise". This is
seen in Fig. 2 where both estimators have been used.

VI. THE 1D BOSE GAS

We apply now the previously developed method to study
the hydrodynamic modes of the trapped 1D Bose gas with
repulsive interactions. At zero temperature, the interactions
are characterized by a single parameter: the 3D s-wave scat-
tering length a. The system we consider is the same as the
one studied by Menotti and Stringari #4$, namely, this is a
Bose gas in a very anisotropic trap (,!(,z) for various
one-dimensional configurations. The transverse oscillator
length a!"!'/m,! is supposed to be much larger than the
scattering length a!(a . As we mentioned already in the
Introduction, MS identified three limiting regimes corre-
sponding physically to decreasing 1D densities n1(0) at the
center of the trap. At high density #n1(0)a(1$ , the system
is in the radial Thomas-Fermi regime !3D cigar". In this case
the chemical potential is related #4$ to the 1D density by %
"2',!(an1)1/2, as indicated already in Sec. III. In the sec-
ond regime of intermediate densities, it is convenient to in-
troduce the effective 1D scattering length a1 related to the
Lieb-Liniger coupling constant g1 by g1"2'2/ma1. In the
limit a!(a , Olshanii #13$ showed that a1"a!

2 /a #14$. In

FIG. 3. Lines of equal values in the *-p plane for the first of the
estimators Eq. !22". Starting from the minimum which is at 3
&10#5, the black ellipse corresponds essentially to 3&10#5, the
dashed lines to 4&10#5, 5&10#5, 6&10#5, 8&10#5, and 9
&10#5, respectively, for I2. The band of open squares corresponds
to the region where the reduced frequency calculated by the cor-
rected *-p model is within $10#3 from the direct integration. This
band is also shown in Fig. 4.

FIG. 4. Lines of equal values in the *-p plane for 02 being,
respectively, at $10#3!dotted line", $2&10#3 !short dashed line",
$5&10#3 !long dashed line", and $7&10#3!full thick line" from
the direct integration result 02"2.505. The full thin line corre-
sponds to values in the *-p plane where the first-order correction to
the *-p model is actually zero.
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this intermediate-density regime defined by n1(0)a1(1
(n1(0)a , the gas is a 1D quasicondensate !1D mean-field
regime" and the chemical potential is given by %
"2',!an1 !with our conventions % is 0 for zero density".
Finally at low density 1(n1(0)a1, the gas consists of im-
penetrable bosons !Tonks-Girardeau regime" where %
"52'2n1

2/2m .
Our needed input, in order to obtain the mode frequen-

cies, is the equation of state %(n1) for the homogeneous gas
at zero temperature. For the transition between the 3D cigar
and the 1D mean-field regimes !high-density domain", it can
be obtained from the numerical solution of the 3D Gross-
Pitaevskii equation in a cylindrical geometry #4$. Actually, it
appears that the numerical results #12$ can be very well ap-
proximated analytically by

%!n1""',!!!1!4n1a#1 ". !31"

This formula gives the exact behavior in the two limiting
cases !3D cigar and 1D mean field" defined above and inter-
polates very well in between !to better than 2%). In the
following, we will use this approximate analytic expression
which is easier to manipulate and avoids numerical problems
encountered when the equation of state is only known for a
fixed set of points. In the high-density domain, we use the
dimensionless variable n1(0)a to go from one regime to the
other.
The equation of state for the transition between the 1D

mean-field and Tonks-Girardeau regimes !low-density do-
main" can be obtained from the Lieb-Liniger solution #6$.
Lieb and Liniger gave a closed expression for the energy per
particle as a function of the density in the form of an integral
equation. It shows that the chemical potential is a universal
function of n1a1, which has to be evaluated numerically.
Menotti and Stringari #4$ calculated this equation of state and
made their result available #12$. In the following, we use
their data. In the low-density domain, the dimensionless vari-
able we use is n1(0)a1.
Using these equations of state, we compute the mode fre-

quency using the following procedure: for each value of
n1(0)a #or n1(0)a1] we fit the equation of state #for n1
varying between 0 and n1(0)] with an analytic model !either
*-p or three-parameter quasipolynomial" using one of the
estimators of Eq. !22"; the zero-order mode frequency is then
obtained by inserting the value of the best set of parameters
in the formula giving the mode frequency for the analytic
model #Eq. !8" for the *-p model$; we then compute the
first-order perturbation correction to the mode frequency.
We first discuss the different models used to compute the

