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Lecture 12

The renormalization group - an
introduction
The present chapter is inspired by the paper by Maris and Kadanoff [23]. Let’s resume
the situation of equilibrium statistical mechanics, and second-order phase transitions:
• Phase transitions are non-analyticities of the free energy with respect to parameters as the temperature, the magnetic field, etc. This is what we studied in
earlier chapters using the transfer matrix. We studied in detail how these nonanalyticities can arise from the transfer-matrix formulation.
• Landau theory states that the free energy is analytic in parameters such as M ,
∇M , T , H, etc. The mechanism of how nature constructs a non-analyticity from
an analytic function is symmetry breaking: The correct value of the free energy
is the minimum of the analytic function. Above Tc , for example, this minimum
is at M = 0, but below Tc , this is no longer the case.
• In the chapter on the Ginzburg criterium, we have seen that the predictions of
mean-field theory (in other words, of Landau theory) are self-consistent above a
critical dimension, but below this dimension they are not consistent, and therefore they are wrong. This has to be understood.
• Finally, there is the subject of universality: Many microscopic models have the
same critical exponents, which is a subject to be understood.
Revolutionary clarification was brought about by the renormalization group.
Let us take the example of the one-dimensional Ising model, with the partition
function
X
Z=
exp [K (σ1 σ2 + σ2 σ3 + σ3 σ4 + · · · +)]
(12.1)
σ

This can be written as
=

X

{exp [k (σ1 + σ3 )] + exp [−k (σ1 + σ3 )]} {exp [k (σ3 + σ5 )] + exp [−k (σ3 + σ5 )]} ,

σ1 ,σ3 ,σ5 ...

(12.2)
where we have written out explicitly the ± terms of σ2 , σ4 , etc.
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Each of the terms in the above product equals terms as in 2 cosh [k (σ1 + σ3 )], which
can be written as f (k) exp (k 0 σ1 σ3 ), where f (k) does not depend on σ1 nor on σ3 . The
solution of this little equation is
σ1 = σ3 :
σ1 = −σ3 :

e2k + exp −2k = f ek

0

−k0

2 = fe

(12.3)
(12.4)
(12.5)

with the solution f 2 = 2 [exp (2k) + exp (−2k)] = 4 cosh (2k) so that we have f = 2 cosh1/2 (2k).
Entering this into the previous equation, we find 1 = cosh1/2 (2k) exp (−k 0 ) or, in other
words:
1
k 0 = log [cosh (2k)]
(12.6)
2
... and we have the exact relationship:
0

Z = f (k)N/2 ek (σ1 σ3 +σ3 σ5 +σ5 σ7 +···+)

(12.7)

The structure of this equation is Z(N, k) = f (k)N/2 Z(N/2, k 0 ). Let us now write log Z =
N ξ, which takes us to
1
1
log f (k) = ξ(k 0 )
2
h2
i
0
ξ(k ) = 2ξ(k) − log 2 cosh1/2 (2k)
ξ(k) =

(12.8)
(12.9)

If the partition function is known for one value of k (or for the temperature T ), then it
is konwn for another value of k, namely k 0 , where it corresponds to the identical Ising
model on a twice larger lattice. From eq. (??), we see that k 0 = 21 log [cosh (2k)] < k for
k > 0. This means that the “flow goes towards smaller k” or, in other words, towards
T → ∞.
It is interesting that we may write the recursion relation for the free energy per
particle going from k 0 → k. This leads us to
ξ(k) =

1
1
1
log 2 + k 0 + ξk 0
2
2
2

(12.10)

Now, at k 0 = 0.01, we can expect that the free energy per particle equals log 2 to extremely good approximation. We then deduce the free energy per particle at temperature k = 0.100334, etc. where we find that the free energy per particle is 0.698147
instead of the exact value 0.698172, and eventually, at k = 2.702146, we find a ξ =
2.706633 instead of the exact 2.706634.
The flow diagram which gives k 0 as a function of k shows how k moves under
recursions, and we notice that there are only two points where k 0 = k, namely 0 and
∞. k = 0 is a stable fix point and k = ∞ an unstable one.
We now use the same procedure for the two-dimensional Ising model, leaving out
every other spin in the operation that resembles our approach in one dimensions. Applying a diagonal elimination, at each spin (that we call 0), we have four neighboring
spins σ1 , σ2 , σ3 , σ4 .
ek(σ1 +σ2 +σ3 +σ4 ) + e−k(σ1 +σ2 +σ3 +σ4 )
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Now it would be great if one could write this in terms of σ1 σ2 and σ2 σ3 and so on,
but this is impossible. What is possible is to write




Z = f (k)N/2

X

exp k1

X
nn

σp σq + k2

X

σp σq + k3

nnn

X

σp σq σr σs 

(12.12)

plaquette

where
f (k) = 2 cosh1/2 (2k) cosh1/8 (4k)
1
k1 = log [cosh (4k)]
4
1
k2 = log [cosh (4k)]
8
1
1
k3 = log [cosh (4k)] − log [cosh (2k)]
8
2

(12.13)
(12.14)
(12.15)
(12.16)

(Here we see that k1 is twice larger than k2 , because the nn terms arise from two
plaquettes rather than from a single one.)
We see that on a larger scale, the Ising model on a two-dimesional square lattice is
not described through an Ising model.
What to do?
1/ we could simply neglect the values of k2 and of k3 , in order to force that on the
larger scale, the Ising model is once again described by an Ising model. This leads to
the recursion:
1
k 0 = log [cosh (4k)]
(12.17)
4
which, when compared with eq. (??), gives the same flow as the one-dimensional
Ising model, and leads to the absence of a phase transition.
A much more interesting (but ad-hoc) case is realized as follows: See that k1 and
k2 are ferromagnetic. Therefore, let us simply add the generated nnn interaction to
the new nn interaction (there are as many nearest neighors as there are next-nearest
neighbor interactions). This leaves us with
k 0 = k1 + k2
3
= log [cosh (4k)]
8

(12.18)
(12.19)

Note that 3/8 > 1/4. Solving for the fixed point k = k 0 leaves us with
k=

1
cosh−1 [exp (f rac83k)] = 0.506981
4

(12.20)

which compares favorably with the exact value 0.44069. The solution with adds k1
and k2 is deceptively simple, and not very good physics. In fact, this is the starting
point of what is called “real-space renormalization”, and of the renormalization in
general.
It is also interesting, as was done by Wilson 1975, to compute the values of k1 =
1.00376, k2 = 0.137327, and k3 = −0.035960 at the exactly known critical point.
Here we have that:
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• Singularities in the free energy correspond to nontrivial unstable fixed points of
the RG flow.
• Critical exponents correspond to the linearized RG flow close to the fixed point.
• Universality means that the behavior of the system described by the fixpoint of
the recursion relation (or a differential equation) close to the fixed point.
Further reading is Kadanoff and Houghton 1975, and especially Wilson in his 1975
RMP[24] where, instead of 4 spins, he used 15 spins.
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