!squared" reduced mode frequency 02",2/,z
2 . Figure 5

shows 02 as a function of n1(0)a for a system where a! /a
"100. Four curves are plotted. They correspond to the *-p
model, the quasipolynomial model, and to the same two
models corrected to the first order of perturbation theory.
Actually, the three-parameter quasipolynomial model is used
with only two parameters by fixing *"2. We checked that,
in the case of the 1D Bose gas and unlike that of the 3D
Fermi gas, it does not make a significant difference to let the

three parameters free or to set *"2, whereas it is much
faster and easier to work with only two parameters.
There are more points plotted between the 3D cigar and

the 1D mean-field regimes !high-density domain" than be-
tween the 1D mean-field and the Tonks-Girardeau regime
!low-density domain". This is a mere consequence of the fact
that we used an analytic expression for the equation of state
in the first domain, Eq. !31", whereas in the second one we
used the numerical data of MS. Having a fixed set of points
for the equation of state makes the numerical evaluation of
integrals !needed to compute the correction &02, for ex-
ample" more difficult because we are forced to use a primi-
tive integration algorithm and, therefore, puts a limit on the
precision and on the number of points that can be calculated
safely. The fact that the junction between the two domains is
not perfect !in the region of the 1D mean-field regime" is a
consequence of taking a finite value for a! /a . As noted by
MS, the 1D mean-field regime can only be identified pro-
vided a! /a(1, and in order to have a perfect junction, with
the value 02"3 fully reached from both sides and a well-
defined plateau corresponding to the 1D mean-field regime,
we should take the limit a! /a!= . For our value a! /a
"100 the discontinuity is already clearly seen. As noted by
MS it would be quite sizable for a! /a"10. Finally for
a! /a(1 one would have a smooth transition between the
high-density regime and the low-density one, without any
plateau. We could very well handle this situation with our
method, provided we know %(n1) in this regime.
In order to compare our various calculations, we look now

at our results with a much larger scale, which amounts to
using a magnifying glass. We take as reference the results of
the corrected quasipolynomial model. As discussed in the
preceding section we expect this reference to be the best of
our results and to be very precise. The difference between
this reference and the first three calculations (*-p , quasi-
polynomial, and corrected *-p models" are plotted in Fig. 6.
Two points already made when discussing the 3D Fermi gas
are worth stressing again in the case of the 1D Bose gas.

FIG. 5. Lowest compressional mode of the trapped 1D Bose gas
with a! /a"100. The !squared" mode frequency 02",2/,z

2 is
plotted as a function of log10#n1(0)a$ . The crosses (!) correspond
to the *-p model; the stars (!) to the corrected *-p model; the
circles (") to the quasipolynomial model; and the diamonds (#)
to the corrected quasipolynomial model. Actually at this scale all
the symbols fall on top of each other, except for the crosses.
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First, once corrected, the results of the *-p and the quasi-
polynomial models agree remarkably well. Second, their
agreement is at the absolute 10#3 level for 02.
The *-p model is exact in the three limiting regimes: *

"2 and p"2 in the 3D cigar regime, which gives 02

"5/2; *"2 and p"1 in the 1D mean-field regime, which
gives 02"3; and *"2 and p"1/2 in the Tonks-Girardeau
regime, which gives 02"4. In between these limits, it is
apparent in Figs. 5 and 6 that the *-p model has some dif-
ficulties in predicting precisely the correct value of the mode
frequency. This is what originally motivated the use of the
three-parameter quasipolynomial model and the development
of corrections using perturbation theory. This difficulty can
actually be understood in much the same way as for the 3D
Fermi gas. For example, in the transition between the 3D
cigar and the 1D mean-field, one finds that for large n1(0)a
one has essentially %(n1

1/2 for most of the n1 range, while
for small n1 this dependence turns into %(n1. This switch
of analytical behavior is difficult to follow for the simple
*-p model, hence the somewhat unsatisfactory result.
For the *-p and quasipolynomial models, using an ana-

lytic expression for the equation of state !high-density do-
main" gives better results than using numerical data !low-
density regime", as can be seen on Fig. 6. This is linked to
the difficulty, mentioned above, of using purely numerical
data as an entry for %(n1). However, the corrected models
agree at the same level in both domains.
We will now compare our results with those of Ref. #4$,

first discussing the high-density domain. Menotti and Strin-
gari calculated 02 as a function of Naa! /az

2 , where az
"!'/m,z is the longitudinal oscillator length and N the
number of particles. In this paper, we calculate the same
quantity as a function of the more convenient n1(0)a , which
is an increasing function of Naa! /az

2 . Finding the relation
between these two numbers amounts to obtaining the nor-
malized density profile. This can be done analytically in the
two limiting regimes #4$ and numerically in between. This

allows us to plot the MS result for the mode frequency and
our corrected quasipolynomial result !which we expect to be
the most precise of our results" on the same graph; see Fig. 7.
It shows excellent agreement, at the 10#2 level. Asking for
agreement at a better level is not sensible here, as we used an
analytic expression approximating the equation of state
within a few percent and not the exact equation of state. This
shows up in the fact that for high densities #n1(0)a)1$ , the
corrected quasipolynomial seems to predict values of the
mode frequency that are higher than the result of MS. This
would be in contradiction with the fact that the sum-rule
approach they used is known to be an exact upper bound #9$.
As a further check on our method, we also calculated the

expected frequency for two experiments. For this purpose,
the exact equation of state was used, in the form of the nu-
merical solution of the 3D Gross-Pitaevskii equation #12$.
For the experiment of Ref. #15$, where n1(0)a"0.22, we
find 02"2.845$0.003 and 02"2.911$0.002 for the experi-
ment of Ref. #16$, where n1(0)a"0.10. This is in complete
agreement with the values first obtained by MS.
We consider finally the low-density domain. As in the

high-density domain we first have to relate the dimensionless
variable we use, n1(0)a1 to Na1

2/az
2 used in Ref. #4$. This is

done analytically in the 1D mean-field and in the Tonks-
Girardeau regime #4$ and numerically in between. The mode
frequency obtained by the corrected quasipolynomial model
and that calculated by MS are plotted in Fig. 8. The agree-
ment is again very good.
The results of MS are in very good agreement with our

result over the whole range of n1(0)a . In the case of the 1D
Bose gas, the sum-rule approach #9$ seems to give not only
an upper bound but to be quite near the exact result. As
already discussed in the case of 3D Fermi gas, this is related
to the fact that the density has a quadratic dependence on r
near the center of the trap. In other words, the parameter * is
always very close to 2.
As a final remark we note that collective modes have been

seen very recently #19$ in a trapped 1D Bose gas with den-
sities low enough to reach the 1D mean-field. In these ex-

FIG. 6. Lowest compressional mode of the trapped 1D Bose gas
with a! /a"100. The !squared" mode frequency 02",2/,z

2 calcu-
lated using the corrected quasipolynomial model is taken as a ref-
erence. The difference between this reference and three different
calculations (*-p , corrected *-p , and quasipolynomial models" are
plotted as a function of log10#n1(0)a$ . The crosses (!) correspond
to the *-p model, the stars (!) to the corrected *-p model, and the
circles (") to the quasipolynomial model.

FIG. 7. Lowest compressional mode of the trapped 1D Bose gas
in the high-density domain. The !squared" mode frequency 02

",2/,z
2 is plotted as a function of log10#n1(0)a$ . The diamonds

(#) correspond to the corrected quasipolynomial model. The full
line is the result of Menotti and Stringari.
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periments the condition % ,kBT%',! has been reached and
our calculations apply in this regime, provided that in addi-
tion the temperature is below the degeneracy temperature.
More generally we require only the temperature to be low
enough for dissipative effects in hydrodynamics to be negli-
gible and the influence of temperature on the reactive effects
to be small. Therefore the domain of validity of our method
is much wider. We expect also that it can be generalized to a
large extent at finite temperature for isentropic collective os-
cillations, for example. However to give the most general
domain of validity of our method, one has to consider spe-
cific models and further investigate them.

VII. CONCLUSION

In this paper we have calculated, as a function of density
at the center of the trap, the frequency of the lowest com-
pressional mode of a 1D trapped Bose gas, taking the reac-
tive hydrodynamic equations as a starting point. We have
considered two density regimes. In the first one the density
decreases from high to intermediate, but the Bose gas is al-
ways described microscopically by the 3D mean-field theory.
In the high-density region the Bose gas has the shape of a 3D
cigar, while in the intermediate-density region the atoms are
in the one-particle ground state with respect to the transverse
motion and the gas behaves as a 1D system. Nevertheless for
this regime the low-frequency modes are described by 1D

hydrodynamic equations, but the effective equation of state,
Eq. !31", is no longer given by mean-field. The second re-
gime that we have considered goes from intermediate to low
density and we have taken the Lieb-Liniger model to de-
scribe it, which corresponds to a 1D Bose gas going from a
weakly to a strongly interacting situation.
In order to solve the hydrodynamic equations we have

made use of a very recent approach which allows us to find
analytical or quasianalytical solutions of these equations for
a large class of models. These model solutions allow us to
approximate very nearly the exact equation of state which is
the only input of the hydrodynamic equations coming from
the physical properties of the system. When in addition a
first-order correction has been made, we have been able to
check that this method gives the correct mode frequency
with at least a relative precision of 10#3 which is more than
necessary for any practical purpose. On the other hand, the
simplest of these models gives a very easy and convenient
analytical solution. Taken together the ensemble of these
models allow us to cover all the range from simple analytical
solutions to very precise numerical solutions. We have com-
pared our results to those obtained by Menotti and Stringari
from a sum-rule approach, and we have found an excellent
agreement.
The method used in this paper is quite powerful. It is not

restricted to the lowest-frequency mode and it can be used as
well for any higher-frequency mode. We have not presented
the corresponding results in the present paper only to avoid
to make it oversized, but this would have been quite easy.
Another interesting feature of our method is that it is not
restricted to mean field and can be applied to any equation of
state corresponding possibly to a very dense Bose gas. For
example, we could very well consider the situation where the
gas is dense enough so that the 1D intermediate-density situ-
ation can no longer be described by mean field #17,18$.
Moreover, the convenience of analytical solutions makes it
possible to invert the method #8$ and to extract the effective
equation of state of the gas from experimental data on the
variation of the modes frequencies as a function of the den-
sity.
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